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Abstract

In this paper we obtain the existence of a nontrivial weak solution of a class of
quasilinear elliptic equations.
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1. Introduction

In this paper, we consider the existence of a nontrivial weak solution of the following
Dirichlet problem:

{
−∑N

i=1 Di(|Du|p−2Diu) = f(x, u), x ∈ Ω,

u|∂Ω = 0,
(1.1)
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whereΩ is a bounded smooth domain,N > p > 1, f(x, 0) = 0, f(x, u) = o(|u|p∗−2u)
andp∗ = NP

N−p
.

There has been some literature concerning this problem, for example, [1, 2, 4] and
references therein.

In [4], Zhu considers the existence of a nontrivialW 1,p solution to the problem (1.1)
above. The main purpose of this article is to give a much more general result.

Assume

(f1) f(x, u) : Ω×R → R is continuous andf(x, 0) = 0;

(f2) limu→∞
f(x,u)

|u|p∗−2u
= k(x) uniformly for x ∈ Ω and there existk1 andk2 such that

0 < k1 ≤ k(x) ≤ k2;

(f3) limu→0
f(x,u)

|u|p∗−2·u = l(x) uniformly for x ∈ Ω and there existsα > 0 such that

l(x) ≤ (1− α)c′, wherec′ is a constant of Sobolev emersionW 1,p
0 (Ω) → Lp(Ω).

DefineE = W l,p
0 (Ω) andBρ = {u ∈ E : ‖u‖E ≤ ρ} with ρ > 0.

The weak solutions of problem (1.1) are the critical points of the functionI defined
on E by

I(u) =
1

p

∫

Ω

|Du|p −
∫

Ω

F (x, u),

whereF (x, u) =
∫ u

0
f(x, t)dt.

Our main result is given in the following theorem.

Theorem 1.1: Assumef(x, u) satisfies conditions(f1), (f2) and(f3). Then

1. there existsu ∈ E such that

−
N∑

i=1

Di

(|Du|p−2Diu
)

= f(x, u)

in E∗;

2. if for all u0 ∈ E andu0 6= 0, it holds that

sup
t≥0

I(tu0) <
k2

N

(
s

k2

)N
p

,

wheres is a constant of Sobolev emersionE → Lp∗ , then problem (1.1) has a
nontrivial solution.
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2. Lemmas

Lemma 2.1: There existρ0 andα0 > 0 such thatI(u)|∂Bρ0 (0) ≥ α0 > 0.

Proof: By assumptions (f1) and (f2), for all ε > 0, ∃M(ε) > 0, if |u| ≤ δ, we have
∣∣∣∣
f(x, u)

|u|p−2u
− L(x)

∣∣∣∣ < ε;

if |u| ≥ δ, we have|f(x, u)| ≤ c(ε)|u|p∗−1. Therefore

F (x, u) =

∫ u

0

f(x, t)dt ≤ L(x) + ε

p
|u|p +

c(ε)

p∗
|u|p∗

and

I(u) ≥ 1

p

∫

Ω

|Du|p − 1

p

∫

Ω

L(x)|u|p − ε

p

∫

Ω

|u|p − c(ε)

p∗

∫

Ω

|u|p∗

≥ 1

p

∫

Ω

|Du|p − 1

p

∫

Ω

(1− α)c′|u|p − ε

p

∫

Ω

|u|p − c(ε)

p∗

∫

Ω

|u|p∗

≥ 1

p

∫

Ω

|Du|p − 1− α

p

∫

Ω

|Du|p − ε

p

∫

Ω

|u|p − c(ε)

p∗

∫

Ω

|u|p∗ .

Poincaŕe’s inequality and Sobolev’s inequality imply that there existδ1 > 0 andc1 > 0
such thatI(u) ≥ δ1‖u‖p

E − c1‖u‖p∗
E . Fromp∗ > p, we conclude thatI(u)|∂Bρ0 (0) ≥

α0 > 0, where‖u‖E = ρ0 is small enough. ¥

Lemma 2.2: For all u0 ∈ E with u0 6= 0, there existst0 > 0 such thatI(tu0) < 0 for
t ≥ t0.

Proof: By assumptions(f1) and(f2), for all ε > 0, ∃M(ε) > 0, if |u| ≥ M(ε), we
have| f(x,u)

|u|p∗−2u
− k(x)| ≤ ε. If |u| ≤ M(ε), we have|f(x, u)| ≤ C(ε). Therefore it

follows thatF (x, u) ≥ k(x)+ε
p∗ |u|p∗ − C(ε) and

I(t, u0) =
1

p

∫

Ω

tp|Du0|p −
∫

Ω

F (x, tu0)

≤ 1

p

∫

Ω

tp|Du0|p − 1

p∗

∫

Ω

tp
∗
(K(x)− ε)|u|p∗ + c(ε)|Ω|.

Choosingε = k1

2
, we obtain

I(t, u0) ≤ tp

p

∫

Ω

|Du0|p − k1t
p∗

2p∗

∫

Ω

|u|p∗ + c(ε)|Ω| → −∞ ast →∞.
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Hence there existst0 > 0 such thatI(tu0) < 0 for t ≥ t0. The proof is complete. ¥

By Lemma 2.2,∃e * Bρ0(0), such thatI(e) < 0.
Define

C0 = inf
γ∈τ

max I(u) ≥ α0 > 0, (2.1)

whereγ = {γ ∈ C([0, 1], E) | γ(0) = 0, γ(1) = e}.
Applying the Mountain Pass Theorem without the Palais-Smale condition (see [2])

for I(u), we obtain a sequence{un} ⊂ E such that

I(un) → C0, (2.2)

I ′(un) → 0 in E∗. (2.3)

Lemma 2.3: Under conditions (2.2) and (2.3), the sequence{un} is bounded inE.

Proof: Let {un} be the sequence defined by (2.2) and (2.3). Then

1

p

∫

Ω

|Dun|p −
∫

Ω

F (x, un) = C0 + o(1) asn →∞, (2.4)
∫

Ω

|Dun|p =

∫

Ω

unf(x, un) + 〈ξn, un〉, (2.5)

whereξn → 0 asn →∞ in E∗.
Calculating (2.4)− 1

p
× (2.5) yields

∫

Ω

F (x, un)− 1

p

∫

Ω

unf(x, un) + C0 − 1

p
〈ξn, u0〉+ o(1) → 0.

By (f1) and(f2), we have
∫

Ω

unf(x, un) ≥
∫

Ω

(k(x)− ε)|un|p∗ − c(ε)|Ω|,
∫

Ω

F (x, un) ≤ 1

p∗

∫

Ω

(k(x) + ε)|un|p∗ + c(ε)|Ω|.

From the above three equations, it is deduced that
(

1

p
− 1

p∗

) ∫

Ω

k(x)|un|p∗ ≤ c +

(
1

p
+

1

p∗

)
ε

∫

Ω

|un|p∗ + C‖u‖E.

Hence‖u‖p
E ≤ C + C‖un‖E. This means that the sequence{un} is bounded inE. ¥

By Lemma 2.3 and using the related results in [4], we can obtain a subsequence
{un} andu ∈ E satisfying





un
w.−→ U in E,

Diun
a.e.−−→ DiU in Ω,

f(x, un)
w.−→ f(x, u) in

(
Lp∗(Ω)

)∗
,

|Dun|p−2Diun
w.−→ |Du|p−2Diu in

(
Lp∗(Ω)

)∗
.

(2.6)
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Lemma 2.4 [Strauss Lemma [1]]: AssumeP,Q : R → R are two continuous func-
tions such thatp(s)

Q(s)
→ 0 as|s| → ∞ and{un} : RN → R is a sequence of measurable

functions such that

sup
n

∫

RN

|Q(un(x))| dx < ∞

andP (un(x))
a.e.−−→ γ(x) in RN asn →∞. Then for all Borel setsB, we have

∫

B

|p(un(x))− γ(x)| dx → 0 asn →∞.

Furthermore, assumeP (s)
Q(s)

→ 0 ass → 0 andun(x) → 0 as|x| → ∞ uniformly in n.

Then we havep(un(x)) → γ(x) in L1
(
RN

)
asn →∞.

3. Proof of Theorem 1.1

By Lemma 2.3 and Equations (2.1) and (2.3), it is easy to see that{un} ⊂ E andu ∈ E.
As n →∞, we have

1

p

∫

Ω

|Dun|p −
∫

Ω

F (x, un) = C0 + o(1), (3.1)

−
N∑

i=1

Di(|Dun|p−2Diun) = f(x, un) + ξn (3.2)

in E∗. With the help of (2.6) and taking the limit on both sides of (3.2) asn → ∞, we
have

−
N∑

i=1

Di(|Du|p−2Diu) = f(x, u)

in E∗. This finishes the proof of (1) in Theorem 1.1.
Now we are in a position to prove (2) in Theorem 1.1. Assumeu ≡ 0, then





un
w.−→ 0 in E,

un −→ 0 in Lp∗(Ω),

un
s.−→ 0 in Lr(Ω) for p ≤ r < p∗.

(3.3)

Equation (3.2) implies
∫

Ω

|Dun|p =

∫

Ω

f(x, un)un + 〈ξn, un〉. (3.4)

Writing

l = lim
n→∞

(∫

Ω

|Dun|p
) 1

p

,
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then from (3.4), we have

lp = lim
n→∞

∫

Ω

f(x, un)un.

By condition(f2), we obtain
∫

Ω

f(x, un)un =

∫

Ω

k(x)|un|p∗ +

∫

Ω

ung(x, un),

whereung(x,un)

|un|p∗ → 0 as|un| → ∞.
By Lemma 2 and from (3.3), we have

lim
n→∞

∫

Ω

ung(x, un) = 0.

Moreover,

lp = lim
n→∞

∫

Ω

k(x)|un|p∗ . (3.5)

The Sobolev inequality implies that

s

(∫

Ω

|un|p∗
) p

p∗

≤
∫

Ω

|Dun|p. (3.6)

By (f2) and from (3.5) and (3.6), we obtain

lp ≤ K2 lim
n→∞

∫

Ω

|un|p∗ ≤ K2

(
lp

s

) p∗
r

,

lp ≥
(

1

k2

) p
p∗−p

S
p∗

p∗−p = k2

(
s

k2

)N
P

. (3.7)

From (3.1), we have

C0 =
lp

p
− lim

n→∞

∫

Ω

F (x, un). (3.8)

From (3.1) and(f2), it is deduced that

f(x, un) = k(x)|un|p∗−2un + g(x, un),

where g(x,un)

|un|p∗−2·un
→ 0 as|un| → ∞ and

F (x, un) =

∫ un

0

f(x, t)dt =
k(x)

p∗
|un|p∗ +

∫ un

0

g(x, t) dt.

Moreover,
∫

Ω

F (x, un) =
1

p∗

∫

Ω

k(x)|un|p∗ +

∫

Ω

(∫ un

Ω

g(x, t) dt

)
. (3.9)
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By Lemma 2, we have

lim
n→∞

∫

Ω

(∫ un

Ω

g(x, t) dt

)
= 0. (3.10)

From (3.5) and (3.7)–(3.10), we obtain

C0 =

(
1

p
− 1

p∗

)
lp ≥

(
1

p
− 1

p∗

)
k2

(
s

k2

)N
p

=
k2

N

(
s

k2

)N
p

.

This leads to a contradiction to (3.2). Thusu 6= 0. This means that problem (1.1) has a
nontrivial solution.
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