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Abstract

In this paperW∗(E,F) of all bounded operators fromE to F which their adjoints are
weak∗ to weak sequentially continuous are considered. We characterize some important
classical properties. We will showW∗(E,F) is a subspace ofU (E,F) of all uncondi-
tionally converging operators fromE to F if F is a Gelfand-Phillips space. We show that
the elements ofW∗(E∗∗∗,E∗) are adjoints of elements inL(E,E∗) if E∗ is an injective
Banach space orE is a complemented subspace ofE∗∗.
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1. Introduction and Preliminaries

Many authors have studied some class of operators and characterized some important
properties; see [1], [2], [4], [9] and [10]. Here, we would study the Banach space
W∗(E,F) of all bounded operators fromE to F which their adjoints are weak∗ to weak
sequentially continuous. We will compareW∗(E,F) with some class of operators, lim-
ited operators, unconditionally converging operators and weakly compact operators.
ThroughoutE andF would be Banach spaces,BE the unit ball ofE, L(E,F) the Banach
space of all bounded linear maps fromE to F . For (E,τ), a sequence(xn) is τ null if
xn→ 0 in τ. All notations and notions used and not defined can be found in [3].

Proposition 1.1. W∗(E,F) is a Banach space.

Proof. We need only show thatW∗(E,F) is a closed subspace ofL(E,F). Suppose
T ∈ L(E,F) is in the closure ofW∗(E,F), so there is a sequence(Tn)n in W∗(E,F) such
that Tn → T. We claim thatT ∈W∗(E,F). To this aim, assume(y∗n) is a weak∗ null
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sequence inF∗, sinceTn→ T implies thatT∗m→ T∗ in norm topology, therefore

‖ T∗y∗n ‖≤‖ T∗−T∗m ‖ (supn ‖ y∗n ‖)+ ‖ T∗m(y∗n) ‖,
for fixed but enough largem which it implies that the right hand of above inequality

tend to zero and proof has been completed. ¤
A Banach spaceE with the property that weak∗ null sequences inE∗ are weakly null

are often calledGrothendieck spaces. In the following proposition we will see that exist-
ing an operatorT ∈W∗(E,F) can make a situation for whichF be a Grothendieck space.

Proposition 1.2. A sequence(y∗n) would tend to zero in topologyσ(F∗,T∗∗(E∗∗)) if it
converges to zero in weak∗ topology, whereT ∈W∗(E,F). If F ⊆ T∗∗E∗∗ then weak∗
topology andσ(F∗,T∗∗(E∗∗)) topology on sequences inF coincide.

Proof.

T ∈W∗(E,F) ⇐⇒ [y∗n
w∗→ 0 ⇒ x∗∗(T∗(y∗n))→ 0 ∀x∗∗ ∈ E∗∗]

⇐⇒ [y∗n
w∗→ 0 ⇒ T∗∗x∗∗(y∗n)→ 0 ∀x∗∗ ∈ E∗∗]

⇐⇒ [y∗n
w∗→ 0 ⇒ y∗n

σ(F∗,T∗∗E∗∗)−→ 0].

Second assertion would be clear. ¤
Definition 1.3. A subset L of a Banach spaceE is limited if Limnsupx∈L | x∗nx |= 0,
where(y∗n) is a is any sequence inE∗ which converges to zero under weak∗ topology in
E∗. A Banach spaceE for which all limited sets are relatively compact is said to be a
Gelfand-Phillips space. An operatorT : E→ F is limited operatorif T(BE) is a limited
set [2]. The Banach space of all limited operator fromE to F is denoted byL im(E,F).

Proposition 1.4. SupposeT ∈W∗(E,F) andF is a Gelfand-Phillips space, then
(́a) TS∈L im(c0,F) if T ∈W∗(E,F) andS∈ L(c0,E).
(́b) Let ∑xn be aw.u.C series inE. There is a subsequence(xnk) of (xn) for which

‖ Txnk ‖→ 0.

Proof. If (a) is in effect, since(TS)∗ is weak∗ to norm sequentially continuous, soTS
is a limited operator [2].

To prove (b), in correspondence to aw.u.C series∑xn there is an operatorS: c0→ E
which S(en) = xn. From (a),TS(Bc0) is a limited set in F and from the assumption
TS(Bc0) is relatively compact, so(T(xn)) = (TS(en)) would be relatively compact.
Therefore, there is a subsequence(xnk) such that(T(xnk)) is norm convergent but since
it is weakly null so it would be a norm null sequence. ¤

An operatorT : E→ F is called anunconditionally convergingif it ∑T(xn) is uncon-
ditionally convergent whenever∑xn is w.u.C. We denote byU (E,F) the Banach space
of all unconditionally converging operator fromE to F .

Proposition 1.5. SupposeT ∈ L(E,F), then
(a) T ∈U (E,F) if and only if(‖ Txn ‖)n be a norm null for anyw.u.C series∑xn in

E.
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(b) T ∈U (E,F) if T ∈W∗(E,F) andF be a Gelfand-Phillips space.

Proof. (a) follows directly, that is‖ Txn ‖→ 0 if T is unconditionally converging op-
erator and∑xn is aw.u.C series inE. For the converse supposeT is not unconditionally
converging. ThenT fixes a copy ofc0 [3], so there is aw.u.C series∑xn such that∑Txn
is w.u.C but it is not unconditionally convergence. Therefore, there is a block sequence
yn = ∑qn+1

i=qn+1Txi such that∑yn is w.u.C but in f ‖ yn ‖> 0. Choosingzn = ∑qn+1
i=qn+1xi ,

then∑zi is w.u.C and in fn ‖ Tzn ‖> 0. But T is unconditionally converging operator.
It shows‖ Tzn ‖→ 0 which is a contradiction. According to part (b), ifT is not uncon-
ditionally converging operator there is a bock sequencezn = ∑qn+1

i=qn+1xi such that∑zi is
w.u.C but in fn ‖ Tzn ‖> 0. From proposition 3 part (b) there is a subsequence(znk) such
that‖ Tznk ‖→ 0 which is a contradiction. ¤

Definition 1.6. A locally convex space(E,τ) has theMazur Propertyiff every linearτ-
sequential continuous functional isτ-continuous (see [15]). In the Banach space setting,
a Banach space X is aMazur Spaceiff the dual spaceE∗ endowed with the weak∗
topology has the Mazur property. The Mazur property was introduced by S.Mazur, and
for Banach spaces it is investigated in details in [4].

In other result we would like to compareW∗(E,F) with some other classical operator
spaces and characterize some classical properties in Banach spaces.

Proposition 1.7.W∗(E,F)⊆W(E,F) (the Banach space of all weakly compact opera-
tors fromE to F) if one of the following conditions hold:

(a) F∗ contain no copy of̀1,
(b) F is a separable Banach space,
(c) F is a Mazur space.

Proof. (a): From`1-Rosenthal theorem [3] any bounded sequence inF∗ has a weakly
Cauchy subsequence(y∗n). Therefore, it converges to an elementy∗ ∈F∗ in weak∗ topol-
ogy. It shows thatT∗y∗n

w→T∗y∗ where,T ∈W∗(E,F). Therefore,T is a weakly compact
operator.

b): BF∗ is weak∗ sequentially compact so any bounded sequence inF∗ has a weak∗
convergent subsequence(y∗n) and the rest of proof is similar to a).
c) For a weak∗ null sequence(y∗n) in F∗ andT ∈W∗(E,F) the sequence(T∗y∗n)n con-
verges to zero in weak topology ofE∗. Therefore,T∗∗x∗∗(y∗n) = x∗∗(T∗y∗n)→ 0 where,
x∗∗ ∈E∗∗. It means thatT∗∗x∗∗ is weak∗ sequentially continuous butF is a Mazur space
soT∗∗E∗∗ ⊆ F and thenT is a weakly compact operator. ¤

We remark that the converse of proposition 5 may be not true. In fact ifE is a reflexive
Banach space then for any Banach spaceF , W∗(E,F) = L(E,F) =W(E,F). Next result
would partially characterizes Grothendieck spaces.

PROPOSITION6.
a) L(E,F) = W∗(E,F) if F or F be Grothendieck spaces.
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b) SupposeL(E,F)=W∗(E,F) is valid for any Banach spaceF, thenE is a Grothendieck
space.

PROOF. SinceT∗ is weak∗ to weak∗ continuous and under assumptionT ∈W∗(E,F)
where,T ∈ L(E,F) this proves (a). For (b) setF = E. Then fromI ∈ L(E,E) we see
thatI∗ must be weak∗ to weak sequentially continuous soE is a Grothendieck space.

Definition 1.8. SupposeT : E→ F is a bounded operator.
(a)T is called acompletely continuous operatorif T maps weakly convergent sequences
in to norm convergent sequences.

(b) T is called aweakly completely continuous operatorif T maps weakly Cauchy
sequences inE to weakly convergent sequences inF .

(c) E is said to be aninjective spaceif for any linear sbspaceY of a Banach spaceF
and any bounded operatorT : Y→ E, T may extended to a bounded operatorS: F → E
having the same norm asT.

(d) E is aSchur spaceif any weakly null sequence is norm null sequence.

In the next result we would compareW∗(E,F) andcc(E,F) the Banach space of all
completely continuous operators fromE to F .

Proposition 1.9. SupposeE does not have the Schur property. ThenW∗(E, `∞) does not
lie in cc(E, `∞).

Proof. Under the assumption there is a weakly null(xn) in E such that‖ xn ‖= 1 (∀n∈
N ). From Bessaga-Pelczynski’s theorem ([3] , page 46),(xn) can be considered as a
basic sequence inE. Suppose(x∗n) is its coefficient functionals on[xn]. From injectivity
of `∞ ([3] , page 71), one can consider(x∗n) in E∗. DefineS: E→ `∞ by S(x) = (x∗n(x))n
which lies easily inW∗(E, `∞) becausè ∞ is a Grothendieck space ([3] , page 103).
Since(xn) is a weakly null sequence inE and

‖ S(xm) ‖≥| x∗m(xm) |= 1,

(S(xn))n is not norm null soSdoes not lie incc(E, `∞). ¤
Proposition 1.10. SupposeT ∈W∗(E,E∗), thenT̃ = T∗|E : E → E∗ is weakly com-
pletely continuous operator.

Proof. Assume(xn) is a weakly Cauchy sequence inE. Then it converges to an
elementx∗∗ of E∗∗ in weak∗ topology.

x∗∗ −xn
w∗→ 0

T∗ (x∗∗−xn)
w→ 0

T∗ x∗∗− T̃(xn)
w→ 0.

Therefore,(T̃(xn)) in E∗ converges weakly toT∗x∗∗ in E∗. ¤
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Definition 1.11. If i : E → E∗∗ is the canonical embedding thenE is said to have the
weak Phillips property(resp.Phillips property) if i ∈W∗(E,E∗∗) (resp.i∗ ∈W∗(E∗∗∗,E∗))
[13].

In the next result we show more connection betweenW∗(E,F) and weak Phillips
property.

Proposition 1.12. SupposeE∗ is an injective Banach space orE is complemented in
E∗∗. Then
(a) W∗(E,E∗) = L(E,E∗) if E has the weak Phillips property.

(b) The adjoints of elements ofL(E,E∗) is equal toW∗(E∗∗∗,E∗).

Proof. (a): ConsiderT ∈ L(E,E∗) then from the assumptionT can be extended to
S: E∗∗→ E∗. SinceSi= T, soT∗ = i∗S∗. i∗ is weak∗ to weak sequentially continuous
and thenT lies inW∗(E,E∗). (b) is similar. ¤

Definition 1.13. A subsetL of a Banach spaceE is aV∗ set if Limnsupx∈L | x∗n(x) |→
0, where∑x∗n is anyw.u.C series inE∗. The Banach space of all bounded operators
T : E → F for which T(BE) is aV∗ set inF (it is called aV∗ operator) is denoted by
V∗(E,F). A subsetL from E∗ is aV- setif Limnsupx∗∈L | x∗(xn) |→ 0, where∑xn is a
w.u.C series inE. T : E → F is called aV-operator if T∗(BF∗) be aV-set inE∗ [10].
The Banach space of allV-operatorsT : E→ F is denoted byV (E,F).

Proposition 1.14.SupposeT ∈ L(E,F). Then
(a) T∗ ∈U (F∗,E∗)⇐⇒ T ∈ V ∗(E,F).
(b) T ∈U (E,F)⇐⇒ T ∈ V (E,F).

Proof. (a): (⇒): Suppose∑y∗n is w.u.C in F∗. Then by proposition 4,‖ T∗y∗n ‖→ 0
i.e; supx∈BE | y∗n(T(x)) |→ 0. Therefore,T(BE) is aV∗ set.
(⇐): From the assumptionT(BE) is a V∗ set. Hence, given aw.u.C series∑y∗n in
F∗, ‖ T∗y∗n ‖= supx∈BE | y∗n(Tx) |→ 0. Consequently,T would be an unconditionally
converging operator. (b) is similar to (a). ¤
Proposition 1.15.cc(E,F)⊆U (E,F).

Proof. SupposeT ∈ cc(E,F) and∑xn is anyw.u.C in E. Since(xn) is a weakly null

sequence so‖ T(xn) ‖ ‖.‖−→ 0. Therefore,T is unconditionally converging operator.¤
The following example shows that the inclusion in proposition 1.15 can be strictly.

Example 1.16. [8] R. C. James constructed an example of a Banach spaceX such that
the2n-dual ofX has a copy of̀1, X(2n−2) has not a copy of̀1 andX(2n−1) has not any
copies of̀ 1 and c0. Therefore,I : X(2n−2) → X(2n−2) can not fix a copy ofc0, so it is
unconditionally converging operator. On the other handI being completely continuous
is equivalent to say thatX(2n−1) has the Schur property. ButF is infinite dimensional
andX(2n−1) has not a copy of̀1 soX(2n−1) can not have the Schur property.

For the other result we note the following result for obtaining proposition 1.18.
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Proposition 1.17. [6]. The following are equivalent:
(a) K ⊆ E∗ is aV-set.
(b) S∗(K) is relatively compact ifS∈ L(c0,E) is any bounded operator.

Proposition 1.18.

T ∈U (E,F)⇐⇒ [TS∈ K(c0,F)(∀S∈ L(c0,E))],

whereK(c0,F) is the Banach space of all compact operators fromc0 to E.

Proof. (⇒) follows from proposition 1.17.
(⇐): On the contrary supposeT is not unconditionally converging operator. Therefore,
it fixes a copy ofc0. There is an isomorphismS: c0→ E such thatTS|c0 is an isomor-
phism. Therefore,{T(S(en)) | n∈N}must be relatively compact so{en | n∈N}must
be relatively compact which is impossible. ¤

Proposition 1.19. (a) W∗(E,F) has a copy ofc0 if E∗ or F contains a copy ofc0.
(b) If W∗(E,F) has a complemented copy ofc0 thenE∗ or F∗∗ contains a copy ofc0 .

Proof. To prove (a), it is well known that there is a weak∗ null but normalized se-
quence(y∗n) in F∗ ([3], page 219). Suppose(x∗n) is ac0-basic sequence inE∗. Choose
(yn) in F such that1≤‖ yn ‖≤ 2; y∗nyn = 1 (∀n ∈ N). From the assumption there are
C1,C2 > 0 such that

C1supn | an |≤‖∑anx∗n ‖≤C2supn | an | .
On the other hand we can consider(x∗n⊗yn)n as a sequence inW∗(E,F). We claim that
it is a c0-basic sequence.

‖∑anx∗n⊗yn ‖ = sup
‖y∗‖≤1

‖∑anx∗ny∗(yn) ‖

≥ C1

2
| (y∗nyn)an | ∀n.

Therefore,‖ ∑anx∗n⊗yn ‖≥ C1
2 supn | an |. On the other hand

‖∑anx∗n⊗yn ‖ = sup
‖y∗‖≤1

‖∑anx∗ny∗(yn) ‖

≤ sup
‖y∗‖≤1

C2sup
n
| (y∗nyn)an |

≤ C2sup
n
| an | .

Now supposeF contains ac0-basic sequence(yn). ConsiderTn = x∗0⊗ yn where,x∗0 ∈
E∗; ‖ x∗0 ‖= 1. Again we show that(Tn) is ac0-basic sequence inW∗(E,F). Suppose
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C1,C2 > 0 are such that for any(an) ∈ c0,

C1sup
n
| an |≤‖∑anyn ‖≤C2sup

n
| an | .

Then

C1sup
n
| an | = sup

‖x‖≤1
C1sup

n
| anxn)∗(x) |

≤ ‖∑anx∗0⊗yn ‖
= sup

‖x‖≤1
‖∑anx∗0(x)yn ‖

≤ sup
‖x‖≤1

C2supn | anxn)∗(x) |

≤ C2supn | an | .
To establish (b), suppose that(Tn) is a c0-basic sequence inW∗(E,F). Therefore,

∑ηnTn is aw.u.C in W∗(E,F). It is easy to see that for anyy∗ ∈ F∗ andx∗∗ ∈ E∗∗, series
∑T∗n y∗ and∑T∗∗x∗∗ arew.u.C. Now on the contrary suppose thatE∗∗ andF∗ do not
have any copy ofco. Therefore,∑T∗n y∗ and∑T∗∗x∗∗ are unconditionally converging
for eachx∗∗ ∈ E∗∗ and y∗ ∈ F∗. The series∑ηnTn is convergent in strong operator
topology. From the closed graph theorem one can easily show thatϕ(η) = ∑ηnTn
is a bounded operator inL(E,F), whereη = (ηn)n ∈ `∞ also again by using the closed
graph theoremϕ : `∞ → L(E,F) by ϕ(η) = ∑ηnTn is a bounded operator. Now suppose

y∗n
weak∗−→ 0 in F∗. Fixedx∗∗ in E∗∗. Then∑ηnT∗∗n x∗∗ is unconditionally converging series

since it isw.u.C andF∗∗ does not contain a copy ofc0 so, ϕ(η)∗y∗n
weak−→ 0. It shows

that the range ofϕ lies inW∗(E,F). From the assumption there is a bounded projection
P : W∗(E,F)→ H, whereH is a subspace ofW∗(E,F) isomorphic toc0. It shows that
Pϕ is a surjection bounded operator from`∞ to c0 which is a contradiction. ¤
Proposition 1.20. Let E∗ andF∗∗ do not contain a copy ofc0. ThenW∗(E,F) contain
a copy ofc0 if and only ifW∗(E,F) contain a copy of̀∞.

Proof. We prove non-trivial direction. Suppose(Tn) is a copy ofc0 in W∗(E,F).
Similar to the proof of proposition 14 there is a bounded operatorϕ : `∞ →W∗(E,F).
But ϕ(en) = Tn does not converge in norm to zero. Therefore, there is an infinite subset
M of N such thatϕ |`∞(M): `∞(M)→W∗(E,F) is an isomorphism. But̀∞(M) and`∞
are isomorphic, this completes the proof. ¤
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