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Abstract

In this papei\, (E,F) of all bounded operators frofé to F which their adjoints are
weak to weak sequentially continuous are considered. We characterize some important
classical properties. We will shoW, (E,F) is a subspace o¥ (E,F) of all uncondi-
tionally converging operators frolto F if F is a Gelfand-Phillips space. We show that
the elements oV, (E***,E*) are adjoints of elements In(E,E*) if E* is an injective
Banach space d is a complemented subspacetst.
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1. Introduction and Preliminaries

Many authors have studied some class of operators and characterized some important
properties; see [1], [2], [4], [9] and [10]. Here, we would study the Banach space
W, (E,F) of all bounded operators frofa to F which their adjoints are weako weak
sequentially continuous. We will compaé (E, F) with some class of operators, lim-

ited operators, unconditionally converging operators and weakly compact operators.
Throughout andF would be Banach spaceB; the unit ball ofE, L(E, F) the Banach

space of all bounded linear maps frderto F. For (E, T), a sequencéx,) is T null if

xn — 0in 1. All notations and notions used and not defined can be found in [3].

Proposition 1.1. W, (E,F) is a Banach space.

Proof. We need only show th&W.(E,F) is a closed subspace bfE,F). Suppose
T € L(E,F) isiin the closure o\, (E,F), so there is a sequen¢&,), in W, (E,F) such
thatT, — T. We claim thatT € W,(E,F). To this aim, assuméy;,) is a weak null
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sequence iir*, sinceT, — T implies thatT,;, — T* in norm topology, therefore

T YR 1< T =T [ (SUm Il Yo D+ [F Tm(Yn) [I,

for fixed but enough large which it implies that the right hand of above inequality
tend to zero and proof has been completed. O

A Banach spac€& with the property that wedknull sequences i&* are weakly null
are often calledsrothendieck space the following proposition we will see that exist-
ing an operatol € W, (E,F) can make a situation for whidh be a Grothendieck space.

Proposition 1.2. A sequencgy;,) would tend to zero in topology (F*, T**(E**)) if it
converges to zero in weakopology, wherel € W, (E,F). If F C T**E** then weak
topology ando (F*, T**(E**)) topology on sequences coincide.

Proof.
TeW.(E,F) <= y; .0 = X (T*(yy)) — 0OVX™ € E*]
<~ |¥n Y0 = TX™ () — 0VX™ € E™]
e "o =y T g,
Second assertion would be clear. O

Definition 1.3. A subset L of a Banach spaé&eis limited if Lim,supeL | XX |= 0,
where(yy,) is a is any sequence E* which converges to zero under wéakpology in
E*. A Banach spacé& for which all limited sets are relatively compact is said to be a
Gelfand-Phillips spaceAn operatofT : E — F is limited operatorif T(Bg) is a limited
set [2]. The Banach space of all limited operator frarto F is denoted byZ’im(E,F).

Proposition 1.4. Supposd € W,(E,F) andF is a Gelfand-Phillips space, then

(@) TSe Zim(co,F) if T € W,(E,F) andSe L(co,E).

(b) Lety xn be aw.u.C series inE. There is a subsequencr,, ) of (x,) for which
I % [[— 0.

Proof. If (a) is in effect, sincéT §* is weaK to norm sequentially continuous, $&
is a limited operator [2].

To prove (b), in correspondence taval.C seriesy x, there is an operat@: cp — E
which S(en) = x,. From (a),TSBg,) is a limited set in F and from the assumption
TSBg,) is relatively compact, s@T (x,)) = (T Sen)) would be relatively compact.
Therefore, there is a subsequerigg ) such that(T (., )) is norm convergent but since
it is weakly null so it would be a norm null sequence. O

An operatolT : E — F is called arunconditionally converging it 3 T (x) is uncon-
ditionally convergent whenevérx, is w.u.C. We denote by% (E,F) the Banach space
of all unconditionally converging operator froknto F.

Proposition 1.5. Supposd € L(E,F), then

(@ T € % (E,F)ifand only if (|| T X, ||)n be @ norm null for anyv.u.C seriesy X, in
E.
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b)T e 7 (E,F)if T e W,.(E,F) andF be a Gelfand-Phillips space.

Proof. (a) follows directly, that id| Tx, ||— Oif T is unconditionally converging op-
erator andy X, is aw.u.C series irE. For the converse suppo$as not unconditionally
converging. Thef fixes a copy oty [3], so there is av.u.C seriesy x, such thaty T x,
is w.u.C but it is not unconditionally convergence. Therefore, there is a block sequence
Yn = zf‘;aiHT)q such thaty yn is w.u.C butinf || y, ||> 0. Choosingz, = Ziqiaiuxi’
theny z isw.u.C andinf, || Tz ||> 0. But T is unconditionally converging operator.

It shows|| Tz, || — O which is a contradiction. According to part (b),Tifis not uncon-
ditionally converging operator there is a bock sequesce zﬁ;aiﬂx,- such thaty z is
w.u.C butinf, || Tz, ||> 0. From proposition 3 part (b) there is a subseque€rgg such
that|| Tz, ||— Owhich is a contradiction. O

Definition 1.6. A locally convex spac€E, 1) has theMazur Propertyiff every lineart-
sequential continuous functionaliscontinuous (see [15]). In the Banach space setting,

a Banach space X is lazur Spacdff the dual spaceE™ endowed with the wedk
topology has the Mazur property. The Mazur property was introduced by S.Mazur, and
for Banach spaces it is investigated in details in [4].

In other result we would like to compavé, (E, F) with some other classical operator
spaces and characterize some classical properties in Banach spaces.

Proposition 1.7.W,(E,F) CW(E,F) (the Banach space of all weakly compact opera-
tors fromE to F) if one of the following conditions hold:

(a) F* contain no copy of1,
(b) F is a separable Banach space,
(c) F is a Mazur space.

Proof. (a): From/1-Rosenthal theorem [3] any bounded sequené€ihas a weakly
Cauchy subsequen¢g,). Therefore, it converges to an elemght F* in weak topol-
ogy. It shows thal "y, 2 T*y* whereT € W, (E,F). Therefore] is a weakly compact
operator.

b): B+ is weaK sequentially compact so any bounded sequené€ ihas a weak
convergent subsequen@g) and the rest of proof is similar to a).
c) For a weak null sequencey;,) in F* andT € W, (E,F) the sequencéT *y;;) con-
verges to zero in weak topology Bf*. Therefore,T**x**(y;,) = X**(T*y;;) — 0 where,
X € E**. It means thal **x** is weaK sequentially continuous bé&tis a Mazur space
SoT*E** C F and thenT is a weakly compact operator. O

We remark that the converse of proposition 5 may be not true. In fedsif reflexive
Banach space then for any Banach sgadé/, (E,F) =L(E,F) =W(E,F). Nextresult
would partially characterizes Grothendieck spaces.

PROPOSITIONG.
a)L(E,F) =W, (E,F) if F or F be Grothendieck spaces.
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b) Supposé(E,F) =W, (E,F) is valid for any Banach spade, thenE is a Grothendieck
space.

PROOF SinceT* is weaK to weaK continuous and under assumptiore W, (E,F)
where, T € L(E,F) this proves (a). For (b) sét = E. Then froml € L(E,E) we see
thatl* must be weakto weak sequentially continuous Eas a Grothendieck space.

Definition 1.8. Supposd : E — F is a bounded operator.
(a)T is called acompletely continuous operatdrT maps weakly convergent sequences
in to norm convergent sequences.

(b) T is called aweakly completely continuous operaibfT maps weakly Cauchy
sequences i& to weakly convergent sequencesHin

(c) E is said to be ainjective spacéf for any linear sbspac¥ of a Banach space
and any bounded operatdr. Y — E, T may extended to a bounded opereédoF — E
having the same norm &8s

(d) E is aSchur spacé any weakly null sequence is norm null sequence.

In the next result we would compa¥é.(E,F) andcc(E, F) the Banach space of all
completely continuous operators frdato F.

Proposition 1.9. Suppos& does not have the Schur property. TNE[{E, /) does not
lie in cc(E, £w ).

Proof. Under the assumption there is a weakly riml) in E such that| x, [|=1 (Vn e
). From Bessaga-Pelczynski's theorem ([3] , page #6), can be considered as a
basic sequence IB. Supposé€x;,) is its coefficient functionals ofx,]. From injectivity
of 4, ([3] , page 71), one can consided,) in E*. DefineS: E — (e, by S(X) = (X5(X))n
which lies easily inW.(E, ¢.,) becaus€. is a Grothendieck space ([3] , page 103).
Since(xp) is a weakly null sequence & and

| S(Xm) [|=] Xm(Xm) [= 1,
(S(Xn))n is not norm null s&Sdoes not lie ircc(E, £o). O

Proposition 1.10. SupposeT € W, (E,E*), thenT = T*|c : E — E* is weakly com-
pletely continuous operator.

Proof. Assume(xp) is a weakly Cauchy sequence ih Then it converges to an
element** of E** in weak topology.

w*
e —Xpg —

T (" —x) %0
T x* —T(x) = 0.
Therefore (T (x,)) in E* converges weakly t& *x** in E*. O
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Definition 1.11. If i : E — E** is the canonical embedding thé&nis said to have the
weak Phillips propertyresp.Phillips property if i € W, (E,E**) (resp.i* € W*(E** E*))
[13].

In the next result we show more connection betw@é(E,F) and weak Phillips
property.

Proposition 1.12. Suppose&E™ is an injective Banach space & is complemented in
E**. Then
(@)W, (E,E*) = L(E,E") if E has the weak Phillips property.

(b) The adjoints of elements bfE, E*) is equal tow, (E*** E*).

Proof. (a): ConsidefT € L(E,E*) then from the assumptiof can be extended to
S:E™ — E*. SinceSi=T, soT*=1*S". i* is weaK to weak sequentially continuous
and ther lies inW,(E,E*). (b) is similar. O

Definition 1.13. A subsetlL of a Banach spack is aV* setif Limpsuper | X5(X) |—

0, where$ x;, is anyw.u.C series inE*. The Banach space of all bounded operators
T:E — F for whichT(Bg) is aV* setinF (it is called avV* operator) is denoted by
V*(E,F). A subset. from E* is aV- setif LimysupeeL | X*(Xn) |— 0, wherey x, is a
w.u.C series inE. T : E — F is called av-operatorif T*(Bg+) be aV-set inE* [10].
The Banach space of all-operatorsT : E — F is denoted by (E,F).

Proposition 1.14. Supposé& € L(E,F). Then
@T*e%(F"E*)«<—Tec7¥*E,F).
b)TeZ(E,F)<—=Tec7V(EF).

Proof. (a): (=): Suppose& y;, is w.u.C in F*. Then by proposition 4)| T*y;, ||— 0
i.e; supese | Ya(T (X)) |— 0. ThereforeT (Bg) is aV* set.
(«): From the assumptioil (Bg) is aV* set. Hence, given a.u.C seriesy yj, in
F* || T*Yy [|= supere | Y4(TX) |— 0. ConsequentlyT would be an unconditionally
converging operator. (b) is similar to (a). O

Proposition 1.15.cc(E,F) C % (E,F).
Proof. Supposel € cc(E,F) andy x, is anyw.u.C in E. Since(x,) is a weakly null

sequence sp T (xn) Hﬂ 0. Therefore T is unconditionally converging operator. [J
The following example shows that the inclusion in proposition 1.15 can be strictly.

Example 1.16.[8] R. C. James constructed an example of a Banach syaech that
the2n-dual of X has a copy of1, X(27-2) has not a copy of; andX(2"~1 has not any
copies off1 andcy. Therefore| : X(2-2) —, X(21=2) can not fix a copy ofg, SO it is
unconditionally converging operator. On the other hdnaking completely continuous
is equivalent to say thax(2"-1) has the Schur property. Bét is infinite dimensional
andX (@1 has not a copy of; soX(2~1 can not have the Schur property.

For the other result we note the following result for obtaining proposition 1.18.
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Proposition 1.17.[6]. The following are equivalent:
(@)K CE*is aV-set.
(b) S*(K) is relatively compact i§ € L(co, E) is any bounded operator.

Proposition 1.18.
Te%(E,F) < [TSeK(co,F)(VSe L(co,E))],
whereK (cp, F) is the Banach space of all compact operators figyto E.

Proof. (=) follows from proposition 1.17.
(«<): On the contrary suppoSeis not unconditionally converging operator. Therefore,
it fixes a copy ofcg. There is an isomorphisi®: co — E such thafl S|, is an isomor-
phism. Therefore{T (S(en)) | n€ N} must be relatively compact &, | n< N} must
be relatively compact which is impossible. O

Proposition 1.19. (a) W,.(E,F) has a copy o€, if E* or F contains a copy ofp.
(b) If W,.(E,F) has a complemented copyafthenE* or F** contains a copy ofp .

Proof. To prove (a), it is well known that there is a wéakull but normalized se-
quence(y;,) in F* ([3], page 219). Suppoges;) is aco-basic sequence iB*. Choose
(Yn) in F such thatl <|| yn [|< 2; ys¥n =1 (Vn € N). From the assumption there are
C1,C, > Osuch that

Cisum [ an [<|| Y anxy [|[< Cosum [ an |-

On the other hand we can considgf ® yn)n as a sequence W, (E,F). We claim that
it is acp-basic sequence.

Iy anxq®@Ynll = sup ||y anxqy (Yn) ||
2.2 <t 2

C
> 2 | (ynan | ¥n.

Therefore | S anX;, @ Yn [|> %suph | an |. On the other hand

1> anxq@ynll = sup || > anxy*(yn) ||
Iyl <1
< sup Casup| (Yp¥n)an |
<t n
< Cpsuplan|.
n

Now supposé= contains &cp-basic sequencgy,). ConsiderT, = X; ® yn Where, X €
E*; || x5 Il= 1. Again we show tha{Ty) is acp-basic sequence W, (E,F). Suppose
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C1,Co > O are such that for angay,) € co,

C1sup| an [<|| ) anyn [|< Czsupl|an].
n n
Then
Cisuplan| = supCisup|anXn)(X) |
n

[x[[<1 n
< IS agewn |
= sup || T awx(x)vn |

X[<1
< supCosup | anxn)*(X) |

x| <1
< CoSUp|an]|-

To establish (b), suppose th@k,) is a co-basic sequence W, (E,F). Therefore,
S NnTnis aw.u.Cin W, (E,F). Itis easy to see that for aiyy € F* andx™* € E**, series
S Thy* andy T*x** arew.u.C. Now on the contrary suppose tHat* andF* do not
have any copy o€,. Therefore,y T;y* andy T**x** are unconditionally converging
for eachx™ € E** andy* € F*. The seriesy nnT, is convergent in strong operator
topology. From the closed graph theorem one can easily showpthpt= S nnTs
is a bounded operator InE, F), wheren = (nNn)n € ¢« also again by using the closed
graph theoreng : /e, — L(E,F) by ¢ (1) =3 nnTn is a bounded operator. Now suppose

yi weak 0in F*. Fixedx™ in E**. Theny naT,*X™ is unconditionally converging series

since it isw.u.C and F** does not contain a copy @f so, ¢ (n)*y; weako, It shows
that the range op lies inW,(E,F). From the assumption there is a bounded projection
P:W,(E,F) — H, whereH is a subspace &, (E,F) isomorphic tocy. It shows that

P¢ is a surjection bounded operator framto cy which is a contradiction. O

Proposition 1.20. Let E* andF** do not contain a copy af. ThenW, (E,F) contain
a copy ofcy if and only ifW, (E,F) contain a copy 0f..

Proof. We prove non-trivial direction. Suppog&,) is a copy ofcp in W,(E,F).
Similar to the proof of proposition 14 there is a bounded operétof., — W, (E,F).
But ¢ (en) = T, does not converge in norm to zero. Therefore, there is an infinite subset
M of N such thatp |, w): feo(M) — WL (E, F) is an isomorphism. But,(M) and/e

are isomorphic, this completes the proof. O
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