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Abstract

In this paper, we study an initial-boundary value problem for the following damped
evolution equation defined in a disk,

utt − a∆utt − 2b∆ut = α∆3u− β∆2u + ∆u + γ∆(u2).

A strong solution is constructed in the form of a series of the small parame-
ter present in the initial conditions in the spaceC0([0,∞),Hs

r (Ω)). For s ∈
(1/2, 5/2), the uniqueness of the solution is proved, and the long-time asymp-
totics is obtained in explicit form.

AMS subject classification:35K55, 35B40
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1. Introduction

In 1872, Boussinesq [1] derived an equation describing the propagation of small am-
plitude, long waves on the surface of shallow water. This equation possesses special,
travelling-wave solutions called solitary waves discovered by Scott Russell more than
thirty years earlier. Boussinesq’s theory was the first to give a satisfactory, scientific
explanation of the phenomenon of solitary waves. The classical Boussinesq equation is
as follows

utt = −αuxxxx + uxx + β(u2)xx, (1.1)
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whereu(x, t) is the elevation of the free surface of fluid, the subscripts denote partial
derivatives, and the constant coefficientsα andβ depend on the depth of fluid and the
characteristic speed of long waves. Equation (1.1) has been studied from various points
of view in references [2, 4, 6, 7].

In [10], Varlamov studied the solution of the following damped Boussinesq equation
in a disk region

utt − 2b∆ut = −β∆2u + ∆u + γ∆(u2), (1.2)

where∆ = (1/r)∂r(r∂r) + (1/r2)∂2
θ . The second term on the left-hand side is respon-

sible for strong internal damping. An initial-boundary value problem for equation (1.2)
in a disk was studied.

In the present paper, we consider an initial-boundary value problem for the following
damped evolution equation

utt − a∆utt − 2b∆ut = α∆3u− β∆2u + ∆u + γ∆(u2) (1.3)

in a disk, where∆ is as defined before. The above equation reduces to (1.2) fora = 0
andα = 0. The rest of the paper is organized as follows. In section 2, we present the
statement of the problem and some auxiliary results. In section 3, we present and prove
the existence and uniqueness theorem. In section 4, we derive an asymptotic solution
for the problem in question.

2. Some Auxiliary Results

The initial-boundary value problem under investigation is defined in a disk region and
is as follows

utt − a∆utt − 2b∆ut =
α∆3u− β∆2u + ∆u + γ∆(u2), (r, θ) ∈ Ω, t > 0,

u(r, θ, 0) = ε2φ(r, θ), ut(r, θ, 0) = ε2ψ(r, θ), (r, θ) ∈ Ω,

u|∂Ω = ∆u|∂Ω = ∆2u|∂Ω = 0, t > 0,

(2.1)

where we have used the cylindrical polar coordinates(r, θ) and the∆ is as defined
before; |u(0, θ, t)| < +∞ andu(r, θ, t) is periodic inθ with a period2π; a, b, α, β,
ε are positive constants, andγ is a constant inR1; φ(r, θ) andψ(r, θ) are real valued
functions; andΩ = {(r, θ)|r < 1, θ ∈ [−π, π)}.

Let L2,r(Ω) be the spaceL2(Ω) with the weightr endowed with the scalar product
(·, ·)r,0 and the corresponding norm‖ · ‖r,0. To study system (2.1), we use the series
expansions of eigenfunctions of the Laplace operator inΩ. For f(r, θ) ∈ L2,r(Ω), the
expansion is

f(r, θ) =
∞∑

m=−∞

∞∑
n=1

f̂mnχmn(r, θ), f̂mn =
(f, χmn)r,0

‖χmn(r, θ)‖2
r,0

, (2.2)
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χmn(r, θ) = Jm(λmnr)eimθ, m ∈ Z, n ∈ N, whereJm(z) is the Bessel function
of index m, λmn denote the positive zeroes ofJm(z) arranged in ascending order of
magnitude.

For sufficiently large positiveλmn, it follows (see [9]) that

C1

λmn

≤ ‖χmn(r, θ)‖2
r,0 = 2π‖Jm(λmnr)‖2

r ≤
C2

λmn

, (2.3)

where‖ · ‖2
r denotes the norm ofL2,r(0, 1), C1,2 are some positive constants. In the

sequel we denote byc any generic positive constants independent ofm, n, ε, r, θ andt,
but may depending on the coefficients of the equation and the initial data.

For largem , the positive zeros ofJm(z) have the asymptotic expansion (McMahon’s
expansion, see [8] P. 247) as follows

λmn = µmn + O(
1

µmn

), µmn = (m + 2n− 1

2
)
2

π
, (n → +∞). (2.4)

In the following, we need to use the weighted Sobolev spaceHs
r (Ω) which is different

from Hs(Ω) in that the weighted spaceL2,r(Ω) is used instead ofL2(Ω), and we will
introduce the norm inHs

r (Ω) as follows [10]

‖f‖2
r,s =

∞∑
m=−∞

∞∑
n=1

λ2s
mn|f̂mn|2‖χmn‖2

r,0. (2.5)

We will also introduce a Banach spaceCn([0,∞), Hs
r (Ω)) equipped with the following

norm

‖u‖Cn =
n∑

k=0

sup
t∈[0,∞)

‖∂k
t u(t)‖r,s. (2.6)

We shall also denote byV 1
0 (f(r, θ)) the total variation off(r, θ) in r ∈ [0, 1], where

f(r, θ) is defined on[0, 1]×[−π, π]. We are now ready to present some auxiliary results.

Lemma 2.1. Assume thatf(r, θ), (r, θ) ∈ Ω, satisfies the following conditions: (H1)
f(r,−π) = f(r, π); (H2) V 1

0 (
√

rf(r, θ)) = V0,0(θ) ∈ L1(−π, π), lim
r→0+

√
rf(r, θ) =

F0,0(θ) ∈ L1(−π, π); (H3) V 1
0 (
√

r∂θf(r, θ)) = V0,1(θ) ∈ L1(−π, π),
lim

r→0+

√
r∂θf(r, θ) = F0,1(θ) ∈ L1(−π, π).

Then the following estimate holds form ≥ 0 andn ≥ 1,

|f̂mn| ≤ c

λ
1/2
mn(m + 1)

. (2.7)

Proof. See p. 291 in [10]. ¥

Lemma 2.2. Suppose thatf(r, θ), (r, θ) ∈ Ω, satisfies the following conditions: (H4)
∂k

θ f(r,−π) = ∂k
θ f(r, π), for k = 0, 1, 2; (H5) ∂rf(0, θ) = f(1, θ) = ∂rf(1, θ) = 0;
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V 1
0 (
√

r∂2
rf(r, θ)) = V2,0(θ) ∈ L1(−π, π), lim

r→0+

√
r∂2

rf(r, θ) = F2,0(θ) ∈ L1(−π, π),

(H6) ∂3
θf(0, θ) = ∂r∂

3
θf(0, θ) = ∂3

θf(1, θ) = ∂r∂
3
θf(1, θ) = 0; V 1

0 (
√

r∂2
r∂

3
θf(r, θ)) =

V2,3(θ) ∈ L1(−π, π), lim
r→0+

√
r∂2

r∂
3
θf(r, θ) = F2,3(θ) ∈ L1(−π, π).

Then we have that form ≥ 0 andn ≥ 1,

|f̂mn| ≤ c

λ
5/2
mn(m + 1)

. (2.8)

Proof. See p. 291 in [10].
Set

amnpqls =

∫ 1

0
rJm(λmnr)Jp(λpqr)Jl(λlsr)dr

‖Jm(λmnr)‖2
r

.

From [10], we have that

|amnpqls| ≤ c

√
λmn

λpqλls

, (2.9)

|amnpqls| ≤ c√
λmn

(√
λpq

λls

+

√
λls

λpq

+ m

)
. (2.10)

3. Existence and Uniqueness Theorem

Theorem 3.1. Let the positive constantsa, b, α, β and the initial data in system (2.1)
satisfy the following two conditions:
(H7) a + β − b2 ≥ 0, aβ + α + 2

√
aα(a + β − b2) > 0, 0 < a <

λ2
11−2λ2

01

λ2
01λ2

11
;

(H8) ψ(r, θ) andφ(r, θ) satisfy the assumptions(H1)− (H3) and(H4)− (H6) respec-
tively.

Then there is anε0 > 0 such that forε ∈ [0, ε0], problem (2.1) has a strong solu-
tion in C2([0,∞), Hs−4

r (Ω)) ∩ C1([0,∞), Hs−2
r (Ω)) ∩ C0([0,∞), Hs

r (Ω)) with ∆u ∈
C2([0,∞), Hs−6

r (Ω)) ∩ C1([0,∞), Hs−4
r (Ω)) ∩ C0([0,∞), Hs−2

r (Ω)) ∆2u, ∆(u2) ∈
C0([0,∞), Hs−4

r (Ω)) ∆3u ∈ C0([0,∞), Hs−6
r (Ω)) for anys < 5/2. If 1/2 < s < 5/2,

the solution is unique. Moreover,u is continuous and bounded inΩ × [0,∞), and the
solution can be represented by

u(r, θ, t) =
∞∑

N=0

εN+1u(N)(r, θ, t), (3.1)

where the functionu(N)(r, θ, t) will be defined in the proof (see (3.9) and (3.21)), and the
series converges absolutely and uniformly with respect to(r, θ) ∈ Ω, t ≥ 0, ε ∈ [0, ε0].

Proof. We divide the proof of the theorem into two parts. Firstly, we prove that there
exists a solutionu(r, θ, t) to problem (2.1). Then we prove that the solution is unique.¥
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3.1. Existence and Construction of a Solution

For satisfying the boundary conditions, we seek a solution of (2.1) in the following form

u(r, θ, t) =
∞∑

m=−∞

∞∑
n=1

ûmn(t)χmn(r, θ), ûmn(t) =
(u, χmn)r,0(t)

‖χmn‖2
r,0

, (3.2)

whereû−mn(t) = (−1)mûmn(t), χ−mn = (−1)mχmn, m ≥ 0, n ≥ 1.
Similarly, we have

φ(r, θ) =
∞∑

m=−∞

∞∑
n=1

φ̂mnχmn(r, θ), φ̂mn =
(φ, χmn)r,0

‖χmn‖2
r,0

(3.3)

ψ(r, θ) =
∞∑

m=−∞

∞∑
n=1

ψ̂mnχmn(r, θ), ψ̂mn =
(ψ, χmn)r,0

‖χmn‖2
r,0

, (3.4)

u2(r, θ, t) =
∞∑

m=−∞

∞∑
n=1

(̂u2)mn(t)χmn(r, θ), (3.5)

where
(̂u2)mn(t) =

∑
p,l≥0;q,s≥1;m=p+l

ûpqûlsamnpqls + 2
∑

p,q,l,s≥1;m=p−l

ûpqûlsamnpqls.

Substituting (15)–(18) into equation (2.1), we obtain the following Cauchy problem
for ûmn(t), m ≥ 0, n ≥ 1, t ≥ 0:

(
(aλ2

mn + 1)û′′mn(t) + 2bλ2
mnû′mn(t) + (αλ6

mn + βλ4
mn + λ2

mn)ûmn(t)

= −γλ2
mn(̂u2)mn(t),

)
(3.6)

ûmn(0) = ε2φ̂mn, û′mn(0) = ε2ψ̂mn. (3.7)

SettingΦ̂mn = εφ̂mn, Ψ̂mn = εψ̂mn and

σmn =
λmn

√
aαλ6

mn + (α + aβ)λ4
mn + (a + β − b2)λ2

mn + 1

1 + aλ2
mn

,

and integrating (3.6)-(3.7) with respect tot, we get



ûmn(t)

= ε exp

(
− bλ2

mn

1 + aλ2
mn

t

){[
cos(σmnt) +

bλ2
mn

1 + aλ2
mn

· sin(σmnt)

σmn

]
Φ̂mn + sin(σmnt)

σmn
Ψ̂mn

}

− γλ2
mn

(1 + aλ2
mn)σmn

∫ t

0
exp

[
− bλ2

mn

1 + aλ2
mn

(t− τ)

]
sin[σmn(t− τ)](̂u2)mn(τ)dτ.




(3.8)



106 Lin Qun, Shaoyong Lai and Yong Hong Wu

To solve the nonlinear integral equation (3.8), we apply the perturbation theory.
Representinĝumn(t) as a formal series inε,

ûmn(t) =
∞∑

N=0

εN+1v̂(N)
mn (t), (3.9)

then substituting it into equation (3.8) and then comparing the coefficients of equal
powers ofε, we obtain the following formula form ≥ 0, n ≥ 1, t > 0:




v̂
(0)
mn(t) = exp

(
− bλ2

mn

1 + aλ2
mn

t

){[
cos(σmnt) +

bλ2
mn

1 + aλ2
mn

· sin(σmnt)

σmn

]
Φ̂mn

+
sin(σmnt)

σmn

Ψ̂mn

}
,




(3.10)


v̂
(N)
mn (t)

= − γλ2
mn

(1 + aλ2
mn)σmn

∫ t

0
exp[− bλ2

mn

1+aλ2
mn

(t− τ)] sin[σmn(t− τ)]F
(N)
mn (v̂(τ))dτ,




(3.11)

whereN ≥ 1 and




F
(N)
mn (v̂(t)) =

∑
p,l≥0;q,s≥1;p+l=m

amnpqls

N∑
j=1

v̂
(j−1)
pq v̂

(N−j)
ls

+ 2
∑

p,q,l,s≥1;p−l=m

amnpqls

N∑
j=1

v̂
(j−1)
pq v̂

(N−j)
ls .


 (3.12)

Using induction on the numberN , we establish the following estimate form ≥ 0,
n ≥ 1, N ≥ 0, t ≥ 0:

|v̂(N)
mn (t)| ≤ cN(N + 1)−2λ−5/2

mn (m + 1)−1 exp(− bλ2
01

1 + aλ2
01

t). (3.13)

According to the assumptions(H8) of Theorem 1, for sufficiently smallε, inequality
(3.13) holds forN = 0. Suppose that estimate (3.13) holds for allv̂

(k)
mn(t) with 0 ≤ k ≤

N − 1, i.e.

|v̂(k)
mn(t)| ≤ ck(k + 1)−2λ−5/2

mn (m + 1)−1 exp

(
− bλ2

01

1 + aλ2
01

t

)
. (3.14)

From [7], it follows that for1 ≤ j ≤ N

j−2(N + 1− j)−2 ≤ 22(N + 1)−2[j−2 + (N + 1− j)−2].
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Combining (2.4) and (2.10), and applying Fubini-Tonelli’s theorem, we obtain

|F (N)
mn (v̂(t))| ≤ c · cN−1(N + 1)−2(m + 1)−1λ−1/2

mn exp

(
−2

bλ2
01

1 + aλ2
01

t

)
. (3.15)

Hence it follows

|v̂(N))
mn (t)| ≤ c · cN−1(N + 1)−2(m + 1)−1λ−5/2

mn Smn(t), (3.16)

where

Smn(t) = exp

(
− bλ2

mn

1 + aλ2
mn

t

) ∫ t

0

exp

[(
bλ2

mn

1 + aλ2
mn

− 2
bλ2

01

1 + aλ2
01

)
τ

]
dτ.

Since0 < a <
λ2
11−2λ2

01

λ2
01λ2

11
, b > 0 andλmn > λ11 for m = 0, n ≥ 2 or m,n ≥ 1, it follows

bλ2
mn

1 + aλ2
mn

≥ bλ2
11

1 + aλ2
11

>
2bλ2

01

1 + aλ2
01

. (3.17)

Hence, we have

Smn(t) ≤ c exp

(
− bλ2

01

1 + aλ2
01

t

)
, m ≥ 0, n ≥ 1; (3.18)

Smn(t) ≤ c exp

(
− bλ2

01

1 + aλ2
01

t

)
, m = 0, n ≥ 2 or m, n ≥ 1. (3.19)

Combining (3.16),(3.18) and (3.19), estimate (3.13) holds fork = N . Similarly, com-
bining (3.17),(3.18) and (3.19), we get form = 0, n ≥ 2 or m,n ≥ 1, t ≥ 0, N ≥ 0
that

|v̂(N))
mn (t)| ≤ cN(N + 1)−2(m + 1)−1λ−5/2

mn exp

(
−2

bλ2
01

1 + aλ2
01

t

)
. (3.20)

To derive the representation (3.1), we use (3.2), (3.9) and (3.10), and then preform in-
terchange of summation in the series, namely:

u(r, θ, t) =
∞∑

N=0

εN+1u(N)(r, θ, t), (3.21)

u(N)(r, θ, t) =
∞∑

m=0

∞∑
n=1

v̂(N)
mn χmn +

∞∑
m=1

∞∑
n=1

v̂
(N)
mn χmn.

Since the series converges absolutely and uniformly for(r, θ) ∈ Ω, t ≥ 0, ε ∈ [0, ε0],
(ε0 < 1

c
), this interchange is allowable. To prove that (3.21) is a solution of equation

(2.1), we must obtain some estimates of the derivatives ofûmn(t).
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Differentiating (3.10) with respect tot, we have that fork = 1, 2,

∂k
t v̂(0)

mn(t) =
k∑

l=0

C l
k

(
− bλ2

mn

1 + aλ2
mn

)l

exp

(
− bλ2

mn

1 + aλ2
mn

t

)

×∂k−l
t

{[
cos σmnt +

bλ2
mn

1 + aλ2
mn

· sin σmnt

σmn

]
Φ̂mn +

sin σmnt

σmn

Ψ̂mn

}
,

∂k
t v̂(N)

mn (t) = − γλ2
mn

(1 + aλ2
mn)σmn

∫ t

0

gk(m,n, t− τ)F (N)
mn (v̂(τ))dτ + Rk(m,n, t),

whereN ≥ 1 and

gk(m,n, t) =
k∑

l=0

C l
k

(
− bλ2

mn

1 + aλ2
mn

)l

exp

(
− bλ2

mn

1 + aλ2
mn

t

)
σk−l

mn sin
[
σmnt + (k − l)

π

2

]
,

R1(m,n, t) = 0, R2(m,n, t) = − γλ2
mn

(1 + aλ2
mn)σmn

F (N)
mn (v̂(t)).

From (3.13), it follows that form ≥ 0, n ≥ 1, N ≥ 0, t ≥ 0 andk = 0, 1, 2,

|∂k
t v̂(N)

mn (t)| ≤ cN(N + 1)−2λ2k−5/2
mn exp

(
− bλ2

01

1 + aλ2
01

)
. (3.22)

According to (3.9), we have that form ≥ 0, n ≥ 1, t ≥ 0, andk = 0, 1, 2,

|∂k
t ûmn(t)| ≤ cλ2k−5/2

mn exp

(
− bλ2

01

1 + aλ2
01

t

)
. (3.23)

Hence, we conclude that the series

∞∑
m=−∞

∞∑
n=1

λ2s
mnû

2
mn‖χmn‖2

r,0,

converges uniformly for allt ≥ 0 if s < 5/2. Thereforeu ∈ C0([0,∞), Hs
r (Ω)). From

(3.23) withk = 0, the series (3.21) converges absolutely and uniformly with respect
to (r, θ) ∈ Ω, t ≥ 0, andε ∈ [0, ε0]. Henceu(r, θ, t) is continuous and bounded
in this domain. Applying (3.23), we conclude thatut, ∆u ∈ C0([0,∞), Hs−2

r (Ω));
utt, ∆ut, ∆

2u, ∆(u2) ∈ C0([0,∞), Hs−4
r (Ω)); ∆utt, ∆

3u ∈ C0([0,∞), Hs−6
r (Ω)) with

s < 5/2.
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3.2. Uniqueness of the Solution

To prove the uniqueness we assume that there exist two solutionsu(1)(r, θ, t) andu(2)(r, θ, t)
to the problem (2.1). By settingw(r, θ, t) = u(1)(r, θ, t)− u(2)(r, θ, t), it follows

w(r, θ, t) =
∞∑

m=−∞

∞∑
n=1

ŵmn(t)χmn(r, θ),

whereŵ−mn(t) = (−1)mŵmn(t) for m ≥ 0, n ≥ 1.
Sinceu(1)(r, θ, t) andu(2)(r, θ, t) are solutions to the problem (2.1), we have that for

m ≥ 0 andn ≥ 1
ŵmn(t)

=
−γλ2

mn

(1 + aλ2
mn)σmn

∫ t

0

exp
[
− bλ2

mn

1 + aλ2
mn

(t− τ)
]

sin[σmn(t− τ)]Gmn(u(1)(τ), u(2)(τ))dτ,

where

Gmn(u(1)(t), u(2)(t)) =


 ∑

p,l≥0;q,s≥1;m=p+l

+2
∑

p,q,l,s≥1;m=p−l


 amnpqls(û(1)

pq ŵls + û
(2)
ls ŵpq).

Fixing δ such thatk > δ > 0, then combining (2.4),(2.9) and (3.22) and then using
the Cauchy-Schwartz inequality, we have

∣∣∣∣∣
∑

p,l≥0;q,s≥1;m=p+l

amnpqlsû
(1)
pq ŵls

∣∣∣∣∣ ≤ cλ1/2
mn

∑

l≥0;q,s≥1

q
1+δ
2

λ3
(m−l)qλ

k
ls

· |ŵls|λk
ls

q
1+δ
2 λ

1/2
ls

≤ cλ1/2
mn‖w‖r,k.

Here the convergence of the triple series takes place for1/2 < k. In similar way, we
can get

|Gmn| ≤ cλ1/2
mn‖w‖r,k.

It follows that for some positiveT ,

|ŵmn(t)| ≤ sup
t∈[0,T ]

‖w‖r,k
|γ|λ1/2

mn

bσmn

[
1− exp

(
− b

1 + a
T

)]
, t ∈ [0, T ].

Hence, we obtain that fort ∈ [0, T ],

‖w‖2
r,k ≤ ( sup

t∈[0,T ]

‖w‖r,k)
2
|γ|2[(1− exp(− b

1+a
T )]2

b2

∑
m,n

λ2k
mnλmn

σ2
mn

‖χmn‖2
r,0.

Since the following inequality holds fork < 1

∑
m,n

λ2k
mnλmn

σ2
mn

‖χmn‖2
r,0 ≤ C3,
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we get
‖w‖r,k ≤ C(T ) sup

t∈[0,T ]

‖w‖r,k

whereC(T ) =
C

1/2
3 |γ|[1−exp(− b

1+a
T )]

b
. SinceC(0) = 0, we can make appropriate choice

of T1 such thatC(T1) < 1. Thus we obtain thatw(r, θ, t) = 0 in [0, T1]. In similar
way we get thatw(r, θ, t) = 0 in [T1, 2T1], [2T1, 3T1],· · · ,[nT1, (n + 1)T1],· · · with
nT1 → +∞ asn → +∞. Hence we establish the uniqueness of solution for allt ≥ 0
and1/2 < k < 1. Noting the fact that‖w(t)‖k1,r ≤ ‖w(t)‖k2,r for k1 ≤ k2 and all
t ≥ 0, we consequently haveHk2

r (Ω) ⊆ Hk1
r (Ω) for t ≥ 0. Therefore, the uniqueness

takes place for1/2 < k < 5/2. This completes the proof of Theorem 1. ¥

4. Long time Asymptotics

Theorem 3.2. Under the assumptions of Theorem 3.1, the asymptotic expansion can
be expressed as follows




u(r, θ, t) = exp
(
− bλ2

01

1+aλ2
01

t
)
{[A cos σ01t + B sin σ01t]J0(λ01r)

+O
(
exp

(
− bλ2

01

1+aλ2
01

t
))}

,


 (4.1)

wheret is sufficiently large and

σ01 =
λ01

√
aαλ6

01 + (α + aβ)λ4
01 + (a + β − b2)λ2

01 + 1

1 + aλ2
01

,

in which the coefficientsA andB are as defined by (4.2) and (4.3) in the proof below,
and the estimate of the residual term in (4.1) is uniform with respect to(r, θ) ∈ Ω,
ε ∈ [0, ε0].

Proof. In order to obtain the asymptotic expansion (4.1), we single out the term
û01(t)J0(λ01r) in (15) and estimate the remaining seriesQ1(r, t) andQ2(r, θ, t).

From (3.9) and (3.10), we have

û01(t) =
∞∑

N=0

εN+1v̂
(N)
01 (t), (4.2)

v̂
(0)
01 (t) = ε exp

(
− bλ2

01

1 + aλ2
01

t

)
[A(0) cos(σ01t) + B(0) sin(σ01t)],

v̂
(N)
01 (t) = exp

[
− bλ2

01

1 + aλ2
01

t

]
{[A(N) + R

(N)
A (t)] cos(σ01t) + [B(N) + R

(N)
B (t)] sin(σ01t)},
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whereN ≥ 1

A(0) = εφ̂01, B(0) =
ε

σ01

(
bλ2

01

1 + aλ2
01

φ̂01 + ψ̂01

)
,

A(N) =
γλ2

01

(1 + aλ2
01)σ01

∫ ∞

0

exp

(
bλ2

01

1 + aλ2
01

τ

)
sin(σ01τ)F

(N)
01 (v̂(τ))dτ,

R
(N)
A (t) = − γλ2

01

(1 + aλ2
01)σ01

∫ ∞

t

exp

(
bλ2

01

1 + aλ2
01

τ

)
sin(σ01τ)F

(N)
01 (v̂(τ))dτ,

B(N) = − γλ2
01

(1 + aλ2
01)σ01

∫ ∞

0

exp

(
bλ2

01

1 + aλ2
01

τ

)
cos(σ01τ)F

(N)
01 (v̂(τ))dτ,

R
(N)
B (t) =

γλ2
01

(1 + aλ2
01)σ01

∫ ∞

t

exp

(
bλ2

01

1 + aλ2
01

τ

)
cos(σ01τ)F

(N)
01 (v̂(τ))dτ.

According to (3.15) withm = 0 andn = 1, we obtain that forN ≥ 1 andt > 0

|R(N)
A,B(t)| ≤ cN exp

(
− bλ2

01

1 + aλ2
01

t

)
.

Hence, it follows

û01(t) = exp

(
− bλ2

01

1 + aλ2
01

t

){
[A cos σ01t + B sin σ01t] + O

(
exp

(
− bλ2

01

1 + aλ2
01

t

))}
,

(4.3)

whereA =
∞∑

N=0

εN+1A(N), B =
∞∑

N=0

εN+1B(N) and the series converges absolutely

and uniformly with respect toε ∈ [0, ε0]. Now, we represent the solution as follows

u(r, θ, t) = û01(t)J0(λ01r) + Q1(r, t) + Q2(r, θ, t), (4.4)

where

Q1(r, t) =
∞∑

n=2

u0n(t)J0(λ0nr),

Q2(r, θ, t) =
∑

m,n≥1

(ûmn(t)χmn(r, θ) + ûmn(t)χmn(r, θ)

Applying (3.9) and (3.10), it follows

|Q1(r, t)| ≤ c exp

(
−2

bλ2
01

1 + aλ2
01

t

)
, |Q2(r, θ, t)| ≤ c exp

(
−2

bλ2
01

1 + aλ2
01

t

)
. (4.5)

Combining formulas (4.3)-(4.5), we deduce (4.1). The proof of Theorem 2 is thus com-
plete. ¥
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