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Abstract

In the year 1995, Vijay Gupta et al [3] introduced an interesting sequence of
summation-integral type operators with Beta and Szasz basis functions in
summation and integration respectively and studied some direct results for
these operators. In this paper, we obtain direct theorems for the linear
combination of Szasz-Beta type operators in Lp-approximation. To prove our
direct theorems, we use the technique of linear approximating method viz.
Steklov mean.
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Introduction
For f L ,[0,), p=1, V. Gupta et al [3] introduced an interesting sequence of linear

positive operators to modify the well-known Beta operators by considering the
weights of Szasz basis functions. The Beta-Szasz operators, introduced in [3] are
defined by

B,(1,= 3 Py, (00, () F(Y)ly. xD[0,) (L.1)
where
B e—nX(nX)v B 1 yk
pn,v (X) - T and bnv(y) - B(k +:L n) . (1+ y)n+k+1 ’ (12)
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B(k +1,n) denotes the Beta function given [k + 3N :
(k+1+n)

It is observed that the order of approximation for these operat@@l‘é). To

improve the order of approximation, we consider the linear combination of these
operatorsB, (f,k,x df the operators, , (f,x)as

k
B,(f.k,) =Y C(j,K)By (%) (1.3)
=0
where
kK d.
C(j,k) = .Ijlo . —]d , k#0and C (0,0)=1. (1.4)

izj o

We may rewrite the operators (1.1) as
B,(f,%) = [[W(n,xy) f(y)dy (1.5)

where W(n,x,y)= S p,, ()b, ().

V=

Alternately the k-th linear combinatior; (f,k, x of)the operators
ijn(f ,X) are defined by

1d;%.dg*| " [Ban (F1X) do™.dg"

1d;"..d% By, (f.x)d"..d

B.(f,k,x) = (1.6)

1d.d ] By, (f,x) dt.d.

where d;,d,,d,,....... d, are (k+1) arbitrary but fixed distinct positive numbers.
Combinations of this type were considered by May [4].

Throughout this paper leld<a, <a, <a, <b, <b, <b <, 0<a<b<w
andl; =[a,b],i=123. For fOL,[0,»),1< p<e, the Steklov meanf, of

m+th order corresponding fds defined by
nl2 nl2 nil2

fon® =0T [ [ e J’[f(t)+(—1)m'1Amzm f(t)dt, dt, ,......dt ], (1.7)

-ni2-ni2 -nl2 i=
where tJ1 and AT f (t) is themth order forward difference of the functidgrwith
step lengthn. It follows from [2, 5] that :

(i) f,. has derivative up to orden, ™ OAC(I,),and f{7? exists a.e. and

n,m

belong toL (1, );
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(i) | £

<Kn"w (f,n,pl), r=12...m

Lp(lz)

(i) [ f -1, o SR (P 1)
W) [foo] <KT
(V) ||f,f?q = K4'7_m||f”|_p(|l)

Lp(l2)
whereAC [a, b] stands for the class of absolutely continuous function on [a, b] and
K.® are certain constants defined lprbut are independent éfandn. Let BV [a, b]

denotes the set of all functions of bounded variation on [a, b]. The sen frﬂg\gmb]

is defined by the total variation &6bn [a, b]. For f 0L [a,b], 1< p <, the Hardy-
Little wood majorant of is defined as:

¢
h, (%) :supijf(t)dt, (a<&<b).
zﬂxE—XX

In the present paper we establish some direct results on Lp-norm for the linear
combinations of the Szasz-Beta operators.

Auxiliary Results
This section deals with certain basic Lemmas, which are necessary to prove the
inverse theorem.

Lemma 2.1[3]. Let them-th order moment be defined by

Van0) = 3 Pru 001,00y )"y @)

then
B _x+1 _(n+2)x* +2x(2+n) +2
Vn,O(X) _:I"Vn,l(x) - n_livn,z (n_l)(n_z)
relation.
(N=M=DV, .. (%) = xVE () +[(M+D(2x+1) = X]V, ,(X) + MX2+X)V, 4 (X), m=10N.
(2.2)

, and there holds a recurrence

Consequently for eack= 0,

Vom(¥ =0, [pt72) (2.3)
where[a] denotes the integral part af. Also by Holder’s inequality we conclude
from (2.3), for every fixedx (1[0,0 )

B.(y-¥,x)=0(n""?), Or>0 (2.4)
and for everyx [0, )

Lemma 2.2. For pON andn sufficiently large there holds
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B,|(y ="k, x| =n{Q(p,k, ) + 0@}, yO[0,00)
whereQ(p, k,x) are certain polynomials of degree p/2.

Proof: From Lemma 2.1, for sufficiently largewe can write,

P(X) ., R(X)
- p - 0 1
Bn[(y X) ’X] - n[p+l]/2 + n[p+l]/2 + ........ np

where P's are certain polynomials xof degree [i/2]. Using the above in (1.3), we
get the required result.

Lemma 2.91]. Let1< p<e, fOL [ab], f* OACab]and f“? 0L [ab],
then

LIWEL: L WL

=1, 2,...... K WhereK]f 's are certain constants depending onlyjpk, p, a, b.

Main Results
Theorem 3.1.Let f 0L [0,0), p>1. If f has @k+2) derivatives onl,, with

f <9 0 AC(1,) then forn sufficiently large

B, (f kD= f”Lp[(lz) =K n_(kﬂﬂf o Lp[(12) +”f”Lp[°v°°> %

where the constait is independent af andf.

Proof: By the hypothesis, foxJ1, andy 1,

f(y) = Z (y_j!X)l ¢ (j)(X) N (Zk];-l)!‘].(y_w)zkﬂ f (2k+2) (W) dw.
f(y) — Z (y_JIX)] f (j)(X) + (Zk];-l)lj'(y_w)Zkﬂ f (2k+2) (W) dw+ (31)

+RE(y,)A-®(y ),
Where ®(y) denotes the characteristic function iQn
2k+1

F(y.x) = F(y) - ZMf ) (x),

4
For all yJ[0,0) and xO1,. Using (3.1) in (1.3), we have
2k+lf(i)(x) _
Bn(f,k,x)—f(x)zz - B,(y—-x)",k,X)
a

1
(2k +1)!

+

B, (Y= W)™ £ 2 (w) dw k)
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+ B, (F(y,X)A-®(y). k. x )
D +4, +A,
In view of Lemma 2.2 and [1]

.0 =K B 110
U0, = 7705 ]Z Lp(l2)

< K6n—(k+1) @f (0 + Hf (2k+2)

Lp(IZ) @

To estimatel ,, let h, be the Hardy- Littlewood majorant [6] df®*? on I,, using
Holder’s inequality (2.4), we obtain

B, @[ {(y ™" £ &2 (wyw x*

Lp(IZ)

J, =

< B, (G(Y) [|(y ~w) 7| £ &2 ()] |dw}, )

y

[ £ (), x)
< B, (@(Y)(y =%)***|h, (¥)], %)
<fB,Qy - o). {8, O, (0 o9

() o)

< B, (®(Y)|(y - %)

< K,n & {Bn(

< K,n N (n.x, y)h; (v)" dyH
ol g

Fubini’'s theorem and [7, chapter 2] imply that
by by
”Jl”Epuz) = K7n_(k+1)pJ—J\N(n' X y)‘hf (Y)‘p dde

BHay

by [,
< K7n'“‘+l’pJ' (n, X, y)dxéhf (y)‘ " dy

="

by
< Kn 2 flh, (y)]" dy
£
p
Lp(ly)
p
Lp(1)

< K7n—(k+1) p

h; (y)

< Ksn—(k+l) p H f (2k+2)

Therefore,

”‘Jl”l_ 1) < Kgn_(kﬂ)pr (2k+2)
p

Lp(ll)
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Consequently,

1 ”Azn < Kgn—(k+1)pr (2k+2)

Lp(1) Lo(1y)

For yO[0,0)\[a,,b], xO1,, there exists & >0 such thafy - x| = &.
Thus

2k+2’ X)

X)(L-D(y),¥)| <

x)|(y =)

2k+1

<581+ Y

—y_jfr 19 00l(y =077, %)

2k+1

5 (2k+2)|3 .I: 2k+2
< s (FW[(y-x%) X)+Z

f _
( X) B, (y- 4™

mMOoO

=J,+J,
Using Holder’s inequality and (2.4), we get
|J2| < 5—(2k+2) Bn (| f (X)| p 1 X)l/ p Bn (|y _ X|(2k+2)q ’ X)l/q

< Kyon B, (f(y)]", ™",
Again applying Fubini's theorem, we get

by o

J’|J Pdt< K, n‘(kﬂ)pJ’J’\N(n x, )| f (y)|” dydx

< Kyn 2 f]

Thus
1920,y = Kun™ ] 1]

Moreover using (2.4) and [1], we get
2k+1

J < K,,n ®

” 1|||_p(|2) 12 ;‘

< Klzn-(k+1)

Lp([0.) "

Lo ([0.) *

Lp(IZ)

+ H f (2k+2)

Lo(12) Lp('Z)ﬁ

Combining the estimates df, and J,, we are led to

—(k+1) (2k+2)
||A2||Lp(|2) - K13n @f”L ([0,0) Hf Lo(1) ﬁ
Hence we obtain the desired result.
Theorem 3.2. Let f OL,[0,). If f has Rk+1) derivatives inl, with
f 9 0AC(,)
and f Y OBV(l, ), then for alin sufficiently large we have




Some Direct Estimates for Szasz-Beta &7
||Bn(f 1k’ m_ f L) < Kn_(k+1) %f (2k+1)

L(ly) + || f ||Lp[0,oo) %
whereK is a constant independentfandn.
Proof. By the given assumption dnfor almost allxd1, and for allyd I, we have

(2k " 1)IJ'((y _ W) 2k+ldf (2k+1) (W))

+ ” f (2k+1)

BV(I,)

2k+1

f(y)= ;(y_uX)‘l FO00+

We can write

2k+1

=3 2500

+ oK +1)!J'((y _ W)2k+1df (2k+1) (W) D(y) + F(y, X)(L- D(y)).

where ®(y) denotes the characteristic functionlgfand
2k+1

Fy0 = 1=y Y0 UL
For almost allx[J |, and for all y J[0, ).Hence we obtain

B,(f,k,X) - f(x)—sz(')(x)s«y X' k,%

2k+1 (2k+1) H
" D %(y W D )Rk X

+ B, (F(y, X)A-®(y). k,x) = J; +J, +J;
Applying Lemma 2.1 and [1] we get
Li(1) ﬁ

||J1|||_1(|2) < K14n-(k+1)@f”|_1(|2) +||f (2k+1)
] B”ﬁ(y_w)zmdf e (w)qa(y),ﬁ

Further, we have

L(l5)
< ]Z'T'\N(n X, y)|y X|2k+1J.|df (2k+1) (W)| dde.

For each n there exists a nonnegative integerr(n)such that

rnY? <maxp, -a,, b —ai) < (r +)n"2. Then we have

X (|+1)n

K < Z [ Bﬂm DY)W(n, X, y)|y -

+(1+)nY2 .
<o o) uf e w tly

2k+1
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Let
[x-cn

-1/2

K23 PH . e x i n]y-x

< Z g -4n2J)anz Q,m(m)n-uz q)(y)W(I’I, X, y) |y —x 2k+5
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x-In/2

+ O(Y)W(n,x,y)|y -

x-(1+1)n7/2

2k+1

% xx—|+1 n’“zq)(w) [def e (W)‘ yHix
(1+1)

qupmi(Vv)

,X+dn

-1/2

x+(1)n

denotes the characteristic function of the interval
], wherec, d are nonnegative integers. Then we have:

2k+5

x+(|+l)n'1/2 .
T 0,01 () Gt 4 ) tly

x=(1)n/2

[ e COWOLX Yy =

2k+5

I:g:_“ﬂ)n—uz cl)(W)CDX,HLO (W) I:I:df (@) (W)‘éjyﬁjx
L )W x vy - X
<), () () iy

x+(1)n"Y/ 2

XL o0 (W] (W) iy
x=(1)n"t2

+J’x—(l+1)n’1’2
X, a0 (W] () Ry

+j'b2j' D(YW(n,x, )|y - X

O(Y)W(n,x,y)|y -

2k+5

2k+1

x5, . (W]t (w]dyche

In the next step, using Lemma 2.1 and Fubini’s theorem, we obtain

r , by
K < Kygn 7 & 1™ %J’(Dx,o,m(w)‘df e (W)‘ dx
D =

+ T}cb X1 +1,0 (W)‘df @y (W)‘ dx

A a

b, by H
+ [ [ @, (Wdf ) (w)| dx

aay E}
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=K, n‘(2k+l)/ZEZ -4Q’J'¢X’O,|+1(W)d>4df e (W)‘E
+ ﬁz%ﬂ(w)dx %ﬁ o <W>\E

& &

+ IB) ®,,,(Wdx %jf D (w)

L)

< K n—(2k+1)/2§Z —4 dX f(2k+1) (W)‘
=] W—(|+1)n -1/2

+(1+)n7/2
i

f% J’lt;lzx%jf (2K (w)\E

1/2

< K18 n —(k+1) f (2k+1)

BV(l,)

< Klg n—(k+1) f (2k+1)

Hence, |J

v where the constant on the right side

2llL,(1,)
depends ok.
For all yd[0,0)\[a,,by], xO1,,we choose & >0 such thaty - x| > d.

Then

B, (F (y, X)L~ ®(y)), X

by o0

Ly = II\N(”1 X Y)| f (Y)|(1— ®(y))dydx

2k+1q b, o
*3 ij(n X Y)| O]y - ¥ (1~ ®(y))dydx
=J, +J
For sufficiently largey, there exist positive constantsl, andK,, such that
_ )\ 2k+2
% > Ko, forall y=M,, xO1,. Also by Fubini's theorem
0 b2
Jg = + (n,x y)|f (Y)|@-P(y))dxdy = Js +J,.
g 191 o

Now, using Lemma2.1, we have
MO b2

Jg =875 [ fW(n,x, )| F(Y)|(y =)™ dxdy

0 a,
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< K (v
[t oy

And
1 ° b, _ )2k+2
J; :K_ I\N(n X, y) 2|<+2 |f(y)|dXdy
0 M, a,

< Kpn ™ E;ﬁ f (Y)|dyH
\ .

Combining the estimates df, and J,, we get
3o < Kan ] o)

Further, using (2.4) and [1], we get
k+11 b, 0

J<8° (MZ H\N(nxy)\ “(3|(y =)™ dydx

<K, n—(k+1)ETZH £fO

L) [

+ H (2k+1)

< Kaan ™ @ f ” Li(12) ﬁ

From above estimates df, and J, we get

[B.(F(y, )@~ ()., ) < Kasn® (mﬁf”Ll o
Consequently we obtain
|9 < K26n—(k+1)@f » E

Finally combining the estimates df, J, and J;, we obtain the required result.

Li(l2)

Li(l2) ﬁ

+ H f (2k+1)

3 L(12) L4[0,00)

Theorem 3.3. Let f 0L [0,), p=1. then forn sufficiently large

B, (kD= 1], ) < Kilomao (.02 py 1) #0721

where K, is a constant independentfatndn.
Proof. Let f ,,.,(y) be the Steklov mean o2K+2)-th order corresponding to(y)
wheren >0 is sufficiently small and (y) is defined as zero outsid8,«).Then we

have
[B (k0= Fll 0 < [BoCF = e kO,
Lo(15)

=A, +A, + A, (Say).
To estimated, , let ®(y) be the characteristic function of; then

- f Kk, D= f
n,2k+2 m n,2k+2 Lp(IZ)

‘fq,2k+2 -
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B, ((f =, 22)(¥),X) = B (®(Y)(f = T, 22)(¥), X)
B, A-@(y)(f = f, 2.2)(¥). X )
=N, +A;
The following is true fop=1, and it is also same for p>1 follows from Holder’s
inequality

b, b, by
[ dys [ WX, W)|(f = f,0.2)(y)] dydx

aag

On applying Fubini's theorem, we get

b, b, by
fla4dy< [ [Win %, V|(F = T, o) ()| dxdly
<[t = faec]

Hence

p
”A4”|_p(|2) S”f = fhace Lp(la)”

Using Holder’s inequality, (2.4) and Fubini’s theorem, we get the followingfed
—(k+1)
||A5||Lp(|2) s K27n L[0,0) "
By using Jenson’s inequality and Fubini’s theorem, we obtain

0,00) = K28|| f ”Lp[o,oo)'

f- fn,2k+2

,2k+2
n Lol

Hence
85[0,y = Kaoen ™ [ £]

Now using third property of Steklov means, we get
A <Ky (w2k+2(f N, p,1,)+n f”

Ly[0) "

Lp[0,0) )

And we know that,

(2k+1)
n,2k+2

— ” f (2k+2)
BV(l3) n,2k+2

Li(13)

Hence by virtue of theorem 3.1 (p>1), theorem 3.2 (p=1) and Lemma 2.3, we have
Az < Ksln_(kﬂ) @ fr](,ZZkk:ZZ) L,[0.) %
s ngb_(2k+2)w2k+2(f np )+ nt? ” f ”

In view of the properties of Steklov means.

Lp(l3) + || fq,2k+2
Lp[O,OO))'
To estimated;, we use the Steklov means property third, and obtain that

A; < Ky, (.0, p,ly).
Hence the required result follows. This completes the proof of theorem 3.3.
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