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Abstract

In this paper, we obtain some new transformation formulas for Ramanujan’s
11 summation formula and also establish some eta-function identities. We also
deduce a-Gamma function identity, g-integral and some interesting series rep-

resentations fo ﬁ’fz/é 5 and the beta functioB(x,y).
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1. Introduction

One of the most celebrated identities of Ramanujan isgaissummation formula which
can be stated as follows:

[ee]
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where| b/a |<| z|< 1. This identity was first brought before the mathematical world

by G. H. Hardy [7] who described it as “A remarkable formula with many parameters”.
Hardy did not supply a proof but indicated that a proof could be constructed from the
g-binomial theorem. There are several proofs of (1.1) in the literature [cf. 1, 9 ]. Most
proofs of (1.1) found in the literature do depend ondra@nomial theorem. The trans-
formations of the basic hypergeometric series are extremely useful in the theory of parti-
tions. The main purpose of this paper is to obtain some transformations for Ramanujan’s
11 summation formula (1.1).

As customary we employ the following definitions and notations:
(@)oo 1= (B Q)0 = |'L(1— ad’), |ql<1, (1.2)
n=
(8)e
(@)oo’

The generalized basic hypergeometric series is defined by

(@) = n:any integer (1.3)

al,az,...7ar;q;z} B i (az)n(@2)n--.(a)

= n_z, 1 1. 1.4
r s |: b17b27...,b3 & (q)n(bl)n(b2>n---<bs)n 7‘ Z’< 7‘ q ‘< ( )

The bilateral basic hypergeometric series is defined by

ay, a,...,8, 0,2 ¢ _(a)n(@)n--(@)n
= , 1.5
r(‘)Ur |: b17b27"'7b|' :| n:z—oo (q>n(b1)n(b2)n(br)n ( )
where| 2= | < |z| < 1,|q| < 1.

In Section 3 we obtain some special cases of the transformations for Ramanyjan’s

summation formula obtained in Section 2 and in Section 4 we also deduce some eta-

function identities. In the final section we derive some interesting series representations
/2

for the beta functioB(x, y) andm.

2. Main Results

To prove our main result we need the Heine’s transformation [5, Eq.(111.1) p.241, Eq.(111.2),
p.241]

@ (De(aZe 2 (¢/0)n(Zn.n
2 @nOn”° ~ (Ce@e X @n(@dn @1
(C/b)w(bz)w z (abdc)n(b)n(c/b)n. (22)

(©)w(De & (A)n(b2)n
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Theorem 2.1.1f | b/a|<| z|< 1and|q|< min{1l, |b]|} then,

5 @nn__y, O/a(e2 Z@( An(aqz/bln o

e (B)n (b)e(2)oo ( )n(@2)n
(9/b)w(bg/az)e )n(b/azn .
A e & (e A"
Proof: We have
c @nn _ <« @nn, ¢
2 b’ T 2ol T2,
= —1+% nn, s ) b/ 2",
Puttinga= g, b=aandc=bin (2.2) we obtain
S (@nn_ (0/2)0(@2e & (@n(@Zb)n 0

2,00 (De(de o (@n(azn
Changingato g, btog/b, ctog/aandzto b/azin (2.1) we obtain

5 (0 gy _ (U062 . O/

% (a/a)n ~ (a/@)w(b/a2)w &, (q)n(bg/az)

Substituting (2.5) and (2.6) in (2.4) we obtain (2.3).

Theorem 2.2.1f | 2 |<| z|< 1and| a|< 1, then,

[ee]

@y (@e(@De & B/
2B 0e@e & @n@dn D
(b/a)w(0/82)e « (4/2)n(q/b)n
(Q/2)w(0/a 2, (@02

Proof: Changingato g, btoaand therctobin (2.1), we deduce

+

(b/a)".

© @ (@G & O/An@n,
2. O’ ([0)@- Z) @nlazn D

Puttinga=q,b=q/b, c=g/aandz=b/azin (2.2), we obtain

a/b)n (b/a)x(0/a2)e « (0/2)n Cl/b
2 @an = (e bjaz. n% n(Q/a2)n

o]

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)
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On employing (2.8) and (2.9) in (2.4) we obtain Theorem 2.2.

Theorem 2.3.1f | 2 |<| z|< 1 then,

© (@n, . (b/@)e(@e 2 (@qZbn(@n
2 00 T Be@e ,Zo @n(azn /@
(b0/2)e(0/a2)oe & (@/Dn(@/D)n 1

T (/a)u(bjaz. zo<q>n<q/az>n (b/a)" (2.10)

Proof: On employing (2.5) and (2.9) in (2.4) we obtain Theorem 2.3.

3. Special Cases

Puttinga= —1/gandb= —1in (2.3), we obtain

2 2 _ -9, q (@ z/q>oo°°zn ) i
n:Zm1+qn_l_1+q 1+q _100 oo nzo q n q +qz anfl( q) ?
(3.1)
where| g |<| z|< 1.
Changingoto —g°, ato —q, zto g in (2.7) we get,
S q" _ (1+d)(1+q) 52)

n:Z_m (1+g™H(1+g™2) g(1-q)

Puttingb = —g?, a= —1/q andz= g~2in (2.10) and then changirgto g2, we obtain

i 2+ 1) (A+a)d L (@6)e(-1/G 0w
n:,oo(1+qz”—z)(1+q2”)(1+q2”+2) ( q4'q2> (0 9%)oo

2 (1/6%09)n(—1/0%0)n _en , (0807w oo (—1/P)n 6

n; (P @)n(—1/G P +( 0% 0%)w q5 qzoon q2 q2 —,0%)n 413.3)
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4. Eta-function identities

The Dedekind eta-function is defined by

n(T) - enir/12 I—l (1_e2m'nr)
n=1
= 424 Q) (4.1)
whereq=€?"" and Imt > 0.

The eta-function is useful in the study of modular forms. Berndt and L.C.Zhang [3]
have obtained a number of eta-function identities found in Ramanujan’s notebook em-
ploying the theory of modular forms. In [4], Bhargava and Somashekara show how a
family of interesting eta-function identities can be obtained from a limiting case of the
Ramanujan’s ¢;-summation formula.

Now we derive some newy- function identities.

Employing Ramanujan’sy; summation formula in (2.3) and then puttiag= 1/q,
b= q'/2, z= q%/2, and changingj to g%, we deduce

@ s 97 (4P i(qs;q%

22 T 1@ P (P (4.2)

This can also be obtained from tiyebinomial theorem.

Employing Ramanujan’sy; summation formula in (2.7) and then puttieg= —q,
b= —q® andz= g'/2 and changingj to ¢?, we deduce

I’]lO(ZT) B 2(1+q)q5/6 2q5/6 ® 1_ q2n+2 .
TN~ At @A) 1-q21 gl 9
21+ )05 (0% 02)e(—1/0; 0P % (0;09)n(1/ — % q >nq4n 4.3)
1+ ) (1+0%) (-1,09)0(0%0?)e L (0% 09)n(—-1/0:0%)n '

Employing Ramanujan’sy; summation formula in (2.3) and then puttiag= —q~°/3,
b= —q'/3 andz= */3, then changingj to q3 we deduce

n°B0) _qP1+9+d) | | (P 8)e(-1/GF) & (LA gon

nr) A+ A+a®) (—a; q3 (0% q3 s q3 q3 1/q B
q*3(14+ 9+ ) (6% 8*)eo(—* P & (1/0;G%)n(—11 'q)nqen(4_4)
(1+9)(1+°) (- )w q2 q3 )oo e (0 0%)n( q“ )n
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5. Someg-Gamma Function ldentities:

F.H. Jackson [8] defined thepanalogue of the gamma function by

Mq(X) = gx);; (1-g* 0<g<Ll (5.1)

Jackson [8] also definedcpintegral by,

[ee]

%Nad‘)qn (5.2)

n=

[ ttd =a-q)

and

[oe]

| fodn =a-a 3 fd)d" (53

N=—o0

In this section, as an application of the transformation formulas of Section 2, we
deduce somg-Gamma function identities and apintegral which gives interesting se-

ries representations for the beta function B(x,y) 23/4)

Theorem 5.1.If 0<z< b—a< 1andb < 1then,

Fq(b)Fg(l—a)fg(z)Mg(b—a—2) a1

ﬁq(b—qa)rq(ajfz)rchl—a—z) =—(1-* P
< (P H)n(gP =0 (q
2, [ 9,a),

Mq(1-a)fq(b—a—72)
Mq(1-b)Fg(b+1-z-a)
—by\n r (b)r (Z) a+l1l-b
T b argarg Y
00 <qa+1+z—b)n<qa)n
2, @),

(@ )" (5.4)

Proof: Employing Ramanujan’sy; summation formula in (2.3) and then chang-
ing ato g?, b to g° andz to g? we obtain the required result.

Corollory: In Theorem 5.1 if we lef — 1 and puta = 0 we deduce,
rM1-br(b+1-z 2 (b)n b—-z
r1-z _n;Tb—zm' (5-3)
Remark: Puttingb—z=yand1—b = xin (5.5) we obtain a well known [6] rep-

resentation for the beta functi@®ix,y) given by,

B(X,y) — g HE:]_(k_X) 1

. 5.6
& n! n+y (56)
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Theorem 5.2.1f 0<z< b—a< 1anda> Othen,

r@ar@rd-ar(b-a-z < (b—a

Fa+2rb-ar(l-a—z 2N+ (5.7)

Proof: Employing Ramanujan gy, summation formulain (2.7) and then changing
ato of, bto g° andzto g? we obtain

AANO-a-2qON1-8)__(; qarn, (oo
R

Mg(a+2)g(l—a—2zrgb—a) )rq(z+ 1)
® (gP-2 r(1arbaz°°lZ
_ q\at+1l-b q b—a
(5.8)
Lettingq — 1in (5.8) we obtain Theorem 5.2.
Remark: Puttinga=1/2,b=1andz=1/4in Theorem 5.2 we obtain,
/2 *
2V/2r2(3/4) &ni(4n+1)
which is very similar to the result obtained by Ramanujan [2, p.24].
Theorem 5.3.If 0 <z<b—-a< 1then,
Mq(0)Fg(1—a)g(z)g(b—a—2) _(1—qEiby Mq(1—-a)lg(b—a—2)
Mq(b—a)fq(a+2)Mg(l—a—-2z) rq(b a)lq(1-2)4(1—-b)
/1f(x)d (x) + Tq(b)lq / X)d(
0 d Mq(b—a)r (a+1+z b)r g(x)da(x
(5.10)
where,
f(X) _ (Xq)w(quiaiz)m beafl
(X0 2)eo (XOHP) oo
and

(Dal}F )y s
D) )

g(x) =
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Proof: Employing Ramanujan.gp; summation formula in (2.10) and then chang-

ingato g?, b to g° andzto of we get,

Mq(b)lg(1—a)g(z)g(b—a—2)
Mq(b—a)lg(a+2)Mg(l—a—2)

Mq(1—a)lfg(b—a—2z
Fq(b—a)lq(1—2)q(1—Db)

o e (@De (@2 4o Mq(b)l4(2)
(1-a n; (quz)m(qub)w(qb ) rq(b—a)rcha—f- 1q+ Z—b)l4(a)

(1-qP°*t=—1+

00 n+1 n+a+z
(1-q) ban;) (qrsfaﬂlzfg)w <qn3-a)w (qb7a>n'

(5.11)

Applying (5.2) to the right side of (5.10) we obtain Theorem 5.3.

Corollory: In Theorem 5.3 if we lef — 1 we deduce,

rrl-arzr(b-a-z [F(1-alr(b—a-z r(b)r(z
Ma+2)M(1—-a—2 | T(1l-2F(A—-b) T(af(a+1l+z—h)
B(b—aa—b+1).

(5.12)
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