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Abstract

In this paper the structure of the spectrum for certain problems involving normal
oscillations of an ideal compressible fluid in rotating elastic container is investi-
gated. The equivalent system of equations of the problems involving normal oscil-
lations of an ideal compressible fluid in rotating elastic container is obtained. The
case of an elastic container filled with an ideal compressible fluid is studied.
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1. Introduction

Assume that in the elastic container occupying the domainΩ we have an ideal com-
pressible fluid occupying the domainΩ0 with Σ = ∂Ω0. Let Σ1 = ∂Ω\Σ is outside of
domainΩ. We assume thatΣ andΣ1 are of classc2. Let n is a unit exterior normal to
∂Ω which is outside toΩ domain. We will consider Cartesian coordinate system(x1,
x2, x3) with the container rotates uniformly with constant angular velocityεk around
thex3− axis (k is a unit vector along this axis). We denoteu(x, t) as the displacement
vector of the elastic body at the pointx ∈ Ω in the momentt. Let ρ(x) is density of
elastic body,ρ1(x, t) = ρ0 + k0p(x, t) is density of compressible fluid,p(x, t) is de-
viation from the balanced pressure of fluid,ρ0 andK0 are positive constants. We also
suggest that elastic body is isotropic, so the stress tensor of solid is entered as:

σjk (u) = Λδjkdiv u + M

(
∂uj

∂xk

+
∂uk

∂xj

)
(k, j = 1, 2, 3),
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whereδjk is symbol of Kronecker,Λ andM are constants of Lame. Let

(Lu)j ≡ −
3∑

k=1

∂σjk (u)

∂xk

.

In our chosen non-inertial coordinate system, we shall put down the equation of small-
scale (linear) motion of this mechanical system as:





Lu + ρ∂2u
∂t2

= 0 (Ω) ,

σ(u)n|Σ = 0, σ(u)n|Σ = −pn|Σ (Ω) ,

K0
∂p
∂t

+ ρ0div ∂ω
∂t

= 0 (Ω0) ,

ρ0
∂2ω
∂t2

+5p− 2ερ0
∂ω
∂t
× k (Ω0) ,

(ω, n)|Σ = (u, n)|Σ.

(1.1)

We consider the normal (or free) oscillations, i.e. the motion of this kind:

ρ0u(x, t) = u(x)eiλt, ρ0ω(x, t) = ω(x)eiλt, ρ0p(x, t) = p(x)eiλt.

Putting them to the system of equation (1.1) we get the following eigenvalue problem
with respect toλ {

Lu− λ2ρu = 0 (Ω) ,
σ (u) n|Σ = 0, σ(u)n|Σ = −pn|Σ,

(1.2)

{ − 1
k0

div ω = p (Ω0) ,

(ω, n) |Σ = ρ0 (u, n) |Σ,
(1.3)

λ2ω + 2εiλωxk = ∇p (Ω0) . (1.4)

The strongly theory of problems on small oscillations of a fluid in rotating contain-
ers was investigated for the first time by S.L. Sobolev in [1]; he showed that the problem
leads to the study of a very complicated spectral theory. A number of papers have been
devoted to study of the spectral properties of this problem and certain generalizations of
it (see, e.g., [2], [7], [13–15]). In [3–6] the spectral properties of problems on normal
oscillations of an ideal incompressible fluid in the rotating elastic containers were inves-
tigated. There are also some papers [8-11] dedicated to problems involving small-scale
oscillations of an ideal incompressible fluid in nonrotating elastic shells where discov-
ered additional series of points of discrete spectrum appearing with the oscillations of
elastic shells or elastic cover. In [12] the asymptotics of the eigenvalues were stud-
ied in the problem concerning the oscillations of an elastic shell immersed in an ideal
compressible fluid.

In the present paper we investigate the structure of the spectrum for certain problems
involving normal oscillations of an ideal compressible fluid in rotating elastic container.
We prove that there is a continuous spectrum of the internal waves on[−2ε, 2ε] for the
case a rotating elastic container filled with an ideal compressible fluid.
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2. Theorems 2.1 and 2.2

The problems (1.2) and (1.3) can be reduced to the system of operator equations. We
introduce the following spaces:

H0 =
{

ϕ ∈ W 1
2 (Ω0) , (ϕ, 1)L2(Ω0) = 0

}
, H0 ⊂ W 1

2 (Ω0) ,

H1 = {ω = ∇ϕ, ϕ ∈ H0} , H2 = L2 (Ω0) \H1.

We get that [3]

W 1
2 (Ω0) ∩H2 = {ω : dir ω = 0, (Ω0) , (ω, n) |Σ = 0} . (2.1)

Note that inH0 inner product could be introduced as

(5ϕ1,5ϕ2)L2(Ω0)

and norm generated by this inner product is equivalent to usual norm in the space
W 1

2 (Ω0). As L2(Ω0) = H1 ⊕H2, we have that for each elementωεL2(Ω0) the element
xε= = H0 ⊕H2 by the rule:x = (ϕ, ϑ), where

ω = ∇ϕ + ϑ, ∇ϕ ∈ H1, ϑ ∈ H2 (2.2)

at that, ifx andy are defined byω andω1 in the accordance with rule then

(ω, ω1)L2(Ω0) = (∇ϕ,∇ϕ1)L2(Ω0) + (v, v1)L2(Ω0) = (x, y)=

that is,
(x, y)= = (ω, ω1)L2(Ω0) . (2.3)

In other words, indicated one-one mapping between spacesL2(Ω0) and= keep the
inner product. Now we introduce the bounded linear operatorA : = → =, D(A) = =,
defined by the formula

(Ax, y)= = −i (ωxk, ω1)
L2(Ω0)

, (2.4)

whereω, ω1 formed byx, y in the according with the rule (2.3). Now we will transform
the equation (1.4). For that, previously we obtain such elementp0 ∈ H0, that∇p0 =
∇p. From (1.3) it follows that

p0 = p− 1

mesΩ0

∫

Ω0

pdx = p +
1

mesΩ0

∫

Ω0

divωdx

= p− 1

k0mes Ω0

∫

Σ

(ω, n) ds = p− ρ0

k0mes Ω0

∫
(u, n) ds.
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Thus,

∇p0 = ∇p, p0 ∈ H0, p0 = p− ρ0

k0mes Ω0

∫
(u, n) ds. (2.5)

We multiply both sides of equation (1.4) by any given elementω1 ∈ L2(Ω0) and using
(2.3), (2.4), we get the equation in the space

(
λ2E − 2ελA

)
x = x0, x0 = (p0, 0) .

Writing the operatorA as

A =

(
A11 A12

A21 A22

)
,

where
A11 : H0 → H0, A12 : H2 → H0,

A21 : H0 → H2, A22 : H2 → H2.

We will rewrite acquired equation in the form of:

λ2ϕ− 2ελ (A11ϕ + A12ϑ) = p0, (2.6)

λ2ϕ− 2ελ (A21ϕ + A22ϑ) = 0. (2.7)

From (2.3) and (2.4) it directly follows thatA∗ = A, ‖Aij‖ ≤ 1 that isA∗
ij = Aij,

‖Aij‖ ≤ 1, (i, j = 1, 2). In [7] it is proved that for any areaΩ0 with sufficiently
smooth boundary, the spectrum ofA22 operator is just continuous and fills segment [-
1,1] entirely. This operator is referred to as gyroscopic. Thus, we reduced the equation
(1.4) to the system of equations (2.6) and (2.7). Now we will consider the equation (1.3),
we will search the functionω ∈ W 1

2 (Ω0). Puttingω = ∇ϕ + ϑ (ϑ ∈ H2, ϕ ⊂ H0) to
the (1.3) and using (2.1) we obtain that,

{ − 1
k0

∆ϕ = p, (Ω0) ,
∂ϕ
∂n
|Σ = ρ0 (u, n) |Σ, ϕ ∈ H0.

(2.8)

In other words the equation (1.3) is reduced to the problem (2.8). By multiplying both
sides of the equality (2.8) by any functionα ∈ W 1

2 (Ω0), integrating it by parts and
taking into (2.8), we obtain the condition of solvability solution of this problem in the
classW 1

2 (Ω0), and for the solutionϕ(x) the following form holds:

1

k0

(∇ϕ,∇α)L2(Ω0) +
ρ0

k0

∫

Σ

(u, n) αds = (p0, α)L2(Ω0) for anyα ∈ H0. (2.9)

Now, from(α, 1)L2(Ω0) = 0 it follows the equality

(p, α)L2(Ω0) = (p0, α)L2(Ω0) .
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In the spaceH0 we introduce the inner product by the formula

< ϕ, α >1=
1

ρ0

(∇ϕ,∇α)L2(Ω0) . (2.10)

Now, we consider the bounded linear operatorB−1 : H0 → H0 → D(B−1) = H0 that
defined as:

k0

ρ0

(ϕ, α)
L2(Ω0)

=< B−1ϕ, α >1 . (2.11)

The operatorB−1 is self-adjoint, positive definite and completely continuous [6].
Let Σ+ andΣ− are trace taking operators on the surfaceΣ from the functions corre-

spondingly regard the spacesW 1
2 (Ω0) andW 1

2 (Ω). S andS1 are linear bounded opera-
tors defined by the equations

Sψ = (ψ, n) , S1ϕ = ϕn.

It is easy to see that
S1 = S∗.

Sinceα ∈ H0 is the arbitrary function, using (2.9) and (2.11), we can rewrite (2.9) as:

ϕ +
(
Σ+

)∗
S Σ−u−B−1p0 = 0, (2.12)

where(Σ)∗ : L2(Σ) → W 1
2 (Ω0) is a conjugate operator of the trace operator

Σ : W 1
2 (Ω0) → L2(Σ)

to respect the inner product (2.10). So we reduce the equality (1.3) to the equation
(2.12). Now we consider the problem (1.2). By multiplying both sides of (1.2) by the
arbitrary vector-functionτ and integrating it by parts (see [2] p. 72-83 ), we get [6] the
following integral equality:

3∑
p,q=1

∫

Ω

(
apq

∂u

∂xq

,
∂τ

∂xp

)
dx (2.13)

= λ2 (ρu, τ)L2(Ω) − (pn, τ)L2(Σ) , for anyτ ∈ W 1
2 (Ω) .

We will call the generalized solutionu(x) of the problem (1.2) of classW 1
2 (Ω) if the

vector-functionu(x) ∈ W 1
2 (Ω) satisfied to the integral equality (2.13). In the W 1

2 (Ω)
using (2.5) and the last formula, we can introduce the new inner product by the formula:

< u, τ >2=
3∑

p,q=1

∫

Ω

(
apq

∂u

∂xq

,
∂τ

∂xp

)
dx + (ρu, τ)L2(Ω) (2.14)
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+
ϑ0

k0mes Ω0

∫

Σ

(u, n) ds

∫

Σ

(τ, n)ds.

So, we get
< u, τ >2 − (ρu, τ)L2(Ω) + (p0n, τ)L2(Σ) (2.15)

−λ2 (ρu, τ)L2(Ω) = 0, for anyτ ∈ W 1
2 (Ω) .

Now we consider the linear bounded operator

A−1 : W 1
2 (Ω) → W 1

2 (Ω), D(A−1) = W 1
2 (Ω)

that defined from the equality

(ρu, τ)L2(Ω) =< A−1u, τ >2 for anyτ, u ∈ W 1
2 (Ω) . (2.16)

The operatorA−1 is self-adjoint, positive definite and completely continuous [6]. Ap-
plying (2.15) and (2.16), we obtain the equation

(
E − A−1

)
u +

(
Σ−)∗

S1Σ
+p0 − λ2A−1u = 0. (2.17)

Here(Σ−)∗ : L2(Σ) → W 1
2 (Ω) is the conjugate of the trace operatorΣ− : W 1

2 (Ω) →
L2(Σ) to respect the inner product (2.14). Thus we can reduced the problem (1.2) to the
equation (2.17). Hence, we have the following result.
Theorem 2.1. Problem (1.2)–(1.4) is equivalent to the following system of equations





(E − A−1) u + (Σ−)
∗
S1Σ

+p0 − λ2A−1u = 0,
Eϕ + (Σ)∗ S Σ−u−B−1p0 = 0,
λ2ϕ− 2ελ (A11ϕ + A12ϑ) = p0,
λ2v − 2ελ (A21ϕ + A22ϑ) = 0.

(2.18)

Hereu ∈ W 1
2 (Ω), ϕ, p0 ∈ H0, ϑ ∈ H2.

We note thatQ = (Σ−)
∗
S1Σ

+, V = QBQ∗. Since

< (E + V ) u, u >2=< u, u >2 + < QBQ∗u, u >2

=< u, u >2 + < BQ∗u,Q∗u >1= ‖u‖2
2 +

∥∥∥B
1
2 Q∗u

∥∥∥
2

1
≥ ‖u‖2

2 ,

we have that the operator(E+V ) is positively definite. Using Friedrichs theorem on the
extended of a self-adjoint definite operator, we get existence of bounded, positive self-
adjoint operator(E + V )1\2. Making the substitutionϕ = B−1ζ, u = (E + V )−1/2ξ,
we arrive at the self-adjoint quadratic bundle

£ (λ) z = 0, z = (ζ, ξ, ν)
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in the space= = W 1
2 (Ω)⊕H0 ⊕H2. Here

£ (λ) = £0 + 2ελ£1 − λ2£2,

£0 =




E − (E + v)−
1
2 A−1 (E + v)−

1
2 (E + v)−

1
2 Q 0

Q∗ (E + v)−
1
2 B−1 0

0 0 0


 ,

£1 =




0 0 0
0 B−1A11B

−1 B−1A12

0 A21B
−1 A22


 ,

£2 =




(E + v)−
1
2 H−1 (E + v)−

1
2 0 0

0 B−2 0
0 0 E


 .

It is easy to show that£2 > 0. Now, we will prove that£0 ≥ 0.
Indeed,

(£0z, z)= =<
(
E − (E + v)−

1
2 A−1 (E + v)−

1
2

)
ζ, ζ >2

+ < (E + v)−
1
2 Qζ, ζ >2 + < Q∗ (E + v)−

1
2 ζ, ζ >1

+ < B−1ζ, ζ >1=<
(
E − (E + v)−

1
2 H−1 (E + v)−

1
2

)
ζ, ζ >2

+ < B−1ζ, ζ >1 +2< < (E + v)−
1
2 ζ, Qζ >1 .

Making the substitutionu = (E + v)−1/2ξ, ϕ = B−1ζ, we can write

(£0z, z)= =< (E −H−1)u, u >2

+
∥∥∥B

1
2 Q∗u

∥∥∥
2

1
+

∥∥∥B
1
2 ϕ

∥∥∥
2

1
+ 2< < B

1
2 Q∗u,B

1
2 ϕ >1 .

From Cauchy-Bunyakowskii-Schwarz inequality and the conditionE − A−1 ≥ 0
it follows that (£0z, z) ≥ 0, z ∈ J. This means that£0 ≥ 0. Finally, applying the
investigation of the quadratic bundle and using the scheme of the papers [3],[6], we
obtain the following result.

Theorem 2.2. The spectrum of this bundle, and hence also of the problem (1.2)-
(1.4) is real; moreover, on[−2ε; +2ε] it is continuous and fills out the interval and
on the intervalsR\[−2ε; +2ε] it consists of isolated eigenvaluesλn of finite algebraic
multiplicity wit limit points at±∞. If eigenvalueλn of this problem corresponds to the
eigenfunctions(un, ωn) then number−λn also will be the eigenvalue of this problem
corresponds to the eigenfunctions(un, ωn) and this system of eigenfunctions is twice
complete in the spaceW 1

2 (Ω)⊕H0, possibly to within a finite defect.
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