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Abstract

LetK; andK,, respectively, be non empty closed convex subsets of real Hilbert
spacedH; and H,. The solvability of a general system of nonlinear variational
inequality (SNV|) problems based on a new projection system is explored. The
SNVI problem is stated as follows: find an eleméxit y*) € Ky x K, such that

< pS(X*,y"),x—XxX">>0, ¥x € K3 and forp > 0,

<nNT(X,y),y—y >>0, Vye Kz and forn > 0,

whereS: K; x Ko — Hy andT : Ky x Kz — Hy are nonlinear mappings.

AMS Subiject Classification: 49J40,65B05,47H20.
Key Words and Phrases:Strongly monotone mappings, Approximation solvabil-
ity, Projection system, System of nonlinear variational inequalities.

1. Introduction

Projection-type systems are frequently applied to achieve the convergence analysis for
solutions of variational inequality problems arising from several fields, for instance
complementarity theory, convex quadratic programming, optimization and control the-
ory, and variational problems. Recently the author [6,7] introduced and studied a two-
step system of nonlinear variational inequalities in Hilbert space settings. This study
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was carried out based new algorithms, which encompass several classes of iterative al-
gorithms. In this paper we explore, based on a general system of projection-type meth-
ods, the approximation-solvability of a system of nonlinear strongly monotone varia-
tional inequalities in Hilbert spaces. The obtained results extend/improve the results in
[1,5,6,7]. For more details, we refer to [1-10].

Let H; andH2 be two real Hilbert spaces with the inner prodsct,. > and norm
I|l.|l. Let S: K1 x K — H1 andT : K3 x Ko — Hz be any mappings oK; x K, where
K1 andKs, are nonempty closed convex subsetsipfindH,, respectively. We consider
a system of nonlinear variational inequality (abbreviated as SNVI) problems: find an
element(x*,y*) € K1 x Kz such that

< PS(X", Y ), x—X" >>0VxeK; (1)

<NT(X,y"),y—y >>0vyeKy, 2)

wherep,n > 0.
The SNVI(1) — (2) problem is equivalent to the following projection formulas

X' =R[x"—pSX",y") forp >0
y'=Qly —nT(x",y")] forn >0,

whereR is the projection oH; ontoK; andQ is the projection oH, ontoKp.
We note that the SNV(1) — (2) problem extends the NVI problem: determine an ele-
mentx* € K1 such that

< §X*),x—x">>0, Vx € Kj. (3)

Also, we note that the SNV(1) — (2) problem is equivalent to a system of nonlinear
complementarities (abbreviated as SNC): find an elereny*) € K; x K2 such that
Sx*,y*) e Kf, T(x",y*) e K3, and

< pS(X',y"),x" >=0forp >0, 4)
<nT(x,y"),y >=0forn >0, (5)
whereK; andK3, respectively, are polar conesKg andK; defined by

Ki={f eHi: < f,x>>0, ¥xeKy}.
K;={geHz:<g,y>>0, VgeKy}.
Now, we recall some auxiliary results and notions crucial to the problem on hand.

Lemmal.l.For an element € H, we have

xeKand <x—zy—x>>0, Vye K ifand only if x=F(2).
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Lemma1.2.[3] Let {ak}, {B*}, and{y¥} be three nonnegative sequences such that
okt < (1-t9ak+ K+ ¥ fork=0,1,2,...,

wheretk € [0,1], Itk = 0o, Bk = 0(t), andZ_,)X < «. Thena® — 0 ask — «.

A mappingT : H — H from a Hilbert spaceH into H is called monotone ik
T(X) = T(y),x—y>>0vx,y € H. The mappingdT is (r) — strongly monotone if for
eachx,y € H, we have

< T(X)—=T(y),x—y>>r||x—y]|?for a constant > 0.

This implies that|T (x) — T(y)|| > r||x—Y||, thatis,T is (r)-expansive, and whem= 1,

it is expansive. The mapping is called(s)-Lipschitz continuous (or Lipschitzian) if
there exists a constaat> 0 such that|T(x) — T (y)|| < g||x—VY]||, Yx,y € H. T is called
(u)-cocoercive if for eacl,y € H, we have

<T(X) =T(y),x—y>> ul|[T(x)—T(y)||? for a constanti > 0.

Clearly, every(u)-cocoercive mapping is (%)-Lipschitz continuous. We can easily
see that the following implications on monotonicity, strong monotonicity and expan-
siveness hold:

strong monotonicity=- expansiveness

Y

monotonicity

T is called relaxedy)-cocoercive if there exists a constant 0 such that

<TX)=TW)x=y>= (=PIT -TY)I vxyeH

T is said to be(r)-strongly pseudomonotone if there exists a positive constanth
that

<T(Y),X—y>>0= <T(X),x—y>>r|x—y|?, ¥xyeH.
T is said to be relaxe(ly, r)-cocoercive if there exist constants > 0 such that
ST =T).x=y>= (=NIITE) =TI +r x-y|*.
Clearly, it implies that

<TX)=TY),x—y>> (=) [TX) - T,

that isT is relaxed(y)-cocoercive.
T is said to be relaxedly, r)-pseudococoercive if there exist positive constarasdr
such that
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<T(y),x—y>>0
= <TX),x=y>> (=Y)[TX) =T +rlx=y|? vxy € H.

2. General Projection Methods
In this section, we discuss the approximation-solvability of the SNY}- (2) problem
based on the following algorithms.

Algorithm?2 .1. For an arbitrarily chosen initial poir,y°) € K; x K,, compute the
sequence$x<} and{y¥} such that

XL — (1 — &k — BR)x 4 aF R — pS(XK, )] + bKU¥

Y = (1 af— BNy + a Quly — nT (X, ¥ + BV,
whereR is the projection oH; ontoK1, Qg is the projection oH, ontoKs, p, n >0
are constantsS: K; x Ko — Hy andT : Ky x Ko — Hy are any two mappings, and and
VK, respectively, are bounded sequencd&iandKs. The sequencea¥}, {b*}, {ak},and{B*}
are in[0, 1] with (k > 0)
o<a+bi<10<ak+pé<i

Algorithm2 .2. For an arbitrarily chosen initial poirx°,y°) € K; x Ko, compute
the sequences} and{y*} such that

KL = (1 — @k — b)xK 4- @R X — pS(XK, y¥)] + bruk

Y = (1@~ by A Qe y< — nT (X, y9)] + bV,
wherePR is the projection oH, ontoK1, Qg is the projection oH, ontoKs, p, n >0
are constantss: K; x K, — Hy andT : K; x K, — Hj are any two mappings, and and
VK, respectively, are bounded sequencesiandK,. The sequencea}, and{b*}, are
in [0,1] with (k > 0)
o<a+pk< 1.

Algorithm2 .3. For an arbitrarily chosen initial poirtx°,y°) € K1 x K», compute
the sequences} and{y*} such that

XL = (1 — @)+ a R XK — pS(XK, yF)]
Y = (1— a9y aQu [y — nT (X )],



Strongly Monotone Nonlinear Variational Inequalities 77

whereP is the projection oH; onto Ky, Qk is the projection oH, onto Ky, p, n
> 0 are constantss: K1 x Ko — Hy andT : K1 x Ko — Hy are any two mappings. The
sequencda®} € [0,1] for k > 0.

Next, we consider, based on Algoritha2, the approximation solvability of the
SNVI (1) — (2) problem involving strongly monotone and Lipschitz continuous map-
pings in Hilbert space settings.

Theorem21. Let H; and H, be two real Hilbert spaces an&; and K, respec-
tively, be nonempty closed convex subsetsHifandH,. Let S: K; x Ko — Hjp be
strongly (r) — monotoneand () — Lipschitzcontinuous in the first variable and I8t
be(v) — Lipschitzcontinuous in the second variable. 0éet K; x Ko — Hz be strongly
(s) — monotoneand (f3) — Lipschitzcontinuous in the second variable and Tetbe
(1) — Lipschitzcontinuous in the first variable. Ldt||* denote the norm ohl; x H;

defined by

IO = (X[ + 1Y) V(x,y) € H1 x Ha.

In addition, let

9+nr=\/1—2pr+p2u2+nr<1

o+pv= \/1—2nr+l72/32+pv <1,

let (x*,y*) € K1 x K, form a solution to the SNV(1) — (2) problem, and let sequences
{x<}, and{y¥} be generated bglgorithm2.2. Furthermore, let

() 0<ak+bk<1
(i) = oa = o0, andZP bk < oo

(i) 0<p< ﬁg and0< n < %2
Then the sequende,y¥)} converges t@x*, y*).

Proof. Sincex*,y*) € K; x Ky forms a solution to the SNV(1) — (2) problem, it
follows that

X' =R = pS(X',y") andy” = QX" —nT (X", y")].

Applying Algorithm 2.2, we have
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k+1

[ =

11(1— &k — bX)xK + akP [XK — pS(XK, y¥)] + bKuK

(1—a—b*)x" — &Rk [x* — pS(x*,y*)] — "]

(1—a— b*)[|x — x|

ak|| P [X< — pS(X¥,y9)] — R [x* — pS(X*, y*)] || + Mb¥

(1—ak) X — x| + @)X —x* — p[S(XK,¥) — S(x*,¥)

S(X*, ) — S, y)] || + M

(1—a) X = x| + &)X — x* — p[S(X,y) — S(x*, Y9 |
ap||[S(x",y*) — S(x*,y")] || + Mb, (6)

+ IN + IAN + A

where
M = max{supl|u — x*||, sup|V¥ — y*||} < c.

SinceSis strongly(r)— monotone andu)—Lipschitz continuous in the first variable,
andSis (v) — Lipschitzcontinuous in the second variable, we have

X = x* = p[SX,¥<) — S(x*, )] |
[Ix =12 = 2p(S(X, ) = S(X", y¥), X~ ")

+ P%S(X Y — S(ixL Y912

= [Jx—X*[[2 =2 (S(X, y¥) — S(X, ¥, X — x*)
+ pZHS(Xk7yk)_S(X*7yk)H2

<X —x)2 = 2pr XK — x7|2

+ pPuP X —x|?

<X = x| = 20r X< — x7||2

+ PAPX = x|

[1—2pr + P22 X —x||2.

(7)
It follows that

X = X" — p[S(X<,y) — S(x*, y¥)]||2
< [1—2pr+ (pp)3 X —x*|12.

As a result, we have

k+1
X =7

< (1-a) X = x| +aex —x|
+ apvlly*—y*|| + Mb,
(8)



Strongly Monotone Nonlinear Variational Inequalities 79

where6 = /1 2pr + p2p2.
Similarly, we have

Iy =y < (1—a)|ly< = y*[| + o)y — ||
+anT|| X< = x*|| + Mb¥, (9)

whereo = /1 —2nr +n2p2.
It follows from (8) and(9) that

X = | 4 [y =y

(L—a) X = x| + a9 X x|
an || Xk — x*|| + Mb*

(L—a[ly* =y || +a“ally -y’
apv||y*—y*||+Mb*

[1— (1= &)@ (X = x*[| + [[y* = y*[|) + 2mb¥,

+ + 4 A

(10)

whered =max 0+ nrt,o+ pv} andH; x Hz is a Banach space under the ndfr*.
If we set
a* = [[X = x| + [y =y ||, 4 = (1 8)a,

BK=2MbK fork=0,1,2,...,

in Lemmad..2, and apply(i)and(ii ), we conclude that

X =+ Iy = y*| — 0

ask — oo.
Hence,
X — x|+ [[y<TE —y*| — 0.

Consequently, the sequenfed,y¥)} converges strongly tox*,y*), a solution to the
SNV (1) — (2) problem. This completes the proof.

Note that the proof of the following theorem follows rather directly without using
Lemma 1.2.

Theorem22. LetH; andH be two real Hilbert spaces ari¢ andK,, respectively,
be nonempty closed convex subsetdHafandH,. Let S: K; x Ko — Hi be strongly
(r) — monotoneand () — Lipschitzcontinuous in the first variable and I8te (v) —
Lipschitzcontinuous in the second variable. et K; x Ko — Hz be strongly(s) —
monotoneand (f3) — Lipschitzcontinuous in the second variable and Tebe (1) —
Lipschitzcontinuous in the first variable. Lét||* denote the norm oHl; x H, defined
by

I = (I + 11D V(% Y) € Hy x Ha.
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In addition, let

6+nr:\/1—2pr+p2u2+nr<1

o+pv= \/1—2nr+r72[32+pv <1,

let (x*,y*) € K1 x K, form a solution to the SNV(1) — (2) problem, and let sequences
{x}, and{y¥} be generated bilgorithm2.3. Furthermore, let

() 0<ak<1
(i) Zp @k = oo

(i) 0<p< %; and0< n < %2
Then the sequendgx¥,y)} converges strongly to<*, y*).

Proof. Since(x*,y*) € K1 x Kz forms a solution to the SNV(1) — (2) problem, it
follows that

X' =R = pS(X',y")] andy” = QX" —nT (X", y")].

Applying Algorithm 2.3, we have

k+1

[ =

1(1— @)X+ a Pk [ — pS(xX‘, y¥)]

(1—a)x" —aPe[x’ — pSX",y")]|

(L)X —x|

a|| R [X — pS(X, )] — R X" — pS(x*, y)]|

(L—al|x =" + X —x* = p[S(X,¥) = S(X,¥¥)

S, Y) = Syl

(L= X = x| +a@|X —x" — p[S(X,¥¥) — S(x*, Y] |
apl|[S(x", y¥) — S(x*, y)III. (11)

+ IN + IAN + A

SinceSis strongly(r)— monotone andu)—Lipschitz continuous in the first variable,
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andSis (v) — Lipschitzcontinuous in the second variable, we have

IX€—x* — p[S(X,y¥) — S(x*, y¥)] |2

Ix— X*[12 = 20(S(X, ¥¥) — S(x*, y¥), X — x*)
P?IIS(X, Y<) — S(x*,y)|I?

[x— X1 — 2 (S(X¢, 1) — S YK, — )
P?IIS(X, ¥<) — S(x*,y9)I?
XX |2 — 20r ¥ — x|

P22 (XK — X2 + 2p (S(X*, ), X< — x)

X = X[|? = 2pr [|X — x*||?

P2 p||XE — X% 4 20 (S(x*, %), XK — x*)
[1—2pr + p?p?) X — x| |2

+

+ IN + IN +

(12)
It follows that
||Xk+l_X*H
< (L-a) X —x| +ao X x|
+ apvlly -y,
(13)
where6 = \/1—2pr + p2p2.
Similarly, we have
IVt =y < (1—a9) [y =y [ +aaly* — v
+alnT|X = x|, (14)

whereg = \/1—2nr +n?p2.

It follows from (13) and(14) that

X=X 4 [y =y

(L@ |Ix = x*[| +aXB||x* — x|
anT|x—x|

(L—a) |y -y +aally“ -y
apvly* —y'|

[1— (1= 3)a (X x|+ Iy = y*I)

k .
I_L[l— (1= 3@l (I = x|+ [Iy° = y*[1),
=

m+ + + IA

IN

(15)
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whered =max 0+ nrt,o+ pv} andH; x Hz is a Banach space under the ndfr*.
Sinced < 1andyy ,a is divergent, it follows that

K ,
limk .o [][1— (1—9)a'] = 0ask— .
1

Therefore,
X — x|+ [y =y — 0,

and consequently, the sequer{¢&*,y¥)} converges strongly t¢x*,y*), a solution to
theSNVI(1) — (2) problem. This concludes the proof.
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