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Abstract

In this paper the structure of the spectrum for certain problems involving normal
oscillations of an ideal compressible fluid in rotating elastic container is investi-

gated. The equivalent system of equations of the problems involving normal oscil-
lations of an ideal compressible fluid in rotating elastic container is obtained. The
case of an elastic container filled with an ideal compressible fluid is studied.
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1. Introduction

Assume that in the elastic container occupying the dorfiaime have an ideal com-
pressible fluid occupying the domaily with ¥ = 0. Let X; = 0Q\X is outside of
domain). We assume that andy; are of class?. Let n is a unit exterior normal to
0€) which is outside td2 domain. We will consider Cartesian coordinate system
x9, x3) With the container rotates uniformly with constant angular veloeikyaround
thez3— axis (¢ is a unit vector along this axis). We denatér, t) as the displacement
vector of the elastic body at the pointe 2 in the moment. Let p(x) is density of
elastic body,o; (z,t) = po + kop(z,t) is density of compressible fluigh(z, t) is de-
viation from the balanced pressure of fluig,and K, are positive constants. We also
suggest that elastic body is isotropic, so the stress tensor of solid is entered as:

du;, 0
o0 (1) = ASdiv u+ M <8—Z n T?) (k,j=1,2,3),
J
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whered;;, is symbol of Kronecker) andM are constants of Lame. Let
80' k
(Lu), = J
), Z e

In our chosen non-inertial coordinate system, we shall put down the equation of small-
scale (linear) motion of this mechanical system as:

( Lu+pat2_0(9)7

o(u)n|s =0,0(u)n|s = —pnl|s (Q),
K02 + podiv®2 = 0 (), (1.1)

po %% + D — 2ep0 %2 x k (),

( (w,n)ls = (u,n)]s.
We consider the normal (or free) oscillations, i.e. the motion of this kind:
it

it it

pou(, 1) = u(x)e™, pow(w,t) = w(x)e™, pop(,t) = p(x)e

Putting them to the system of equation (1.1) we get the following eigenvalue problem
with respect to\

Lu—Xpu=0 (),

{ (w)n|y =0,0(u)n|s = —pn|s, (1.2)
—édiv w=7p (Q),

{ (w,n) s = po(u,n)|s, (1.3)

Nw + 2eidwrk = Vp (). (1.4)

The strongly theory of problems on small oscillations of a fluid in rotating contain-
ers was investigated for the first time by S.L. Sobolev in [1]; he showed that the problem
leads to the study of a very complicated spectral theory. A number of papers have been
devoted to study of the spectral properties of this problem and certain generalizations of
it (see, e.qg., [2], [7], [13—15]). In [3—6] the spectral properties of problems on normal
oscillations of an ideal incompressible fluid in the rotating elastic containers were inves-
tigated. There are also some papers [8-11] dedicated to problems involving small-scale
oscillations of an ideal incompressible fluid in nonrotating elastic shells where discov-
ered additional series of points of discrete spectrum appearing with the oscillations of
elastic shells or elastic cover. In [12] the asymptotics of the eigenvalues were stud-
ied in the problem concerning the oscillations of an elastic shell immersed in an ideal
compressible fluid.

In the present paper we investigate the structure of the spectrum for certain problems
involving normal oscillations of an ideal compressible fluid in rotating elastic container.
We prove that there is a continuous spectrum of the internal wavesan2c] for the
case a rotating elastic container filled with an ideal compressible fluid.
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2. Theorems 2.1 and 2.2

The problems (1.2) and (1.3) can be reduced to the system of operator equations. We
introduce the following spaces:

Ho = {0 € W3 (), (¢.1)1,0, = 0} Ho C W} ().

Hy ={w=Vo, o€ Hy}, Hy= Ly () \H;.
We get that [3]

Wy ()N Hy={w:dirw=0, (Q), (w,n)|g=0}. (2.1)
Note that inH, inner product could be introduced as

(V@1 V92) La(90)

and norm generated by this inner product is equivalent to usual norm in the space
W3 (Q). As Ly(Q0) = Hy & H,, we have that for each elementL,(€)) the element
xe¥ = Hy @ H, by the rule:x = (¢, ¥), where

WZVQO+Q9, chEHl,ﬁGHQ (22)

at that, ifx andy are defined by andw, in the accordance with rule then

(wvwl)Lg(Qo) = (Ve, v901)L2(Q0) + (U7U1>L2(Qo) = (2,9)g

that is,
(@, 9)g = (W, w1) 1,0 - (2.3)

In other words, indicated one-one mapping between spagg2,) and & keep the
inner product. Now we introduce the bounded linear operdtofs — <, D(A) = S,
defined by the formula

(Az,y)q = —1 (wXk,wy) (2.4)

Ly(20)
wherew, w; formed byz, y in the according with the rule (2.3). Now we will transform

the equation (1.4). For that, previously we obtain such elemgrt Hy, thatVp, =
Vp. From (1.3) it follows that

1 Po
e ds=p— —0 ds.
P komes QO/(w,n) TP komes QO/(u,n) s
=
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Thus,

Vpo=Vp,po € Hy,po =p — m / (u,n)ds. (2.5)

We multiply both sides of equation (1.4) by any given elemant L,(€),) and using
(2.3), (2.4), we get the equation in the space

()\ZE — 25)\/1) x = xo, o = (po,0).

A A
A pr—
( Ag Ago ) ’
Ayt Hy — Hy, Ayp: Hy — H,,

Aoy Hy — Hay, Ay Hy — Ho.

We will rewrite acquired equation in the form of:

Writing the operatoiA as

where

N — 22X (A + Ar29) = po, (2.6)

)\2@ — 2eA (A21g0 + A2219> =0. (27)

From (2.3) and (2.4) it directly follows that* = A, [[A;]| < 1thatisAj; = Ay,

|4l < 1, (5,57 = 1,2). In[7] it is proved that for any are, with sufficiently
smooth boundary, the spectrum 44§, operator is just continuous and fills segment [-
1,1] entirely. This operator is referred to as gyroscopic. Thus, we reduced the equation
(1.4) to the system of equations (2.6) and (2.7). Now we will consider the equation (1.3),
we will search the function € 1.} (Q). Puttingw = Vo +19 (Y € Hy, » C Hy) to

the (1.3) and using (2.1) we obtain that,

{ _%ASOZZ% (QO)J

2.8
%ﬂzzpo(l@n)‘za SOGH(). ( )

In other words the equation (1.3) is reduced to the problem (2.8). By multiplying both
sides of the equality (2.8) by any functien € W3 (Qy), integrating it by parts and
taking into (2.8), we obtain the condition of solvability solution of this problem in the
classiV, (£2p), and for the solutionp(z) the following form holds:

1 P —
T (Veo,Va),an + k‘_z/ (u,n) a@ds = (po, @) 1,(q,) foranya € Hy. (2.9)
o

Now, from («, 1)1,(q,) = 0 it follows the equality

(p7 a)LQ(QQ) = (p()? a)LQ(QO) .
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In the spacéi, we introduce the inner product by the formula

1
<P, >1= . Ve, Va) 1, q - (2.10)

Now, we consider the bounded linear operator : H, — Hy — D(B~') = H, that
defined as:

ko (¢, )

Lo L2(Q9)

=< Blp,a > . (2.11)

The operato3~! is self-adjoint, positive definite and completely continuous [6].

Let Xt andX~ are trace taking operators on the surfackeom the functions corre-
spondingly regard the spacBs) (Q,) and1, (). S andS; are linear bounded opera-
tors defined by the equations

S¢ = (¥,n),S1p = ¢n.

It is easy to see that
S; =85

Sincea € H, is the arbitrary function, using (2.9) and (2.11), we can rewrite (2.9) as:

e+ (EN) ST u—Bpy =0, (2.12)
where(X)* : Ly(X) — W3 (£) is a conjugate operator of the trace operator
¥ Wo (Q) — La(X)

to respect the inner product (2.18o0 we reduce the equality (1.3) to the equation
(2.12). Now we consider the problem (1.2). By multiplying both sides of (1.2) by the
arbitrary vector-functiom and integrating it by parts (see [2] p. 72-83 ), we get [6] the
following integral equality:

Z/( pq;);‘ gg > dx (2.13)

P,4=1%q

=\ (pu, T) o) — (P10 T) sy » fOranyr e W3 (Q).

We will call the generalized solution(x) of the problem (1.2) of clas®’; () if the
vector-functionu(z) € W, (Q) satisfied to the integral equality (2.13) the W3 (£2)
using (2.5) and the last formula, we can introduce the new inner product by the formula:

ou 0
< U, T >o= Z/ ( pqau . ) dz + (pu, 7)1, ) (2.14)

Pq=1"q
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Uo
+m/(u,n) ds/(T, n)ds.
>

b
So, we get
<u, T >2 = (0U, T) ) + (P07 T) sy (2.15)

=2 (pu, 7)1,y = 0, foranyr e Wy ().
Now we consider the linear bounded operator
AT W (Q) = WR(Q), D(ATY) = W, (Q)
that defined from the equality
(P, 7)1,y 0) =< A7, T >, foranyr,u € Wy (). (2.16)

The operatord—! is self-adjoint, positive definite and completely continuous [6]. Ap-
plying (2.15) and (2.16), we obtain the equation

(E—A N u+ (27) S%po — N?A'u=0. (2.17)

Here(X7)* : Ly(X) — W}(Q) is the conjugate of the trace operator : Wy (Q) —

Lo(X) to respect the inner product (2.14). Thus we can reduced the problem (1.2) to the
equation (2.17). Hence, we have the following result.

Theorem 2.1. Problem (1.2)—(1.4) is equivalent to the following system of equations

(E—AYDu+ (27) 512 py — N2A lu =0,
Ep+ (X)"SXu— B 'py =0,
)\230 — 2e\ (AHQO + Algﬁ) = Do,
)\QU — 2eA (Agl(p -+ Azglg) = 0.

(2.18)

Hereu € W3(Q), ¢,po € Hy, ¥ € Hy.
We note that) = (X7)" 5,21, V = QBQ*. Since

< (E+V)u,u >o=<u,u >y + < QBQ"u,u >,

2
=<y + < BQu Q= [l + | BrQu| > ul,

we have that the operat@F' + V') is positively definite. Using Friedrichs theorem on the
extended of a self-adjoint definite operator, we get existence of bounded, positive self-
adjoint operatof £ + V)"\2. Making the substitutionp = B~'¢, u = (E 4 V)2,

we arrive at the self-adjoint quadratic bundle

£N)z2=0, z=(¢,&v)
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in the spac&s = W, () & Hy & H,. Here

£ ()\) = £0 + 25)\051 — A2£2,

E—(E+v) 2A Y (E+v) 2 (E4+v):Q 0
£o= Q (E +v)? B! R
0 0
0
0 B~ 1A11B 1 BilAlg ,
A2lB ! A22
E+v) ?H ' (E4+v) 2 0 0
Ly = 0 B2 0
0 0 E
It is easy to show that'; > 0. Now, we will prove thatf, > 0.

Indeed,

(£oz,2)q =< (E —(E+v) AN (E+ v)‘%) G ¢ >

<(E+0)2QCC >+ <Q (BE+v) 2, >

Jun

b < B >=< <E (B4 H (B + v)_§> (¢ >y

4 < B> 2R < (BE+0)2C,QC > .
Making the substitution: = (E + v)~Y/2¢, ¢ = B~1(, we can write

(£02,2)g =< (B — H u,u >y

1 2 2 1 1
+HBiQ*u X 1—1—29%<B§Q*U,Bﬁg0 >
From Cauchy-Bunyakowskii-Schwarz inequality and the condifior A=! > 0
it follows that (£0z,2) > 0, z € J. This means that, > 0. Finally, applying the
investigation of the quadratic bundle and using the scheme of the papers [3],[6], we
obtain the following result.

Theorem 2.2. The spectrum of this bundle, and hence also of the problem (1.2)-
(1.4) is real; moreover, ofr-2¢; +2¢] it is continuous and fills out the interval and
on the intervalsk\[—2¢; +2¢]| it consists of isolated eigenvaluas of finite algebraic
multiplicity wit limit points at+ co. If eigenvalue), of this problem corresponds to the
eigenfunctiongu,,, w,) then number\,, also will be the eigenvalue of this problem
corresponds to the eigenfunctiofis,, @,,) and this system of eigenfunctions is twice
complete in the spadé’) (Q2) & H,, possibly to within a finite defect.
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