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Abstract

We investigate the possibility of semigroup extensions of the isometry group of
an identification space, in particular, of a compactified spacetime arising from an
identification mag : R} — R}/T", whereR} is a flat pseudo-Euclidean covering
space and’ is a discrete group of primitive lattice translations on this space. We
show that the conditions under which such an extension is possible are related to
the index of the metric on the subvector space spanned by the lattice vectors: If
this restricted metric is Euclidean, no extensions are possible. Furthermore, we
provide an explicit example of a semigroup extension of the isometry group of the
identification space obtained by compactifying a Lorentzian spacetime over a lat-
tice which contains a lightlike basis vector. The extension of the isometry group is
shown to be isomorphic to the semigro{®*, -), i.e. the set of nonzero integers
with multiplication as composition antl as unit element. A theorem is proven
which illustrates that such an extension is obstructed whenever the metric on the
covering spacetime is Euclidean.

AMS subject classification: 22 E 70, 22 E 99.
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1. Introduction

In this work we examine the structure of the isometry group of orbit spaces which are
obtained from the action of a discrete group on a flat pseudo-Euclidean covering space.
The discrete group will be realized as the set of primitive lattice transformations of
a lattice in the covering space which contains a lightlike lattice vector. In this case,
the restriction of the pseudo-Euclidean metric to the lattice is no longer (positive or
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negative) definite. This gives rise to the possibility of having lattice-preserving trans-
formations in the overall isometry group that are injective, but no longer surjective on
the lattice; in other words, their inverses do not preserve the lattice. The set of all these
transformations therefore will no longer be a group, but only a semigroup. Since it is
precisely the lattice—preserving transformations that descend to the quotient of the cov-
ering spacetime over the discrete group of primitive lattice translations, these semigroup
elements constitute an extension of the isometry group of the compactified space which
act non-invertibly on the identification space. We present in detail the case of the com-
pactification of a Lorentzian spacetime over a lightlike lattice, where it is shown that the
non-invertible elements wind the lightlike circietimes around itself. We also present

a theorem which reveals that the possibility of semigroup extensions arises whenever
the restriction of the metric of the covering spacetime to the subspace spanned by the
lattice vectors is non-Euclidean. As a consequence, semigroup extensions of isome-
try groups can be expected in every scenario involving a torus compactification of a
higher-dimensional spacetime along a lightlike direction.

The plan of the paper is as follows: In section 2 we provide some background on
orbit spaces and the associated fibre-preserving sets. In section 3 we study identifica-
tions over lattices and examine a condition which obstructs nontrivial extensions of the
isometry group on the identification space. In section 4 we give an explicit example
of a non-trivial extension, provided by compactifying a flat Lorentzian spacetime over
a lightlike lattice. It will be shown that the extension of the isometry group in this
case is isomorphic to the semigro(p™, -) of nonzero integers with multiplication as
composition and as unit element.

2. Orbit Spaces and Normalizing sets

Assume that a group’ has a left action on a topological spa&esuch that the map
G x X 3 (g,x) — gr € X is a homeomorphism. When a discrete subgrbup GG
acts properly discontinuously and freely éf then the natural projection : X —
X/T" of X onto the space of orbitsX/T", can be made into a covering map, akd
becomes a covering space &fI" (e.g. [1, 2, 3, 4]). More specifically, iK = M
is a connected pseudo-Riemannian manifold with a metriandG = I(M) is the
group of isometries of\/, so thatl" is a discrete subgroup of isometries acting/dn
then there is a unique way to make the quotigftl" a pseudo-Riemannian manifold
(e.g. [5, 6, 7, 8, 9]); in this construction one stipulates that the projegtiom a local
isometry, which determines the metric 8fy/I". In such a case, we call: M — M/T
a pseudo-Riemannian covering.

In any case the quotiept: X — X/T" can be regarded as a fibre bundle with bundle
spaceX, baseX/T', andI" as structure group, the fibre over € X/T" being the orbit
of any element: € p~*(m) underT, i.e. p*(m) = Te = {yx |ye€T}. Ifg € G
induces the homeomorphism— gx of X [or an isometry of\/], theng gives rise to a
well-defined mapy; : X/I' — X/T', defined by

g#(Lx) =T(gz) (2.1)
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on the quotient spaaenly wheng preserves all fibres, i.e. whern(I'z) C I'(gx) for all
r € X. This is equivalent to saying that'g=* C T'. If this relation is replaced by the
stronger conditio'g~! = T, theng is an element of theormalizer[10] N (T') of T
in G, where

N{I)={geG|glg =T} . (2.2)

The normalizer is a group by construction. It contains all fibre-preserving elements
G such thay~! is fibre-preserving as well. In particular, it contains the groyprhich
acts trivially on the quotient space; this means, that forany I', the induced map
74+ X/T' — X/I' is the identity onX/T". This follows, since the action of, on the
orbit 'z, say, is defined to be, (I'z) := I' (ya) = I'z, where the last equality holds,
sincel is a group.
In this work we are interested in relaxing the equality in the condition defining

N (T'); to this end we introduce what we wish to call tae¢ended normalizedenoted
by eN (T'), through

eN(I):={geqG|glg ' CT}. (2.3)

The elementg € G which give rise to well-defined maps. on X/T" are therefore pre-
cisely the elements of the extended normalizenT"), as we have seen in the discussion
above. Such elemengsare said talescend to the quotient spade'G. HenceeN (I)
contains all homeomorphisms &f [isometries ofA/] that descend to the quotient space
X/T [M/T]; the normalizetNV (T'), on the other hand, contains all thasfr whichg—!
descends to the quotient as well. This(I") is the group of ally which descend tmn-
vertible mapsg,. [homeomorphisms; isometries] on the quotient space. In the case of
a semi-Riemannian manifold!/, for which the group= is the isometry groug (M),

the normalizerN (I") therefore contains all isometries of the quotient space, the only
point being that the action a¥ (T") is not effective, sinc& C N (I") acts trivially on
M/T. However,I" is a normal subgroup oV (I") by construction, so that the quotient
N (") /T is a group again, which is now seen to act effectivelyldyl’, and the isome-
tries of M /T" which descend from isometries 8f are in a 1-1 relation to elements of
this group. Thus, denoting the isometry group of the quotient spadeas’ (M/I),

we have the well-known result that

I(M/T) = N(T)/T . (2.4)

Now we turn to the extended normalizer. For an elemente N ('), butg ¢ N (T),
the induced map.. is no longer injective oX/I": To see this we observe that now the
inclusion in definition (2.3) is proper, i.@'g~* G I. It follows that ay’ € I exists for
which

gvg~t #+ forallyeT. (2.5)
Take an arbitrary: € M; we claim that

glg ' G Tz (2.6)

To see this, assume to the contrary that the @é¢s '« andl'z coincide; theny,,~' € T’
exist for whichgy,g~'x = +/z; sinceg is an element of the extended normalizéf(T"),
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gng ' €T, ie.,gyg™ = 7, say. It follows thaty,z = +'z or v, 'v'x = x. The
elementy, '+’ belongs td", which, by assumption, acts freely. Free action implies that
if a group element has a fixed point then it must be the unit element, implying that
v = v = gy19~', which contradicts (2.5); therefore, (2.6) must hold. Eqg. (2.6) can
be expressed by saying that the orbitzofs the image of the orbit of 'z under the
action of the induced mapy, g4(I'g 'x) = T'z; but that theg,-image of the orbit
I'g~ 'z, regarded as a set, is properly contained in the orbit.oThe latter statement
means that & < I exists, as in (2.5), such thatr # gyg 'z for all 4. It follows that
vg~tz # g4z for all v, implying that the poinyy—1+'z is not contained in the orbit

of the pointg—!z. Its own orbit,['¢~ !4z, is therefore distinct from the orbitg—'x of

the pointg—'z, since two orbits either coincide or are disjoint otherwise. However, the
induced magy, mapsl'g~'+/z into

ge(Lg~'yz) =T(g97'y'z) =Tz , (2.7)

from which it follows thatg, maps two distinct orbits into the same orbit, expressing

the fact thatyy is not injective. In particular, iy was an isometry of\/, theng,. can

no longer be an isometry on the quotient space, since it is not invertible on the quotient
space. From this fact, or directly from its definition (2.3), it also follows #18(I") is

a semigroup.

In this work we will show that the extended normalizer naturally emerges when
we study identification space¥ /", where M = (R",n) is flat R endowed with a
symmetric bilinear formm with signature(—¢, +s), t + s = n; to such a space we will
also refer to ag/ = R}. The isometry groug (R}') of R} is the semi-direct product

IRY) =E(t,n—t)=R"0O0(t,n—1t) |, (2.8)

called pseudo-Euclidean grouBi(¢,n — t), where the translational fact®” is nor-
mal in E(t,n — t). Elements ofE(¢,n — t) will be denoted by(¢, R) with group
law (¢, R)(t', R') = (Rt + t, RR’). The Lie algebra of the pseudo-Euclidean group
E(t,n — t) will be denoted byu(¢, n — t) henceforth.

Fort = 1, E(1,n — 1) is the Poincare group, aril’ is a Lorentzian manifold, with
metricn = diag(—1,1,...,1). In this case we call elementsc R} timelike, lightlike,
spacelike ify(v,v) < 0, =0, > 0, respectively.

The identification group’ will be realized as a discrete group of translationgd/4n
the elements being in 1-1 correspondence with the points of a l&itice R}, which
is regarded as a subsetRf. We will show explicitly that in the Lorentzian case, the
fact that the identity componesiO,(1,n —1) C O(1,n—1) of the Lorentz group is no
longer compact gives rise to a natural extension of the isometry gkaip/I" of the
quotient)M /T to the seeN(I')/I", provided that thé&R-linear envelope of the lattice is
a lightlike subvector space. This will be compared to the orthogonal case, and it will be
shown in Theorem [3] that the compactnes$'6f(n) obstructs such an extension. That
is probably why such extensions have not been studied in the field of crystallography in
the past.
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3. Identifications Over a Lightlike Lattice

As mentioned above, we shall study quotient spaces of flat covering spacetimes over a
groupI” of primitive lattice transformations. If thR-linear span of the lattice vectors
has (real) dimensiom, say, the resulting identification spagé/T" is homeomorphic
to a product manifoldR™~™ x T™, whereT™ denotes amn-dimensional torus. This
space inherits the metric from the covering manif@lll, since the metric is a local
object, but the identification changes only the global topology. Thy$ is again a
semi-Riemannian manifold. Whereas the isometry group of the covering Hjaise
E(t,n — t), the isometry group of the “compactified” spatg&/'I" is obtained from the
normalizerN (I") of the groupl in E(¢, n — t) according to formula (2.4).

In this work we restrict attention to lattices that contain the origin R} as a lattice
point, which suffices for our purposes. ek m < n, letu = (u4, ..., u,,) be a set of
m linearly independent vectors I®}; then theZ-linear span of,

IatEiZ-ui:{izi-ui]aEZ} , (3.1)
i=1 i=1

is called the set of lattice points with respecttdElements ofat are regarded as points
in R} as well as vectors on the tangent spd@’ of R}. Let [lat] = [u|gr denote the
R-linear span ofat.

We recall that thendexind (W) of a vector subspace’ C R} is the maximum
in the set of all integers that are the dimension®Refector subspaced” C W on
which the restriction of the metrig| W’ is negative definite, see e.g. [8]. Hernte
ind(W) < m, andind(W) = 0if and only if n| W is positive definite. In the Lorentzian
case, i.e. M = R}, we call W timelike & n|W is nondegenerate, andd(W) =
1; W lightlike < n| W degenerate, antd/ contains al-dimensional lightlike vector
subspace, but no timelike vector; ahid spacelike< 7| is positive definite and
henceind(W) = 0.

We define thendex of the latticeas the index of it®R-linear sparlat], ind(lat) =
ind([lat]).

Let Ti.. C E(t,n — t) be the subgroup of all translations &(¢, » — ¢) through
elements ofat,

Tt = {(t.,1) € E(t,n — 1) | t, € lat}. (3.2)

Elements(t., 1) of T;,; are calledprimitive translations 7., is taken as the discrete
groupI" of identification maps, which give rise to the identification spaceR} —
R? /T under study.

We now examine the normalizer and extended normalizer of the identification group:
For an elementt, R) € E(t,n — t) to be in the extended normalizeN (I") of I, the
condition

(t, R)(t=, )(t, R)™" = (R, 1) € Tia, (3.3)

must be satisfied for lattice vectots In other words,Rt, € lat, which means that
the pseudo-orthogonal transformati@nmust preserve the lattidet, Rlat C lat. For
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an elementt, R) to be in the normalizer(t, R)~' must be in the normalizer as well,
implying R~!lat C lat, so altogether?lat = lat. The elements? occuring in the
normalizer therefore naturally form a subgraGp, of O(t,n — t); on the other hand,

the elementsk occuring in the extended normalizer form a semigreGfy: O Ga:.
Furthermore, no condition on the translatian® (¢, R) arises, hence all translations
occur in the [extended] normalizer. Thus, the [extended] normalizer has the structure of
a semi-direct [semi-]group

N({I)=R"® G (3.4)
eN(T)=R"®eGre , (3.4)

whereR" refers to the subgroup of all translationgHty, n — ¢).
We now present a condition under whief¥,; coincides withG,.:

Theorem 3.1. [Condition] If ind(lat) = 0 orind(lat) = m (i.e. minimal or maximal),
then€G|at - G|at'

Proof. We first assume thatd(WW) = 0, i.e. n|W is positive definite. LetR €
eGlar C O(t,n —t). SinceR preservedat, it also preserves itR—linear envelopéV/,
i.e. RW C W. Letx,y € W arbitrary, thenkx, Ry € W. Sincen(Rz, Ry) = n(z,y),
the restrictionR| W of R to the subvector spad& preserves the bilinear form| W
on this space. But| W is positive definite by assumption ofd(1V) = 0, hence
R|W € O (W), whereO (W) denotes the orthogonal group 16f.

Now we assume that has the property

R E €G|ata bUt R ¢ Glat 5 (35)
in other words Rlat & lat. This means that the restrictid® lat is not surjective. Hence
Jr €lat: Ru#x foralluelat . (3.6)

x cannot be zero, sinde € lat, and R is linear. Hence: = ||z|| > 0, where||z| =
/1 (z, z) denotes the Euclidean norm &in. Now let.S,,_; be the(m —1)-dimensional
sphere i/, centered ab. Consider the intersectiaat = latNr-S,,_1, wherer-S,, 1
is the(m — 1)-dimensional sphere with radiusn 1¥. Note that-- S,, ; coincides with
the orbitO(m — 1) - = of = under the action of the orthogonal groGgm — 1), which
is a compact set on account of the fact tbdin — 1) is a compact Lie group. From
the compactness of- S,,_; it follows that the number of elementssct of sct is finite;
from x € sct it follows thatsct is not empty, sd < #sct < co. Then

1. R|W orthogonal = R(sct) Cr-S,_1;
2. R lattice preserving = R (sct) C lat;

3. Rinjective = #R(sct) = # (sct).
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The first two statements imply thak| W preservesct, (R| W) (sct) C sct ; from

the third we deduce thatR| W) (sct) = sct, since the seict is finite. But this says
that all elements ofct are in the image of R| W), hencer = (R| W) («') for some

x' € sct, which is a contradiction to (3.6). This implies that our initial assumption (3.5)
concerningR was wrong.

Now assume thaind (lat) is maximal. Theny| W is negative definite, but the ar-
gument given above clearly still applies, sin0éd, m — 1) ~ O(m — 1,0), and the
only point in the proof was the compactness of¢hen — 1)-orbits. This completes our
proof. [ |

We see that the structure of the proof relies on the compactness of Orbitsof
x under the orthogonal group, which, in turn, comes from the fact that the orthogonal
groupsO are compact. If the metric restricted[tat] were pseudo-Euclidean instead, we
could have non-compact orbits, related to the non-compactness of the groups-t).
In this case we expect the possibility th@t, ; eG4 to arise. An explicit example of
this situation will be given now.

4. Compactification of a Lorentzian Spacetime

The covering spacetime is chosen to e = R?, i.e. ann-dimensional Lorentzian
spacetime with metrig = diag(—1,1,...,1). The latticeu is constructed as follows:
Let (eg, ey, ...,e,_1) denote the canonical basisRf, wheree, is the “time direction”
with 7(ep, eg) = —1. We definee. = L (e;+e,), so the new basis vectogs are both

V2
lightlike. We split the new basis according to

(€1,€_,€2, ... € m,€n mily- -, €n_1). (4.2)

As lattice vectors we choose= (e, e, 11,---,€,-1). Upon compactifying these
dimensions, i.e. taking the quotientBf over the associated grodp,., we obtain an
m-dimensional torug™; the remaining: — m dimensions alondge_,es, ... e, )
remain uncompactified, resulting in a product manifold homeomorph&ta* x 7.

We need to construct the lattice-preserving sets [eG).¢] in order to obtain the
[extended] normalizer from formulae (3.4, 3.4’). We proceed in several steps: In step
one we identify the set of Lorentz transformations on the covering sRaeéich pre-
serve theR-linear span of the lattice vectousthus, we have to identify those generators
of Lorentz transformations which map elements of the lattice basis into linear combina-
tions of these basis vectors. As will be seen below, the set of Lorentz transformations so
obtained will form a Lie subgrou@’; of O(1,n — 1). In step two we impose the further
condition that not only th&®-linear span, but th&-linear span of basis vectors and
hence the true lattice points, shall be preserved. This restricts the Gidupther down
to a set(, which will be seen to contain a product of a discrete group, a Lie group and
a discrete semigroup, which is what we wanted to show.

Let us proceed to step one: We seek the Lorentz transformatiovisch map ele-
ments ofu into real linear combinations of elementswofNow, . contains one lightlike,
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andm — 1 spacelike basis vectors. Assume that the image of e, is given by a lin-

ear combinatioml e, = a e, + Z?:‘;mﬂ b; €. Sincee, is lightlike andA preserves
pseudo-Euclidean lengths we must have 0§t ., b? = 0, henceA e, = a &,
necessarily. As a consequence, all admissibpreserve the one-dimensional lightlike
subvector spack-e, . The task of step one is therefore performed in two substeps: First
we identify the set of Lorentz transformations which preserve this subvector space, and
secondly we impose the further restriction that the real linear span of all basis vectors,
not onlye,, be preserved.

We now identify the set of Lorentz transformations that preserve the one-dimensional
subvector spac® - e .. We do not wish to compute this set in the full Lorentz group but,
for sake of simplicity, focus on the identity componef®,(1,n — 1) of O(1,n — 1)
instead. The end result will still exhibit the semigroup extension under consideration,
and this is what we want to concentrate on.

We thus seek the subset of orthochronous orientation-preserving Lorentz transfor-
mations that preserve the light-like subvector sglces,. Since these matrices are in
the identity component af)(1,n — 1), they will be (products of) exponentials of Lie
algebra elements € so(1,n — 1) which map the subvector spafe- e, into itself,
including annihilation ok,.. We use the following conventions for the matrides; of
a standard basis eb(1,n — 1):

Laﬁ:_Lﬁa , 0<a<pf<n—-1 | (428.)
(Lag)w/ = 7704# 551, — 775# (Sal, s V a, ﬂ . (42b)

The Lie algebra of these matrices, realized by matrix commutators, is
[Lag, Lpo] = —TNap Lﬂg — 1B Lap + Nao Lgp -+ T3p Laa s v Q, ﬁ . (43)

The special Lorentz transformations we seek are generated by those linear combinations
of matrices (4.2) which map the vecter onto a multiple of itself, including annihila-
tion. It is straightforward to find that these generators take the form

n—1

b-Lot+ Y Vo -Ust Y Aag-Lag (4.4a)
a=2 2<a< 3

Ua = LOa - Lla ) (44b)

whereb € R, ¥ = (vg,...,v,_1) € R"?and)\,3 € R,2 < a < <n-—1. The
commutator algebra of the s@ty, U,, L.g) iS given as

[L017 Ua] — _Ua ) (45a)

[L(]la Laﬂ] - O y (45b)

[UOU Uﬁ] = 0 ) (45C)

[LOéﬁ’ Uv] = —TNay Uﬁ + T3~ Uoz ) (45d)
]

[Lag, Lpa = —(Sap ng — (5/&, Lap + 5ag L@p + 5ﬁp Lag . (459)
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We see that the commutator algebra of the generators (4.4) closes, which is to be ex-
pected, since conceptually, the set of Lorentz transformations preserving a one-dimensional
subspace must form a group. The set (4.4) therefore forms a Lie algelwih asso-

ciated Lie group;. The last three relations, (4.5c, 4.5d, 4.5e), express the fact that the
generator§ L.z, U, ), for a5y > 2, span a subalgebra ¢f which is isomorphic to the
Euclidean algebrau(n — 2) in n — 2 dimensions, thé&/,, playing the part of translation
generators. This subalgebra is actually an idedl jras follows from (4.5a, 4.5b). As

a consequence, the Lie subgrdiif» — 2) associated with the generatdis, s, U, ) is

normal inGy; the latter therefore is homomorphic to

Gy ~E(n-2)oR" | (4.6)

where” ®” denotes a semidirect product (accounting for the normality oEtfector),
andR* denotes the group of all real numbérwith addition as group composition and
zero as the neutral element.

In a certain neighbourhood of the identity, the Lorentz transformations generated by
(4.4) may be obtained in the form

A(b,7,C) = S(@) - R(C) - B(b) =

1+ -2 o 1010 coshb sinhd | 0

— % 1—% g .1 01 ] 0 |.]| sinhb coshd 0 :
7 =T | laa 00fC 0 0 | las

4.7)

where® = Y "_1 12, C = C()\ap) denotes elements fO(n — 2), whilst R(C)

indicates rotationg’ embedded i6Oy(1,n — 1), as in the second matrix in (4.7). In
this representation, the parametérs,, s, b serve as normal coordinates of the second
kind [9].

The one-dimensional Lie subgroup represented by matbices B(b) can be ex-
pressed in a different way: To this end we substitute e’ in cosh b andsinh b, with
the result that

2
B(b) = B(lna) = | Tz 2 0 . (4.8)
0 0 | Lo

Sinceln(aa’) = Ina + Ind/, these matrices now represékt, i.e. the group of all
positive numbers with multiplication as group composition aras the unit element.
If the same analysis as before is nhow repeated with respect to the full Lorentz group
O(1,n — 1), not only its connected componefi©, (1,n — 1), we find that the group
R% is extended by another component which comprises the negative numbers; as a
consequence, the matrices (4.8) then represent the group of nonvanishing real numbers
R* with multiplication and unit element as before, accordin@to> a — +B(In|al).

So far we have obtained the Lie subgroup of the (connected component of the)
Lorentz group which preserves the one-dimensional subsRace, spanned by the
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first lattice vector. We now implement the task of substep two of step one and impose
the further condition that the whole real subspace spanned by all lattice vectors be pre-
served. The matrices satisfying this stronger condition comprise a subgroupG;.

We find that the Lie algebr@ of G2 may be generated by the same set of basis elements
that spany,, exceptthat the generators,,;,2 < a <n—mandn—-m+1<i <n-—1,

now must be omitted. The generatorgjefare therefore

Loy (4.9a)
(Lag, Uy|2<a<f<n—m;2<y<n—-—m) |, (4.9b)
(Lij, Uy In—m+1<i<j<n—1Lin—-m+1<k<n-1) . (4.9¢)

The sets (4.9b) and (4.9¢c) span Euclidean algebu&s — m — 1) andeu(m — 1),
respectively; furthermore, both algebras are ideals in the Lie algebas follows from
three facts: 1.) the adjoint action &f;, maps allU,, into —U,, u = 2,...n — 1, see
(4.5a); 2.) the adjoint action dfy;, annihilates allL,,,,2 < p < v < n — 1, see (4.5b);
and 3.) both sets (4.9b) and (4.9c) commute, see (4.5c, 4.5d, 4, 5egrefore contains

a direct sum of two commuting Euclidean algebsag: — m — 1) andeu(m — 1) such
that this direct sum is an ideal in the full algebra, in which the "conformal” dilation
generatorl,, acts nontrivially only on the Euclidean "translation” generatdys The
groupG, is then obtained upon exponentiation of this Lie algebra as

Gy~ [En—-—m-1)®@Em-1)]oR; (4.10)

where the groufR’ is defined in formula (4.8). The first Euclidean grdii —m —1)
acts only on those dimensions which are linearly independent from the lattice dimen-
sions; these dimensions are not involved in the compactification process and give rise,
together with the basis vecter, to theR"~"-factor in the compactified spacetime. On
the other hand, the second Euclidean gr@gp: — 1) acts on the remainingn — 1)
spacelike lattice dimensions spannedeh)y,,1,-..,€e,_1. The notation in eq. (4.10)
indicates that the direct product of these groups is normal in the full gfsumence
the semidirect product witR?.

So far we have identified the group, that preserves thR-linear envelope of the
lattice vectors. We now implement step two and replaceRHisiear span by the origi-
nal Z-linear span, which gives the original lattite. The subgrou~,,; of the Lorentz
group we seek is therefore a proper subgrou@pivhich preserves the lattice points in
the sense of7,; lat C lat. It is clear that in the process of this reduction the second of
the Euclidean group&(m — 1), now must be replaced bydiscretegroup D (which
is calledmaximal point groupn crystallography [11, 12]). It is also clear that the first
Euclidean groug(n — m — 1) remains unchanged, since it is not affected by the re-
placemeniR — Z. Finally, the grougR?, which acts on the lightlike lattice vecter,
according to matrices (4.8), must be replaced by a discrete set of transformations which
we now examine:

The group elementB(Ina), a € R, act one, according to

B(lna)ey =a-e; . (4.11)
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The main point comes now: Since the lattice must be preserved, the valuesust be
restricted to integerd3(In k), k € Z, in order to satisfyB(lnk)e, = k- e, € lat; we
see that this transformation winds the lightlike circle associatedevithtimes around
itself. Although the original seB(In a) was a group, the sét(In k) involving integers
clearly is no longer a group, but onlysem@roup, since the operatioB(In k), & # 1,
has no inverse in this set. This semigroup is isomorphic to th€Nset-) of positive
integers with multiplicative compositiofx, z') — z - 2/, andl as unit. ClearlyB(In k)

is still an invertible element of the original Lorentz gro§@,(1,n — 1); however, it
has no inverse ii@,,;, sinceB(Ink)~' = B(In %) is not lattice-preserving, as it maps
e+H%-e+ ¢ lat, for k > 1.

This analysis can be extended to include the full Lorentz gr@gp,n — 1); in
this case we find, following the line of arguments after eq. (4.8), that the semigroup
(N4, ) is extended to the semigroyfd*, -) of nonzero integers with multiplication as
composition.

In contrast to the semigroup structure that arises in the trandiion— Z*, the
discrete subgroup which acts on the spacelike lattice vectors only is indeed a group, as
follows from theorem [3], since the sub-lattice spanned by the spacelike lattice vectors
satisfies the conditions of this theorem.

The [semi-]group{Gi.:] Gia: then has the structure

Gt ~ [E(n —m — 1) ® D], (4.12a)
Gt ~ [E(n—m —1)® D] ® (Z*,-). (4.12b)

Comparison with (3.4, 3.4’) shows that second line (4.12b) contains the extension of the
"ordinary” normalizerN (I') by a semigrougZ*, -), which is what we wanted to show.

We finish our arguments by giving the expressions for the isometry gFQufyT")
and its semigroup extensierd (M/T"); they can be obtained from formulas (2.4, 3.4,
3.4, 4.12):

H00/D) = | BT | © G .
1) =[BT © [ G )| |

5. Summary

We have shown that the isometry group of identification spaces which arise as a result
of compactifying a certain number of dimensions in a flat pseudo-Euclidean spacetime
R} can admit a semigroup extension, related to the concept of the extended normalizer
of the identification groud” in the group of isometrieg(M) of the covering space

Ry. The possibility of such an extension hinges upon the fact whether the restriction
of the metric on the covering space to tReinear envelope of the lattice vectors is
Euclidean or not. In the first case, the compactness of the restricted isometry group on
the envelope obstructs such an extension. On the other hand, if this restricted metric is
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pseudo-Euclidean, then nontrivial extensions of the isometry group of the identification
space)M /T exist. We have explicitly provided an example of such an extension: In the
case of a Lorentzian spacetime compactified over a lightlike lattice, the extension of
the isometry group of the compactified sp&e™ x T™ is provided by a semigroup
which is isomorphic tqZ*, -), i.e., the set of all nonzero integers with multiplication as
composition, and as unit element.
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