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Abstract

In this paper, we study an initial-boundary value problem for the following damped
evolution equation defined in a disk,

ug — alAuy — 20Au; = aA3u — BA* U + Au + yA(u?).

A strong solution is constructed in the form of a series of the small parame-
ter present in the initial conditions in the spac&([0, o), H3(R)). Fors €
(1/2,5/2), the uniqueness of the solution is proved, and the long-time asymp-
totics is obtained in explicit form.
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Keywords: damped evolution equation, initial-boundary value problem, long-time
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1. Introduction

In 1872, Boussinesq [1] derived an equation describing the propagation of small am-
plitude, long waves on the surface of shallow water. This equation possesses special,
travelling-wave solutions called solitary waves discovered by Scott Russell more than
thirty years earlier. Boussinesq’s theory was the first to give a satisfactory, scientific
explanation of the phenomenon of solitary waves. The classical Boussinesq equation is
as follows

Ut = — QUggzy + Ugy + 5(“2)3}3}7 (11)
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whereu(z, t) is the elevation of the free surface of fluid, the subscripts denote partial
derivatives, and the constant coefficientand 5 depend on the depth of fluid and the
characteristic speed of long waves. Equation (1.1) has been studied from various points
of view in references [2, 4, 6, 7].
In [10], Varlamov studied the solution of the following damped Boussinesq equation
in a disk region
wy — 20Au; = —BA%u + Au + yA(u?), (1.2)

whereA = (1/r)9,(rd,) + (1/r*)9. The second term on the left-hand side is respon-
sible for strong internal damping. An initial-boundary value problem for equation (1.2)
in a disk was studied.

In the present paper, we consider an initial-boundary value problem for the following
damped evolution equation

Uy — aluy — 20Au;, = aA3u — BA%u + Au + YA (u?) (1.3)

in a disk, whereA is as defined before. The above equation reduces to (1.2)#o0

anda = 0. The rest of the paper is organized as follows. In section 2, we present the
statement of the problem and some auxiliary results. In section 3, we present and prove
the existence and uniqueness theorem. In section 4, we derive an asymptotic solution
for the problem in question.

2. Some Auxiliary Results

The initial-boundary value problem under investigation is defined in a disk region and
is as follows

Ut — aAutt — 2bAut =
aldu — BA*u + Au + yA(u?), (r,0) € Q,t > 0,

u(r,6,0) = 26(r, 6), uy(r, 6,0) = e2(r, ), (r,0) € Q, (2.1)

u|3Q = Au|dg = A2U|8Q =0,t>0,

where we have used the cylindrical polar coordindte$) and theA is as defined
before; |u(0,0,t)| < +o00 andu(r,6,t) is periodic ind with a period2r; a, b, «, (3,
e are positive constants, andis a constant im?'; ¢(r, ) andw(r,6) are real valued
functions; and? = {(r,0)|r < 1,0 € [-m,7)}.

Let Ly, (£2) be the spacé.((2) with the weightr endowed with the scalar product
(,-)r0 and the corresponding norfn- ||.o. To study system (2.1), we use the series
expansions of eigenfunctions of the Laplace operatét.ifror f(r,0) € L,,(£2), the
expansion is

(fv an)r,[]

0) = Amn mn 767 Am”:—7
F0)= 20 D FnXon (7, 0).  Jrn = o

m=—o0 n=1

(2.2)
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Xon (75 0) = TN )€™ m € Z, n € N, whereJ,,(z) is the Bessel function
of indexm, A, denote the positive zeroes df,(z) arranged in ascending order of
magnitude.

For sufficiently large positive,,,., it follows (see [9]) that

i
/\mn

Cy
)\mn ’

< X (1, 0) 10 = 27| Jon ) |7 <

(2.3)

where|| - ||* denotes the norm of,,.(0,1), C;, are some positive constants. In the
sequel we denote byany generic positive constants independent.of, ¢, r, 6 andt,
but may depending on the coefficients of the equation and the initial data.

For largem , the positive zeros of,,, (z) have the asymptotic expansion (McMahon’s
expansion, see [8] P. 247) as follows

1 1.2
Amn = Hnn + O(M )7 Hmn = (m +2n — 5)%7 (n - +OO)' (2.4)

In the following, we need to use the weighted Sobolev sgat&?) which is different
from H*(Q2) in that the weighted spad®, ,(2) is used instead af,((2), and we will
introduce the norm i ?(2) as follows [10]

IF170= D D Aol founl* Dxmn 2. (2.5)

m=—oo n=1

We will also introduce a Banach spa€&([0, co), HZ(£2)) equipped with the following
norm

n

lullon = sup [[0Fu(®)llr,s. (2.6)

r—q t€[0,00)
We shall also denote by (f(r,#)) the total variation off(r,6) in r € [0, 1], where
f(r,0)is defined ono, 1] x [—m, 7|. We are now ready to present some auxiliary results.

Lemma 2.1. Assume thatf(r, ), (r,0) € (2, satisfies the following conditions:H)
f(T, _ﬂ-) = f(Tv 7T); (H2) ‘/01(\/7_ﬂf(r7 0)) = %,0(‘9) € Ll(_ﬂ-v ﬂ-)’ Tli%l+ \/Ff(rw 0) =
FO,(J(e) € Ll(_ﬂ-a ﬂ-)u (H3) ‘/()1(\/F80f(r7 0)) = %,1(9) S Ll(_ﬂ-77r)7

li%i \/Fagf(r, 9) = F()J(e) S Ll(—ﬂ', 7T>.

Then the following estimate holds fat > 0 andn > 1,

A c
| frn| < m (2.7)

Proof. See p. 291 in [10]. [ |

Lemma 2.2. Suppose thaf(r,0), (r,0) € (2, satisfies the following conditionsH,)
O f(r,—m) = 05 f(r,m), fork=0,1,2;(Hs) 9,f(0,0) = f(1,0) = 0,f(1,0) = 0;



104 Lin Qun, Shaoyong Lai and Yong Hong Wu

Vi (/T2 f(r,0)) = Vao(f) € Li(—m,7), lir£1+ VT2 f(r,0) = Faoo() € Li(—m,7),

(Hs) agf(oa 9) = aragf(()’ 0) = agf(lv 9) = aragf(la 9) =0; ‘/E)l(ﬁafagf(ra 0)) =
Vos3(0) € Ly(—m,m), lir(r)1+ VT2, f(r,0) = Fa3(0) € Ly(—m, ).

Then we have that far, > 0 andn > 1,

Proof. See p. 291 in [10].
Set 1
a = fo T (Amn) Jp(Apgr) Jo(Aist)dr
e 1T N 2
From [10], we have that
>\mn
[Gmnpats] < € [ (2.9)

[A [ Ais
|amnpqls| < \/% < )\_I;q + )\l +m> . (210)
mn s rq

3. Existence and Uniqueness Theorem

Theorem 3.1. Let the positive constants b, «, § and the initial data in system (2.1)
satisfy the following two conditions:

(Hy) a+B8-1>0, aB+a+2/aa(a+f—1) >0, 0<a< %;
(Hs) (r,0) ando(r, 0) satisfy the assumptiofd,) — (H3) and(H,) — (Hg) respec-
tively.

Then there is am, > 0 such that for= € [0, 4], problem (2.1) has a strong solu-
tion in C2([0, 00), H:~4(2)) N CY([0, 00), H:2(2)) N C°([0, 00), H2(2)) with Au €
C2([0, 00), H (%)) N ([0, 00), H3~4(2)) N CO([0, 00), H () A%u, A(u?) €
C°([0,00), Hi=*(2)) A’u € C°([0,00), H;~%(Q)) foranys < 5/2. 1f 1/2 < s < 5/2,
the solution is unique. Moreover, is continuous and bounded i x [0, o), and the
solution can be represented by

u(r,0,t) ZgN“ (r,0,1), (3.1)
where the function™)(r, 0, t) will be defined in the proof (see (3.9) and (3.21)), and the
series converges absolutely and uniformly with respe¢t,té) € Q,t > 0, ¢ € [0, &).

Proof. We divide the proof of the theorem into two parts. Firstly, we prove that there
exists a solution(r, 6, t) to problem (2.1). Then we prove that the solution is unilfue.
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3.1. Existence and Construction of a Solution
For satisfying the boundary conditions, we seek a solution of (2.1) in the following form

u(r, 0,1) Z Zumn (10, i (t) = L Xm)rol8) g o)

[Xmn [0

m=—oo n=1

wheret_ ., (t) = (—=1)™Upmn(t), X—mn = (=1)" Xomm, m > 0, n > 1.
Similarly, we have

0= > bunXma(r,0),  Gn = w (3.3)
m=—oo n=1 ||an||7’,0

= 3 S (1 0), = Xm0 (3
m=—oco n=1 HXTVer,O

(r,0,t) Z Z u2 Vo (&) Xoman (7, 6), (3.5)

m=—oo n=1
where

(U2)mn (t) = Z upqulsamnpqls + 2 Z upqulsamnpqls~
p,1>05q,s>1;m=p+1 p,q,l,s>1;m=p—I

Substituting (15)—(18) into equation (2.1), we obtain the following Cauchy problem
for i, (t), m > 0,n>1,t > 0:

(e D) B0 + @4 P+ 0)im) ) (a
= =2 (12),,,(8), |

U (0) = 52$mn7 Uy (0) = € wmn (3.7)
Settlng(i)mn = 8&mru \ijmn = ngmn and

)\mn\/aa/\grm + (Oé + a’ﬂ)A?rm + ((1 + ﬁ - bz)/\grm + 1
1+aX2,, ’

Umn

and integrating (3.6)-(3.7) with respectitave get

U (1)

bAZ. bAZ, sin(omnt) ] Sin(omnt) &
= cexp (-mt) { |:COS(O'mn ) + 1 T a)\2 T :| q)mn + Tmn \I/mn

R
(14 aX2,)omn

f(f exp {—%(t - 7')] Sin[o,,, (t — T)](lb/?)mn(T)dT.

(3.8)
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To solve the nonlinear integral equation (3.8), we apply the perturbation theory.
Representing.,,,(t) as a formal series i,

() = > N0 (8), (3.9)
N=0

then substituting it into equation (3.8) and then comparing the coefficients of equal
powers ofz, we obtain the following formula fom > 0,n > 1,¢ > 0:

bAZ ¥ in(o,mnt)]
ﬁg’?%(t) = exp <_¢t> { |:COS(Umnt> + T : Sln(g ) q)mn

1+a)?, 1+a)?, Tmn
51 mnt T
+5111(0 )‘Ifmn} |
Umn
(3.10)
BN (1)
YA

Jo expl— 25— (t — )] sinon (t — 7)] Fin (0(7))dr,
(3.11)

1+ a2, omn

whereN > 1 and

Frgmjp (@(t)) — Z Qmnpqls Z 'Usz 1) Uis K

p,l>0;q,8>1;p+l=m

5 =1) A (N=7)
+2 > (mnpqls Z Upg Vg -
p7Q7l7821;p_l m .7_1

(3.12)

Using induction on the numbe¥, we establish the following estimate for > 0,
n>1,N2>0,t>0:

bA3,

N N —2\—5/2 —1
DM ()] < NN+ 1)72N2 2 (m + 1) eXP(—TaA(Q)l

t). (3.13)
According to the assumptiorig/s) of Theorem 1, for sufficiently smadl, inequality

(3.13) holds forV = 0. Suppose that estimate (3.13) holds for@éﬁl(t) with0 < k <
N —1,i.e.

b2
OIS b 1N+ ) e (— 0] @)
01

From [7], it follows thatforl < j < N

ENH1 )2 <22(N+ D)2+ (N+1-75)77.
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Combining (2.4) and (2.10), and applying Fubini-Tonelli's theorem, we obtain

b2
IFN (o) < e NTHN 4+ 1) 2 m+ 1) A exp  —2—% ¢ ). (3.15)
1+ a)g;

Hence it follows

B ()] < e NTHN + 1) m+ 1) TN S (1), (3.16)
where
b2 t b2 b2
mn t) = _¢t mn -2 ol dr.
Srn(t) exp( 1 +a)2, >/o o KHaAﬁm 1+aA%1H T
Sincel < a < Ail;figl ,b>0and\,,, > A\ form =0,n>2o0rm,n > 1, it follows
017'11
b2 bA? 2b)\2

mn > 11 01 ) 317
14+a)2,, — 14+aX, = 14aN\ (317

Hence, we have
Sy () < DXLy t >0,n>1 (3.18)

mn S cex I E—— s m-~=U,n = 1j .
PATTY a3,
bAZ,
Smn(t) < cexp —mt , m=0n>2 or m,n>1. (3.19)
01

Combining (3.16),(3.18) and (3.19), estimate (3.13) holds:fer N. Similarly, com-
bining (3.17),(3.18) and (3.19), we getfor = 0, n > 20orm,n > 1,t > 0,N > 0
that

b2
6D ()] < NN +1)2(m 4+ 1) TN 2exp (—QTS;&Q . (3.20)

To derive the representation (3.1), we use (3.2), (3.9) and (3.10), and then preform in-
terchange of summation in the series, namely:

u(r,0,t) = VM (r0,1), (3.21)
N=0

7“9t ZZ mnan+ZZUmnan

m=1 n=1

Since the series converges absolutely and uniformly’fat) € Q, ¢t > 0, € € [0, o],
(g0 < %), this interchange is allowable. To prove that (3.21) is a solution of equation
(2.1), we must obtain some estimates of the derivatives,oft).



108 Lin Qun, Shaoyong Lai and Yong Hong Wu

Differentiating (3.10) with respect tg we have that fok = 1, 2,
k

oAz ! b2
k A 0) - mn
01 U Z < 1+a)\2 )eXp( 1+a)\$,mt)

=0

b2 sin ot | 2 sin ot »
x@f‘l { {cos Omnt + T :;2 T } D, + \Ifmn} ,

ko YA /t (N)
= — - F
0, mn( ) AT a2 Jom Jo gx(m,n,t — 7)F ) (0(7))dT + Rp(m,n,t),

whereN > 1 and
' bA2 ! bA2 . 7r
gk(m,n,t) = Z Ck (—m) exXp (—mt) Sln |:0-mnt + (k - l)§ s

VA n 5
R1<m7n7t) =0, RQ(m7n>t) = _(1 + a2 )O’ Fr(n]X)(U(t))

From (3.13), it follows that forn > 0,n > 1, N > 0,t > 0andk =0, 1, 2,

b2
o] < OV + ) e (<0 ) @22

According to (3.9), we have that for. > 0,n > 1,¢ > 0, andk = 0, 1, 2,

bA2
|OF Gl (1) < NP5/ exp (— T ;);glt) : (3.23)

Hence, we conclude that the series

[
Z Z /\zranmnHXWTLH'r 0’

m=—oo n=1

converges uniformly for alt > 0if s < 5/2. Thereforeu € C°([0, 00), H:(£2)). From
(3.23) with &£ = 0, the series (3.21) converges absolutely and uniformly with respect
o(r,0) € Q,t > 0, ande € [0,5]. Henceu(r,d,t) is continuous and bounded

in this domain. Applying (3.23), we conclude that Au € C°([0,00), H372(Q2));

g, Aug, A%u, A(u?) € C[0,00), H4(Q)); Ay, Adu € C°([0,00), HS5(2)) with

s <5/2.
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3.2.  Unigueness of the Solution

To prove the uniqueness we assume that there exist two solutiofs 6, t) andu'® (r, 6, t)
to the problem (2.1). By setting(r, 6, t) = u™M (r,0,t) — u®(r,,t), it follows

w(r,0,t) = Z Zwmn (t)Xmn(r,0),

m=—oo n=1

Wherew_mn(t) = (=)™ wmn( yform >0,n > 1.

SinceuV(r, 6, t) andu'®(r, 0, t) are solutions to the problem (2.1), we have that for
m > 0andn > 1

Winn (1)

B 2R N : W () 42
= L+ ax2 Jomm /0 exp { T+ (t— 7'):| sin[opn (t — 7)]Gn (u' (1), 6" (7)) dT,

where

Gmn<u<l><t>,u<2><t>>=( > 2 ) )amnpqzsm;?wzs+ﬂ§?wpq>-

p,1>0;9,>1;m=p+l p,q,l,s>1;m=p—I

Fixing 6 such thatc > § > 0, then combining (2.4),(2.9) and (3.22) and then using
the Cauchy-Schwartz inequality, we have

~A(1) ~
§ almnpqlsuz(gq) Wis

p,1>05g,5>1;m=p+l

146

N k
<o Y gl

k148 12
120,521 (m*l)quS q = A

< C/\71n/3||w\|r,k-

Here the convergence of the triple series takes place for< k. In similar way, we
can get
|Gonl < Atk

It follows that for some positivé’,

1/2
N Y| Amn b

tE[O T] b mn

Hence, we obtain that fare [0, 77,

YP[(1 — exp(= D) = A2 A
[wl]l7), < (sup [Jw],z)? S X 170
’ t€[0,T b Omn

m,n

Since the following inequality holds fdr < 1
A2E X

- mn” mn“ro < C3a
mn

m,n
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we get

[wllre < C(T) sup_[lw]lrx
te[0,7)

whereC(T) = Gt~ exp( iz ) . SinceC'(0) = 0, we can make appropriate choice
of T} such thatC(T}) < 1 Thus we obtain thaiv(r, 6 t) = 0in [0,7]. In similar
way we get thato(r,6,t) = 0 in [T, 27}], [214,3T1], - -, [nTy, (n + 1)T4],--- with
nT; — 400 asn — +oo. Hence we establish the uniqueness of solution fot &ll0
and1/2 < k < 1. Noting the fact that|w(t)||x, » < |Jw(t)||x,.» fOr k1 < ko and all
t > 0, we consequently havd*:(Q) C H* (Q) for t > 0. Therefore, the uniqueness
takes place fot /2 < k < 5/2. This completes the proof of Theorem 1. [

4. Long time Asymptotics

Theorem 3.2. Under the assumptions of Theorem 3.1, the asymptotic expansion can
be expressed as follows

u(r,0,t) = exp ( Ha‘;\g > {[A cos ot + Bsinogit]Jo(Ao1r)

0o (~55))

wheret is sufficiently large and

(4.1)

Aotv/aaXS, + (a+ af)Ae, + (a+ f— 02N, + 1
1+ a)3, ’

001 =

in which the coefficients and B are as defined by (4.2) and (4.3) in the proof below,
and the estimate of the residual term in (4.1) is uniform with respe¢t.®) < (2,
e € [0, ).

Proof. In order to obtain the asymptotic expansion (4.1), we single out the term
Uo1(t) Jo(Ao17) in (15) and estimate the remaining serigsr, t) andQq(r, 0, t).
From (3.9) and (3.10), we have

ﬂ()l Z €N+1U((]JIV , (42)
N=0
A(()?) (t) = ecexp L%l [A© cos(og1t) + B sin(og,t)]
1+ aX3, ’
bA3,

85V (1) = exp [— t] (1AM + RN (1) cos(oort) + [BN + RN (1)) sin(oo1)},

1+ aNd,
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whereN > 1

. € b2, - .
A = ggy, BO = — ( O o1 + ?/101) )

on \1+ a3,
AW = (1++)\3(2)11)001 /000 exp (1 j)_)\ji\%17> sin(amT)FO(fV) (0(7))dr,
R (1) = —% /t " (1 f_/\j)i\%lr) sin(oorr) FC (0(r))dr,
B = _% /0 " exp (1 ?53317) cos(o017) E™N) (6(7))dr,
RSBN)(t) = % /too exp (1 _Z;As)i\%l 7') cos(amT)Féfv) (0(7))dr.

According to (3.15) withn = 0 andn = 1, we obtain that fotV > 1 andt > 0

|R(N) )] < cNexp | — DALy t
ABAT = 1+a)3, )

Hence, it follows

Uo1(t) = exp | — bAG: t) 4 [Acosopt+ Bsinogt]+ O [ exp | — bAG: t
01(l) = €Xp 1+ aX, 01 01 p 1+ a), )
(4.3)

whered = > VAN B = Y NHIBIY) and the series converges absolutely
N=0 N=0
and uniformly with respect te € [0, £¢]. Now, we represent the solution as follows

u(r,0,t) = o1 (t) Jo(Morr) + Q1(r, t) + Qa(r, 0, 1), (4.4)
where -
Q1 (r,t) = ;2 Uon () Jo(AonT),
Q2(r,0,1) = 3= (Gnn(E)Xomn (75 0) + i () Xonn (7, 0)

m,n>1

Applying (3.9) and (3.10), it follows

bAG
14 aN3;

t) | Qa(r,0,1)] < cexp (—2 bAG t) ) (4.5)

)| < -2
Qi) < comp ( s

Combining formulas (4.3)-(4.5), we deduce (4.1). The proof of Theorem 2 is thus com-
plete. |
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