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Abstract

In this paper we study the existence and uniqueness of mild solutions to a
fractional stochastic integral equations in the general form
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where 0 <t <T, % <a <1 u(0) =u, inareal Hilbert space H. Here
A:D(A) C H — His alinear closed operator generating semigroup,

F:y([0,T];H) — LP([0,TLA(Q;H)) (1< p<w),

G: y([0,T;H) — C(]0, T]; L?(Q;BL(K;H))) (where K is a real separable Hilbert
space) , W is a K- valued Wiener process with incremental covariance described
by the nuclear operator Q ang is anZy- measurable H-valued .
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1. Introduction

Let H and K denote real Hilbert space equipped with nrrity and|| . ||k ,respectively

, and the space of bounded linear operators from K to H is denoted by BL(K;H). Also,
for Banach space X and Y , the space of continuous functions from X into Y (equipped
with the usual sup-norm) shall be denoted2{¥X;Y) , while LP(0, T; X) shall represent

the space of X- valued functions that are p-integrable on [0,T](QeE,P) be a com-
plete probability space equipped with a normal filtrati@a: 0 <t < T}. An H-valued
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random variable is an Z-measurable functdén Q — H and a collection of random
variablesy = {X(t;w) : Q — H| 0 <t < T} is called a stochastic process. The collec-
tion of all strongly measurable square integrable H-valued random variables, denoted by
L2(Q;H), is a Banach space equipped with ngfi(.) L2(om)= (E | X(;; w) ||ﬁ)%.

An important subspace is given g(Q;H) = {f € L2(Q;H) : f is Zy measurablg.

Next we define the spagg(0, T );H) to be the set

{veC([0,T];L*(Q;H) : v is Z — adapted with norm || v ||,= supy<i<7(E || V(t) ||H

)%,(see in [2],[4],[5],[6].[12], [13], [14], [15], [16]). In this work we study the existence
and uniqueness of the mild solution of the fractional stochastic integral equation in the
form
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(1.1)
whereO <t <T, % <a <1 ul0)=uy A:D(A) CH — H is alinear closed operator
generating semigroug, : y([0, T];H) — LP([0, T];L?(Q;H))

(1< p<o), G:y([0,T];H) — C([0,T];L?(Q; BL(K;H))) (where K is a real separable
Hilbert space) , W is a K- valued Wiener process with incremental covariance described
by the nuclear operator Q ang is anZy- measurable H-valued random variable inde-
pendent of W.

The present paper may be regarded as a direct attempt to generalize the work in [1],
[3],[10], [11], [13]).

Definition 1.1: An Z; — adaptedstochastic process: [0, T] — H is called a mild solu-

tion of (1.1) if u(t) is measurable, for atle [0, T],

t
| v [ ds<

and

ut)= [ Ea(@)st6)uod0 [ [ 8(t- )T 1ea(8)S((t— ) O)F (u(m))dedn

va [ [ on—n) e (0)s(t ) 0)G(un)doaw(n), 0<t<T
0 JO

whereé, (0) is a probability density function defined ¢, «),
/ £.(6)d0 =1, forall 0<t<T (seel7], [8], [9)).
0

In the next section, we shall prove the existence and uniqueness of the mild solution of
the equation (1.1).
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2. [Existence and uniqueness

Consider the initial value problem (1.1) in a real separable Hilbert space H under the
following assumptions :

(H1) the linear operatofA : D(A) C H — H generates &y — semigroup

{S(t):t >0},

(H2) F: y([0,T];H) — LP(0, T;L?(Q;H)) is such that there exisMr > 0 for which

| F(u)—F(V) [[L,< Mg [fu—V]|y, forallu, ve y([0,T];H),

(H3) G: y([0,T];H) — C([0, T];L?(Q;BL(K;H))) (= ysL) is such that there exists
Mg > 0 for which || G(u) — G(V) ||y, < Mg || u—V |y forallu, v € y([0,T];H),

(Ha) Up € L3(Q;H).

In this section we shall be concerned with the mild solution of the equation (1.1), which
in the form

" £, (8)St"0)uod8 -t [ [ B(t—n)LEq(6 ag dod
ut)= [ a(8)St"0)uodd+a [ [ 6(t—n)" e (O)S((t—m)"O)F (u(n))dodn

t o)
a [ [ 6t-n) 1Ea(8)S(t-n)*O)G(U(N))d0AW(n), 0T (2.1)
0 Jo
Theorem 2.1 Assume thatH) - (H4) hold. Then (1.1) has a unique solution[OT],
if
Ms[CFTa + MGCGTG] <1, (2.2)

wherel < p, g < « are conjugate indices
Proof: Define the solution map: y([0,T];H) — y([0,T];H) by
o) t 00
= | &(@)st0)udo+a [ [ 6(t—n)* e (6)S((t—n)6)F (u(n))ddn

+a / / B(t— ) L& (8)S((t—n)76)G(u(n))dBdW(n), 0<t<T. (2.3)

From Holder’s inequality, we get

1 [ [0 tea(8)s(t—n)6)F (u(m))dedn 7]}

T 1
< M| / | (T—m)F () [ g A0

Nl

<l [ (T2 VetnB [ W) 140 )

To-3 1
smsm[/o | FUm) [ dn)?
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< CeMSTY2 || F(u) [|Le, (2.4)

whereCr is a constant depending on
Subsequently, an application @), together with Minkowski’s inequality enables us
to continue the string of inequalities {2.4) to conclude that

B[ [0t n)° (@St~ m8)F(um)dean 7

1
<MSCET 2 [Me [ uly + || F(0) [|Le]- (25)
Taking the supremum ovéd, T] in (2.5) then implies that

[ [ et me tea@)sic - )0 wim)dedn € (. TEH),

for anyu € y([0,T];H). Further for suchu, G(u(n)) € BL(K;H) and

Up € L%(Q; H) (by (Hs4)). Consequently, one can argue as in ([9], [11]) to conclude that
Jis will defined .

Next we show that J is a strict contraction .

Observe that fou, v € y([0,T];H), we infer from (2.3) that

Qu(t —a [ [7 8- m* tea(8)sit— ) 0) (F(uln)) ~ F(v(m) dédn

+a / / B(t—n)""Ea(8)S((t—n)°6)(G(u(1)) ~ G(v(n))dBAW(n), O<t<T.
(2.6)

Squaring both sides and taking the expectation in (2.6) yields, with the help of Young’s
inequality,

E || Qu)(t) — Qv)(t) [If

<20?E ] [ [" 6 m & (O)S((t - M) 8)(F(uln)) — F (vim)dedn |?

Bl [ [ 8- m tea(8)s(t - n)? ) (Glu(n) - Gru(m)dedw(n) )

and subsequently,

| Qu®) - O 1y
<2a?(] [ [70t—n) ea(6)si(t—n)"O)(F (u(n) ~ F(u(m))d6an |,

4l [ [ e n) a(@)S((t-)76) Glu(m) ~ G(v(m)dedw(n) ). (27)
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Using reasoning similar to that which led to (2.4), one can show that

[ [ ot me 2ea(e)sit—n)*0) (F(ulm)) — F(v(m))d6an < CemsT [u-vily.  (28)

Also,
EH// )18, (8)S((t— 1) 6)(G(u(n)) — G(v(n)))dOdW(n) [|A]2
Ta—% T 1
STHQ) — gl | 16 = 6vm) g dni?

<CeT% Mg ||u—v]jy, (2.9)

whereCg is a constant depending dar and Tr(Q)). Using (2.8) and (2.9) in (2.7)
enables us to conclude that J is a strict contraction, provided that (2.2) is satisfied, has
a unique fixed point which coincides with a mild solution of (1.1). This completes the
proof.
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