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Abstract 
 

    In the year 1995, Vijay Gupta et al [3] introduced an interesting sequence of 
summation-integral type operators with Beta and Szasz basis functions in 
summation and integration respectively and studied some direct results for 
these operators. In this paper, we obtain direct theorems for the linear 
combination of Szasz-Beta type operators in Lp-approximation. To prove our 
direct theorems, we use the technique of linear approximating method viz. 
Steklov mean. 
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Introduction 
For 1),,0[ ≥∞∈ pLf p , V. Gupta et al [3] introduced an interesting sequence of linear 

positive operators to modify the well-known Beta operators by considering the 
weights of Szasz basis functions. The Beta-Szasz operators, introduced in [3] are 
defined by  
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),1( nkB +  denotes the Beta function given by .
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    It is observed that the order of approximation for these operators is ( )1−nO . To 
improve the order of approximation, we consider the linear combination of these 
operators ),,( xkfBn of the operators ),( xfB nd j

as 
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We may rewrite the operators (1.1) as 
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 Alternately the k-th linear combinations ),,( xkfBn of the operators 
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where kdddd ,.......,,, 210  are (k+1) arbitrary but fixed distinct positive numbers. 

Combinations of this type were considered by May [4]. 
 Throughout this paper let ∞<<<∞<<<<<<< babbbaaa 0,0 123321  

and .3,2,1],,[ == ibaI iii   For ,1),,0[ ∞<≤∞∈ pLf p  the Steklov mean mf ,η of 

m-th order corresponding to f is defined by  
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where It ∈  and )(tfm
h∆ is the m-th order forward difference of the function f with 

step length h. It follows from [2, 5] that : 
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where AC [a, b] stands for the class of absolutely continuous function on [a, b] and 
s

iK '  are certain constants defined on I, but are independent of f and n. Let BV [a, b] 

denotes the set of all functions of bounded variation on [a, b]. The semi norm
],[ baBV

f  

is defined by the total variation of f on [a, b]. For ,1],,[ ∞<<∈ pbaLf p the Hardy-

Little wood majorant of f is defined as: 
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    In the present paper we establish some direct results on Lp-norm for the linear 
combinations of the Szasz-Beta operators. 
 
 
Auxiliary Results 
This section deals with certain basic Lemmas, which are necessary to prove the 
inverse theorem. 

 
Lemma 2.1 [3]. Let the m-th order moment be defined by  
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Consequently for each 0≥x ,  
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where ][α  denotes the integral part of α . Also by Holder’s inequality we conclude 
from (2.3), for every fixed ),0[ ∞∈x  
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and for every ),0[ ∞∈x . 
 
Lemma 2.2.  For Np∈  and n sufficiently large there holds 
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where ),,( xkpQ  are certain polynomials in x of degree p/2. 
 
Proof: From Lemma 2.1, for sufficiently large n we can write,  
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where sPi '  are certain polynomials in x of degree [i/2]. Using the above in (1.3), we 

get the required result. 
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Main Results 
Theorem 3.1. Let 1),,0[ >∞∈ pLf p . If f has (2k+2) derivatives on 1I , with 
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where the constant K is independent of n and f. 
 
Proof: By the hypothesis, for 2Ix∈  and 1Iy ∈  
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Where )(yΦ  denotes the characteristic function on 1I . 
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To estimate 2I , let fh  be the Hardy- Littlewood majorant [6] of )22( +kf  on 1I , using 

Holder’s inequality (2.4), we obtain  
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Consequently, 

1 
)(

)22()1(
9)(2

12 IL

kpk

IL
pp

fnK ++−≤∆  

For ,],,[\),0[ 211 Ixbay ∈∞∈  there exists a 0>δ  such that .δ≥− xy  

Thus 
 ),)(),(()),(1)(,(( 22)22( xxyxyFBxyxyFB k

n
k

n
++− −≤Φ− δ  

                                       ),)()(
!

)(( 22
12

0

)()22( xxyxf
j

xy
yfB k

k

j

j

j

n
k +

+

=

+− −
−

+≤ ∑δ  

                                          












−+−≤ ++

+

=

++− ∑ ),(
!

)(
),)()((

22
12

1

)(

22)22( xxyB
j

xf
xxyyfB

jk
k

j
n

j

k
n

kδ  

                   .32 JJ +=             

Using Holder’s inequality and (2.4), we get  

 qqk

n
pp

n
k xxyBxxfBJ /1)22(/1)22(

2 ),(),)((
++− −≤ δ  

       .),)(( /1)1(
10

pp

n
k xyfBnK +−≤  

Again applying Fubini’s theorem, we get 

 ∫ ∫ ∫
∞

+−≤
2

2

2

2 0

)1(
102 )(),,(

b

a

b

a

ppkp
dxdyyfyxnWnKdtJ  

 .
),0([

)1(
11 ∞

+−≤
pL

pk fnK   

Thus  

),0([

)1(
11)(2

2 ∞
+−≤

pp L

k

IL
fnKJ . 

Moreover using (2.4) and [1], we get 

∑
+

=

+−≤
12

0
)(

)()1(
12)(1

22

k

j
IL

jk

IL
pp

fnKJ  

              .
)(

)22(

)(

)()1(
12

22



 +≤ ++−

IL

k

IL

jk

pp

ffnK  

Combining the estimates of 2J  and 1J , we are led to 
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Hence we obtain the desired result. 
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From above estimates of 4J  and 5J , we get 

  .)),(1)(,((
)(

)12(

),0[

)1(
25)(

21121



 +≤Φ− +
∞

+−

IL

k

L

k

ILn ffnKxyxyFB  

Consequently we obtain 

    


 +≤ +
∞

+−

)(

)12(

),0[

)1(
26)(3

21121 IL

k

L

k

IL
ffnKJ  

Finally combining the estimates of 1J , 2J  and 3J , we obtain the required result. 

 
Theorem 3.3.  Let .1),,0[ ≥∞∈ pLf p  then for n sufficiently large  

  ( ).),,,(),,(
),0[

)1(
1

2/1
22)( 2 ∞

+−−
+ +≤−⋅

pp L

k
kkILn fnIpnfKfkfB ω  

where kK  is a constant independent of f and n. 
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To estimate 1∆ , let )(yΦ  be the characteristic function of 3I ; then 
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Using Holder’s inequality, (2.4) and Fubini’s theorem, we get the following for 1≥p  
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Hence by virtue of theorem 3.1 (p>1), theorem 3.2 (p=1) and Lemma 2.3, we have  
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In view of the properties of Steklov means.  

To estimate 3∆ , we use the Steklov means property third, and obtain that 

             ).,,,( 122323 IpnfK k+≤∆ ω  

Hence the required result follows. This completes the proof of theorem 3.3. 
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