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1. Background

Here we follow [6].
Let f be an arbitrary convex function from (0,+o0) into R which is strictly
convex at 1. We agree with the following notational conventions:

f(0) = lim f(u),

u—0+

o1 (2) <o 0

Of<g>: lim 5f<a>:a lim ﬂ, (0 <a < +00).

e—04+ g u—+o0o U
Let (X, A, \) be an arbitrary measure space with A being a finite or o-finite mea-
sure. Let also p1, po probability measures on X such that i, uas < A (absolutely

continuous).
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Denote the Radon—Nikodym derivatives (densities) of p; with respect to A by

pi(x):

Definition 1 (see [6]). The quantity

Lp(p1, p2) = /sz(x)f (i;gg) A(dz) (2)

is called the f-divergence of the probability measures p; and po. The function f
is called the base function. By Lemma 1.1 of [6] I'¢(u1, p2) is always well-defined
and T'f(p1, p2) > f(1) with equality only for i = po. Also from [6] it derives that
I'¢(p1, p2) does not depend on the choice of A\. When assuming f(1) = 0 then I'f
can be considered as the most general measure of difference between probability
measures.

The Csiszar’s f-divergence I'y incorporated most of special cases of probabil-
ity measure distances, e.g. the variation distance, y?-divergence, information for
discrimination or generalized entropy, information gain, mutual information, mean
square contingency, etc. I'y has tremendous applications to almost all applied sci-
ences where stochastics enters. For more see [1]-[8].

In this note all the base functions f appearing in the function I'; are assumed
to have all the above properties of f. Notice that I'y(pu1, p2) < F|f|(,u1,u2). For

arbitrary functions f, g we notice that
frog=(fog)", r€R and [fog|=]flog.
Clearly one can have widely products of (strictly) convex functions to be (strictly)

convex.

2. Results

We start with

Theorem 1. Let p,q > 1 such that % + % =1. Then

Lif ol (11, p2) < (F|f1lp(/~‘17HQ))l/p(PIfQH(vaNQ))l/q- (3)
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Equality in (3) is true when |f1|P = c|f2]? for ¢ > 0. More precisely, inequality (3)
holds as equality iff there are a,b € R not both zero such that

pr- ((alfllp b fal?) (i;)) —0, ae [,

Proof. Here we use the Holder’s inequality. We observe that

L pol (1, p2) = /p2|f1|< ) |f2!< )
= [ (a1 () (10l (2)) |
(/ pal il (p )d”\) " (/szlf2!q (Z;) dA) &

= (Lypyp (b5 p2)) e (F|f2|q(,u1,ﬂ2))1/q. O
Corollary 1. It holds
Lip o) (1, p2) < (T g2 (n,s Mz))l/Q(ngz(ul,ug))lm. (4)

Proof. By (3) setting p = ¢ = 2. 0
We continue with a generalization of Theorem 1.
n
Theorem 2. Let ay,as,...,a, > 1, n € N: > ai =1. Then
i=1 "

n

T o) < TT(T s (g, )% 5
‘Hfi’(ul 112) g( e (1, 112)) (5)

i=1

Proof. Here we use the generalized Holder’s inequality, see p. 186, [11] and p. 200,

[10]. We see that
1 () jon= [T () ) o

n _ 1/a; n 1as
-1:[1 (/mei‘“ (i;)d)‘) =TT (Types G me)) ™ O

=1

Lo (1, p2) /p2
1T £l

i=1

IN

It follows the counterpart of Theorem 1.

Theorem 3. Let 0 < p <1 and q < 0 such that % + % = 1. We assume that ps > 0

a.e. [A]. Then we have

Tigy ol (s 12) = (g (s 12)) V2T gy o (o, r) 2 (6)



12 George A. Anastassiou

unless U'|,ja(p1, p2) = 0. Inequality (6) holds as an equality iff there exist A, B € Ry
(A+ B #0) such that
f2 (}?1)
p2

()0

Proof. It is based on Holder’s inequality for 0 < p < 1, see p. 191 of [10]. Indeed

o= o (2 (2o
L) ()
([ (2)o)” (L))

= (Do (1, 12)) P (T gy (e, ) 2. O

1/p—1
Apé/p ) ,a.e. [\

we have

Next we have

Proposition 1. Let fg( *) € Loo(X). Then

Dy py ot (s p2) < Ty (s p2) - (eSSSUP | f2] (g;)) : (7)

Proof. We notice that

ppCanspe) = [ ool 2 (2 )ix = [ (mall(2)) 1£al(22 )ax
(i (2)0) e (525

by (5 (2)). :

In the following we need from [9], p. 120, see also [12]

Theorem 4. Let f and g be positive, measurable functions on X for a measure
space (X, F,p). Let 0 <t <r <m < oo. Then it holds:

(i) The Rogers inequality

(/ng’”du>m_té(/xfgtdu)m_r (/ngmdu)r_t (8)

provided that the integrals on the right are finite.
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(ii) For m > 1, the “historical Hélder’s inequality”

(foroan)” < (fran)™ (fpsom o) )

provided that the integrals on the right are finite.
Using the last results we present our final result.

Theorem 5. Let fi, fo with |fi|, |f2] > 0 and p2(x) > 0 a.e. [A]. Let 0 <t <r <

m < o0o. Then it holds
i)
(L ol (s p2)™ ™0 < (O (s 2)) ™ (g o (s p2)" (10)
ii) For m > 1,

(T po) 1ol (s 102))™ < (D (e p2) ™ T g e (12 p12).- (11)

Proof. i) By applying (8) we get

b2

GG
(s (2)0)”

= (Cyap 1l (s p2))™ " (T e (1, p2))"

ii) By applying (9) we obtain

g nona)™ = [ pall (2 )1521(2 ) 2"
< (il G)o) ™ (fmtnl G )i () )

—1
= (T, (s 2)™ 7 Ty o (015 p12)- O

Note. Let X be a finite or countable discrete set, A be its power set P(X) and A has
mass 1 for each € X, then I'f in (2) becomes a finite or infinite sum, respectively.
As a result all the above presented integral inequalities are discretized and become

summation inequalities.
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