International Journal of Pure & Applied Mathematical Sciences.
ISSN 0972-9828 \ol.3 No.1 (2006), pp. 21-27

(© GBS Publisherd; Distributors (India)
http://www.gbspublisher.com/ijpams.htm

Nontrivial Weak Solutions of a Class of Quasilinear
Elliptic Equations

Yue Hu

College of Mathematics and Information Science, Henan Polytechnic University,
Jiaozuo City, Henan Province, 454010, China

Wei Li
Department of Mathematics and Physics, Henan University of Science and Technology,
Luoyang City 471003, Henan Province, People’s Republic of China

Qiao Yang
Department of Mathematics, North China Institute of Water Conservancy and
Hydroelectric Power, Zhengzhou City, Henan Province, 450045, China
E-mail: yanggiao@ncwu.edu.cn

Bai-Ni Guo
School of Mathematics and Informatics, Henan Polytechnic University,

Jiaozuo City, Henan Province, 454010, China
E-mail: guobaini@hpu.edu.cn

Abstract

In this paper we obtain the existence of a nontrivial weak solution of a class of
quasilinear elliptic equations.
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1. Introduction

In this paper, we consider the existence of a nontrivial weak solution of the following
Dirichlet problem:

— L, Di(|Dul2Diu) = f(x,u), w€Q, (1.1)
U|8Q = Oa
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where(2 is a bounded smooth domail, > p > 1, f(z,0) = 0, f(x,u) = o(|ul"" ~2u)
andp* = ]JVV—j;.
There has been some literature concerning this problem, for example, [1, 2, 4] and
references therein.
In [4], Zhu considers the existence of a nontriviEll * solution to the problem (1.1)
above. The main purpose of this article is to give a much more general result.

Assume

(f1) f(z,u):Q x R — Ris continuous ang(x, 0) = 0;

(f2) lim, .o Ifl(a” “2 = k(z) uniformly for x € 2 and there exisk; andk, such that
0<ky < k(z )<k2,

(f3) limy o ; f,f“f 4 — |(z) uniformly for 2 € Q and there exists: > 0 such that
l(z) < (1-— a)c’, wherec is a constant of Sobolev emersiti, ” () — LP(1).

Define E = W”(Q) andB, = {u € E : ||jul|z < p} with p > 0.
The weak solutions of problem (1.1) are the critical points of the fundtidafined

on E by
1
— [ 1pur =~ [ Flau)
b Ja Q
whereF (z,u) fo x,t)dt.

Our main result is given in the following theorem.
Theorem 1.1: Assumef(z, u) satisfies condition§f;), (f2) and(f3). Then

1. there exists, € F such that

N
- ZDi(|DU|p_2DiU) = f(z,u)
in B*;
2. iffor all uy € F andug # 0, it holds that

N

kg S B3
sup [ (tug) < = — | ,
ap {(tuo) N(@)

wheres is a constant of Sobolev emersiéh — LP", then problem (1.1) has a
nontrivial solution.
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2. Lemmas
Lemma 2.1: There exisi, anday > 0 such thatl (u)|sp, o) > ao > 0.

Proof: By assumptionsf;) and (f»), for alle > 0, IM(e) > 0, if |u| < §, we have

f(x,u)

[ulp=2u

L(a:)‘ < &

if |u| > 6, we havel f(z,u)| < c(e)|ulP”" . Therefore

L(x)+¢

*

p

cle
up +
p

F(z,u) = /Ouf(:mt)dt <

and

1 1 .
1z [1pup =2 [ r@hr - [ -4 [y
D Ja D Ja b Ja P Ja
1 1 R
> [1pup =2 [a—aplr = [ =<2 [ pup
D Ja P Ja P Ja P Ja

1 1 - *
> [ipur =22 1w = [ up =<5 [
pJa P Ja pJa Pt Jo

Poincagé’s inequality and Sobolev’s inequality imply that there exist- 0 andc; > 0
such that/ (u) > d[lully — eiflulz . Fromp* > p, we conclude thal (u)|ss,,0) >
ap > 0, where||u|| g = po is small enough. |

Lemma 2.2: For alluy € E with uy # 0, there exists, > 0 such that/ (tuy) < 0 for
t> 1.

Proof: By assumptiongf;) and(f), foralle > 0, IM(e) > 0, if |[u| > M(e), we
have| L&Y _ k(z)] < e. If [u] < M(e), we have|f(z,u)| < C(c). Therefore it

|ufP"=2u

follows thatF(z, u) > *E2|u|”” — C(e) and

1
I(t,up) = —/tp|Du0|p—/F(x,tu0)
P Ja Q

1 1 k. E3
< —/tp|Du0]”——*/tp (K (2) — )ul” + ()|,
Q P Ja

p

Choosings = £, we obtain

P fert?” .
I(t,ug) < — [ [Dug|’ — —— [ulP” 4+ ¢(€)|2] — —oc0  ast — oo.
D Ja 2p* Ja
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Hence there existg > 0 such that/ (tu,) < 0 for ¢t > to. The proof is complete. W

By Lemma 2.23e¢ ¢ B,,(0), such that/(e) < 0.
Define
Co = inf max I(u) > ap > 0, (2.1)

YET
wherey = {y € C([0, 1], E) | v(0) = 0,7(1) = e}.
Applying the Mountain Pass Theorem without the Palais-Smale condition (see [2])
for I(u), we obtain a sequende:,,} C F such that

I'(u,) — 0 in E*. (2.3)
Lemma 2.3: Under conditions (2.2) and (2.3), the sequefieg} is bounded in~.

Proof: Let{u,} be the sequence defined by (2.2) and (2.3). Then
1/ | Duy, [P — / F(z,u,) =Cy+o(l) asn — oo, (2.4)
P Ja Q

/ | Du,|P = / Un f(2,un) + (€, Un), (2.5)
Q Q

where,, — 0 asn — oo in B*.
Calculating (2.4)- . x (2.5) yields

1 1
/QF(x,un) - ]—)/Qunf(x,un) +Co— Z—)(fn,u[ﬁ +o(1) — 0.
By (f1) and(f2), we have
/Q wnf (2, u) > / (k(z) — &) unl” — (0]
/ﬂ F(,un) < pi / (k(z) + ) unl” + ()],

Q
From the above three equations, it is deduced that

11 : 11
(_ - 7) / k(z)|u, [P <c+ <_ + _*>€/ |un|”* + Cllul|g.
p 1) Ja p p o

Hence||ul/, < C + C||u,||g. This means that the sequerfag, } is bounded inZ. W

By Lemma 2.3 and using the related results in [4], we can obtain a subsequence
{u,} andu € E satisfying

Uy — U in B,
Diwn == DU n®, (2.6)
fz u,) — f(x,u) in (Lp (Q)) ,

| Dy, |P~2Dyu, <5 |DulP=2Dyu in (LY ()"
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Lemma 2.4 [Strauss Lemma [1]]: AssumeP, @ : R — R are two continuous func-
tions such tha% — 0 as|s| — oo and{u,} : R — Ris a sequence of measurable
functions such that

sup |Q(uy(z))|dz < 00
RN

n

andP(u,(z)) == y(x) in RY asn — oo. Then for all Borel set$3, we have
/ Ip(un(z)) —y(x)|de — 0 asn — oco.
B

Furthermore, assun%% — 0 ass — 0 andu,(r) — 0 as|z| — oo uniformly in n.
Then we have(u,(z)) — ~(z) in L'(RY) asn — oo.
3. Proof of Theorem 1.1

By Lemma 2.3 and Equations (2.1) and (2.3), itis easy to sed thatC £ andu € E.
Asn — oo, we have

1 p _ _
]3/Q|Dun| /QF(x,un) — o+ o(1), (3.1)
N

=1

in £*. With the help of (2.6) and taking the limit on both sides of (3.2pas oo, we

have
N

— Z D;(|DuP~2Dsu) = f(z,u)

=1
in E*. This finishes the proof of (1) in Theorem 1.1.
Now we are in a position to prove (2) in Theorem 1.1. Assune 0, then

u, =0 inE,
u, — 0 in LP"(Q), (3.3)
u, =0 inL"(Q)forp <r < p*.

Equation (3.2) implies

/]Dun]p = / flz,un)un + (&n, tn)- (3.4)
Q Q

1
[ = lim (/ |Dun|p>p,
n—oo 0

Writing
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then from (3.4), we have

P=lim [ f(z,u,)uy,.
n—oo 9]

By condition( f;), we obtain
,Un)

/f(x,un)un:/k(x)]unyp*+/ung(x,un),
Q Q Q
wherezd(@:un)

e — 0 as|u,| — oo.
By Lemma 2 and from (3.3), we have

lim [ u,g(x,u,) =0.
n—oo Q

Moreover,

P = lim [ k(z)|u,|?.
n—oo QO

The Sobolev inequality implies that

P

5(/ ]un]p*)p g/\Dun]p.
Q Q

By (f2) and from (3.5) and (3.6), we obtain

P < K, lim |un [P
Q

n—oo

1 p*pfp p S
P> — 7 = ko| —
B (k&) o 2(k2)

1P
Co=——lim [ F(z,u,).
p - nmeeJo

From (3.1) and f»), it is deduced that

[\
=
VR
w | <
~~_

il

From (3.1), we have

F (@ un) = (@) unl” " u, + g(@, wn),

where 24— — 0 as|u,| — oo and

Un [P 2y,

k(x)

F(z,u,) = / [z, t)dt = ——=|u,|"* +/ g(x,t)dt.
0 0

D
Moreover,
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(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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By Lemma 2, we have

lim (/ ng(w,t) dt) =0. (3.10)
n—oo [¢) 0
From (3.5) and (3.7)—(3.10), we obtain

1 1 1 1 s kg(s)
oo (LMo (LN (2 2R s
’ (p p*) _(p p*) 2(k2> N\ &,

This leads to a contradiction to (3.2). Thus# 0. This means that problem (1.1) has a
nontrivial solution.

<2

N
P
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