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Abstract

Making use of certain linear operator, we define a new subclass of uniformly con-
vex functions with negative coefficients and obtain coefficient estimates, extreme
points, closure and inclusion theorems and the radii of starlikeness and convex-
ity for the new subclass. Furthermore, results on convolution products and partial
sums are discussed.
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1. Introduction

Let A denote the class of functions of the form
f(z) = Z+Zan2” (1.1)
n=2

which are analytic and univalent in the open dise= {z : z € C |z| < 1}. Also denote
by T the subclass aofi consisting of functions of the form

oo

f(z)=2z— Z a,z", (a, >0) (1.2)

n=2
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Following Gooodman [2, 3], #ning [4, 5] introduced and studied the following sub-
classes

(i) A function f € A is said to be in the clas$,(«, ) uniformly f—starlike functions

if it satisfies the condition

Ve AL

—l<a<landg>D0.
(i) A function f € Ais said to be in the cladsCV («, (3), uniformly 3—convex func-
tions if it satisfies the condition

2f'(2)
f(2)

—1‘, el (1.3)

2f"(2) } 2" (2) L4
Re{1+ 0 ap >0 702 , z €U, (1.4)
and—1 < a<1landg > 0.
Indeed it follows from (1.3) and (1.4) that
feUCV(a,pB) < 2f € Sy(a,3). (1.5)

For functionsf € A given by (1.1) andj(z) € A given byg(z) = 2z + i b, 2", we
n=2
define the Hadamard product (or Convolution)fadndg by

(f*g)(z) =2+ Zanbnz", zeU. (1.6)
n=2
Let ¢(a, ¢; z) be the incomplete beta function defined by

ola,c;z) = z+§: (a)nflz", c#0,-1,-2,... (1.7)

where(),, is the Pochhammer symbol defined interms of the Gamma functions, by

IF'(A+n) 1 n=0
(N = T'(\) :{A(A+1)()\+2)...(>\+n—1), nEN} (1.8)

Further, forf € A

L(a,c)f(z) = ¢(a,c;2) x f(z) = 2z + Z Eg:i anz", (1.9)

whereL(a, c) is called Carlson - Shaffer operator [1] and the operatstands for the
hadamard product (or convolution product) of two power series is given by (1.6).
We notice that

n=2

L(a,a)f(z) = f(2), L(2,1)f(z) = 2f'(2).
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For—1 < a < 1landp > 0, we letS(a, 3) be the subclass oft consisting of
functions of the form (1.1) and satisfying the analytic criterion

AL@AfR) N\ | badf )
Re{ L(a.0f(2) }”3 L@,/ (2)

whereL(a, c) f(z) is given by (1.9). We also |1&'S(«a, 5) = S(«a, 5) N T.

1, zeU (1.10)

By suitably specializing the values ¢f) and(c), the classS(«, 3) can be reduces
to the class studied earlier bysRning [4, 5]. Also choosingr = 0 andg = 1 the class
coincides with the classes studied in [10] and [11] respectively.

The main object of this paper is to study the coefficient bounds, extreme points,
radius of starlikeness and convolution results for functions belong to the generalized
classT'S(«, 3). Furthermore, partial sums (z) of functionsf(z) in the classS(«, )
are considered and sharp lower bounds for the ratios of real p4it:ofto f(z) and
f'(z) to f.(z) are determined.

2. Basic Properties

In this section we obtain a necessary and sufficient condition for funcfionsin the
classesS(a, 5) andT'S(a, 3).

Theorem 2.1. A function f(z) of the form (1.1) is inS(«, () if

> ln1+6) - (a-+ 95

n=2

la,] <1—a, (2.1)

—-1<a<l1, >0

Proof. It suffices to show that

AL S || o [ LaafE) »
| w0 /) 1' Re{ L(a.0f (2 1}“ |
We have
(@) | o [ L)
| a0 1) 1' Re{ L(a,0)f(2) 1}
< (o) Resd -

IA
3
[ﬂ)
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This last expression is bounded above(by- «) if

S (1 +8) — (a +B)] Eg”_i

n=2
and hence the proof is complete. |

la,| <1 —a,

Theorem 2.2. A necessary and sufficient condition fffz) of the form (1.2) to be in
the class'S(a, 8), =1 < a < 1,3 > (s that

[e.e]

> (1 +8) = (a+B)]

n=2

—~

(Z)n,1

(€)n-1

a, <1—a, (2.2)

Proof. In view of Theorem 2.1, we need only to prove the necessityf () <
TS(a, 3) andz is real then

S e Sy e
nzg — Z 6 n=2 _
) Wnst g pn-1 ) Wost g pm-1

Letting z — 1 along the real axis, we obtain the desired inequality

o0

> (14 8) = (a+p)]

n=2

—

a)n—l

(¢)n-1

a, <1l—a, —1<a<l1, >0

Theorem 2.3. Let f(z) defined by (1.2) and(z) defined byg(z) = z — i b,z" be
n=2
in the classl'S(«, 3). Then the functiorh(z) defined by

h(z) = (1=Nf(2) +Ag(z) = 2= > au2",

whereg, = (1 — Na, + Ab,, 0 <\ < lisalsointhe clas®'S(«, ).

Theorem 2.4. (Extreme points) Let

(1 —a)(c)n
[n(1+8) = (o + H)l(a)n

Thenf(z) € TS(«, () if and only if f(z) can be expressed in the form

f(z) = i A fn(2), where), >0 andi An = 1.
n=1

n=1

Z" for n=2,3,4,...(2.3)

fi(z) =z and fu(z) = 2z -
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The proof of the Theorem 2.4, follows on line similar to the proof of the theorem on
extreme points given in Silverman [8].

We prove the following theorem by defininfg(z) (j = 1,2,...m) of the form

o0

fi(z) =2z— Zaw 2" for a,, ; >0, z€ U. (2.4)

n=2

Theorem 2.5. (Closure theorem) Let the functiorfs(z) (j = 1,2,...m) defined by
(2.4) be in the classésS(«;, 5) (j = 1,2,...m) respectively. Then the function(z)

defined by
D L

is in the class’S(«, 3), wherea = 11<n1<n {o;} where—1 < o; < 1.
Sjsm

Proof. Sincef;(z) € T'S(«;, ) (7 = 1,2,3,...m) by applying Theorem 2.2, to (2.4)
we observe that

>ln1+9) - (a+ B (% > )
(Z (1+9) = (a+ B (5" )

1—ozj <1—a

1
m

SIH

>
A5

which in view of Theorem 2.2, again implies that:) € 7'S(«, 5) and so the proof is
complete. [ |

Theorem 2.6. Let f € T'S(«, 3). Then

(i) fis starlike of ordeh(0 < ¢ < 1) in the disc|z| < r; that is,
Re{ ()} > 8, (|2l <r; 0<d < 1), where

f(2)
- (525 My

(i) fisconvexofordes (0 < ¢ < 1)inthe unitdisdz| < r,, thatis Re{l + Zf"(z)} >

f'(2)
J, (|z] <r2;0 <9 < 1), where

_ e [(@a =)+ 5) — (a +5)] =
ro = n§f2 { (€)n-1 n(n—06)(1 - «) }
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Each of these results are sharp for the extremal fungtiefh given by (2.3).

Proof. Givenf € A, andf is starlike of ordep, we have

2f'(2)
f(2)

For the left hand side of (2.5) we have

-1 <1-6. (2.5)

n— Da, |z|"!
4%»_4§Z§ Han

f(2) 1— > ay, |z*1 '

n=2

The last expression is less than- § if

“n—90
Z T_ 5 2"t < 1.

n=2

Using the fact, thaf € T'S(«, §) if and only if

o0

Z n(1+06)— (a+0)] (a)n

n=2

We can say (2.5) is true if

08 s 155) =~ @+ )] @
1-9 1—a ()n-1

Or, equivalently,

et (=00 +8) = (04 )] (@
(n=81=a) (@

which yields the starlikeness of the family.
(ii) Using the fact thatf is convex if and only if: f” is starlike, we can prove (ii), on
lines similar the proof of (i). [ |

3. Modified Hadamard Products

Let the functionsf;(z)(j = 1, 2) be defined by

fi(z)=2z— Zaw 2" for a,, ; >0, z € U. (3.1)

n=2



Linear Operators Associated with a Subclass 119
The modified Hadamard product ¢f(z) and f»(z) is defined by

(f1 = Z_ZanlanZZ

Using the techniques of Schild and Silverman [6], we prove the following results.

Theorem 3.1. For functionsf;(z )(] = ) defined by (3.1), letf1(z) € T'S(«, )
andfa(z) € T'S(0, 5). Then(f, )(Z) TS(v,8) where

1—a)(1=6)(1+5)
2+8-a)2+8-0)E - (1-a)(1-0)

’Y:’Y(a,ﬂ,é) =1- ) (32)

and—1 <6 <1,-1<vy<1;z2eU. Theresultis best possible for
filz) = z2— —————-%2
N R IOk

Proof. In view of Theorem 2.2, it suffice to prove that

i n(l+ ﬁ (v + 8] (@)n-1

An,10n,2 S 17 (_1 <7 S 1)
- (¢)n-1

n=2

where~ is defined by (3.2). On the other hand, under the hypothesis, it follows from
(2.2) and the Cauchy’s-Schwarz inequality that

= [n(1+6) = (@ + AV + ) = (0 + B (a)us
; VI —a)d-0) 0, Vo <1 (33)

Thus we need to find the largessuch that

(n(1+58) — (v + B)] (@)

WE

n=2 l—n (€)n-1 e
— [n(1+8) = (a+A]"?n(1+3) = (0 + B)]"* (a)n
<4 Va9 (o V2

or, equivalently that

1—~ [n(1 4 8) = (a+ B)'Pn(1 + ) = (6 + B)]'/?
Vi1t = JA—a)(1—9) [n(1+5) = (v + B)]
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By view of (3.3) it is sufficient to find largest such that

V(1 —a)(1-9) (C)n1
(1 +8) = (a+ B2 n(1 + 3) — (6 + B)]V2 ()
< 1—7 [n(1+5) = (a+ B)]"Pn(1 + 5) — (5 + B)]/
T V(A =a)(1-9) [n(1+75) = (v + )]
which yields
N (1)1 —)(1 —4)01 £ 5) forn > 9.
(1 +8) — (a+ B)][n(l + B) — 6+ 6)] @22 — (1 - a)(1 -
Since
D) = 1 (n 1)1 —)(1 —4)(1£5) or n > 9.
[n(1+8) = (a+ B)][n(1+3) — (5+ﬁ)]““—(1—a)(1—5) -
3.4

is an increasing function of (n > 2),for -1 < a < 1,-1 < 4§ < landg > 0,
lettingn = 2in (3.4), we have

. (1= a)(1=8)(1+5) |
2+0—al2+ -0 — (1-a)(1-9)

which completes the proof. |

1< e(2) =

Theorem 3.2. Let the functionsf;(z)(j

J 2) defined by (3.1), be in the class
TS(a,B)with —1 < a <1,8>0.Then(f

1,
* fo )( ) € TS(n, 3) where
(1+
a)
)

PN ¢ ey ) N
[2+ﬁ—a]( — (1 —)?
Proof. By takingd = «, in the above theorem, the result follows. |

Theorem 3.3. Let the functionsf(z) defined by (1.2) be in the clagsS(«, 3). Also
letg(z) =z — > b,2" for |b,| < 1. Then(f % g)(z) € T'S(a, ).
n=2

Proof. Since

Sl +8) — (ot O o] < Sl +6) — (a+ B a s,
< Y149 - -+ 91
< (1-a)

it follows that(f = g)(z) € T'S(«, 3), by the view of Theorem 2.2. [

anl
C)nl
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Theorem 3.4. Let the functionsf;(z)(j = 1, 2) defined by (3.1) be in the clag& («, 3).
Then the functiorh(z) defined byh(z) = z— 3 (a | +a;, ,) 2" isinthe clasg'S (¢, ),

n=2

where
2(1 — a)?(1+p)

(2+8—a)¥8 —201-a)?

E=1-

Proof. By virtue of Theorem 2.2, it is sufficient to prove that

Z 1 + ﬁ (5 + ﬁ)] ((I)n—l (03171 + CL?L’Q) <1 (35)

—9) (€)n

wheref;(z) € T'S(«, 3)(j = 1,2) we find from (3.1) and Theorem 2.2, that

n=2

i {[n(l +6) = (a+ B)] (CL)n—l] ’ 02 < °°2 { n(1+8) — (a+ B)] (a)ns n’j}Q

=1 BT ORI AU T RN
(3.6)
which yields
Z % { [n(1 —i—(ﬁl)_—oggl + )] ((Z;:—ll } (ai’l + ai,z) < 1. (3.7)

n=2

On comparing (3.6) and (3.7), it is easily seen that the inequality (3.5) will be satisfied
if

[+ 5) = E+P)] (@ _ 1 { [n(1+5) = (a+B)](a)

(1-¢) (1~ 2 (1—a) (¢)

2
n-l } for n > 2.
n—1

That is, if
2(n —1)(1 —a)*(1+5)
= : 3.8
£ < [n(1+5)_(a+ﬁ)]2%—2(1—a)2 (3.8)
Since
by =1 - — 2n= DU+ p

(14 8) = (a+ B))28=t —2(1 — a)?

is an increasing function of (n > 2). Takingn = 2 in (3.8), we have,

2(1 - a)?(149)
<VY2)=1- )
$< v (248 —a)Y —2(1-a)

which completes the proof. |
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4. Partial Sums

Following the earlier works by Silverman [8] and Silvia [9] on partial sums of analytic
functions. We consider in this section partial sums of functions in the @&%s, 3)
and obtain sharp lower bounds for the ratios of real part(ef to fi(z) and f'(z) to

fi(2).
Theorem 4.1. Let f(z) € T'S(«, 5) be given by (1.1) and define the partial sufp&:)
and fx(z), by

k
filz) =z and fi(z) =2+ Y an2", (k€ N/1) (4.1)

Suppose also that
> dylan| <1, (4.2)
n=2

where

[n(a+ B) — (4 B)] (@)n—1
(1 - Oé) (C)n—l .

d, =

Thenf € T'S(«, 7). Furthermore,

f(z) } 1
Re >1-— zeUkeN 4.3
{fk(z) dpt1 (4.3)
and £(2) ;
z k+1
Re < ™ } > . 4.4
{ f(2) 1+ dip (4.4)
Proof. For the coefficientd,, given by (4.2) it is not difficult to verify that
dpiq > d, > 1. (4.5)
Therefore we have
k 00 00
S lanl +dia D laal <D dalanl <1 (4.6)
n=2 n=k+1 n=2

by using the hypothesis (4.2). By setting

g(z) = dk“{%_<1_d;1>}

o0

dey1 D apz™ !

n=k+1

4.7)
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and applying (4.6), we find that

o0

der1 X2 |an]
91(2)—1 < +n=k+1
N 2-2% |an| —dis1 X2 ag]
n=2 n=k+1
< 1, zeU,

123

(4.8)

which readily yields the assertion (4.3) of Theorem 4.1. In order to see that

Zk+1

) =2+

it

gives sharp result, we observe that foe re™/* that
z — 17. Similarly, if we take

(=) _ 2P
Te(z) — 1+ dit1

f
k

92(2) = (1+dk+1){fk(z) dg11 }

f(2) - 1 + diy1

o)

(T4 dn1) > anz"™
- 1_ n=k+1 n—1

~ a2
1+ >
n=2

and making use of (4.6), we can deduce that

o0

(1 +diy1) > an

92(2)—1‘ < n=k+1
g2(2)+ 1| — k 0
2-2% lag| = (L =dpt1) > an
n=2 n=k+1

which leads us immediately to the assertion (4.4) of Theorem 4.1.

(4.9)

1

—1- dk41

as

(4.10)

(4.11)

The bound in (4.4) is sharp for eaéhe N with the extremal functiorf(z) given

by (4.9). The proof of the Theorem 4.1, is thus complete.

Theorem 4.2. If f(z) of the form (1.1) satisfies the condition (2.1).

SECAFPRES
i {f]/g(z> = diy1

Then

(4.12)
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Proof. By setting

o - el ()

[&.°]

o
di41 n—1 n—1
14 ] > nayz + > nayz
n=k+1 n=2

K
1+ > napzn!

n=2

o
di11 z na.. 21
k+1 n
n=k+1

— 1+ . .
14+ > nap,zn=!

n=2

(4.13)

[e.e]

) .
2-23 nja,| — &2 3 nlay|
n=2 n=k+1

dikq1

—htL nl|a,,
g(z) —1 b n§+1 [an]
9(2) +1

Now

1)

g(z) + 1]~

k )

di+1
Zn|an| + 1 Z nla,| <1 (4.14)

n=2 n=k+1

k
since the left hand side of (4.14) is bounded abovébyl, |a,,| if
n=2

k [e'S)

d
> (do—n)lanl + > dy— - nfag| >0, (4.15)

n=2 n=k+1 k-+>1

and the proof is complete. The result is sharp for the extremal fungtion= = +

Zk+1

. u
Ck+1

Theorem 4.3. If f(z) of the form (1.1) satisfies the condition (2.1) then

fé(Z) dyy1
Re { 7(2) } > Frltd (4.16)
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Proof. By setting

o) = e 1)+ ) {2 - e

di11 oo n—1
) (1 + 31 Zn:kJrl nanz

k n—1
L+ 3oh na

and making use of (4.15), we deduce that

(1+ %) & nlad

9T 2o 57 nlan| — (1+ %5 ) S22y ol
which leads us immediately to the assertion of the Theorem 4.3. [ |
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