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Abstract

We discuss and compare several traditional methods of forecasting and interpola-
tion methods of forecasting.
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1. Introduction

The histrory and usefulness of interpolation have received attentions increasingly from
many scientists and engineerings [4]. Many methods of interpolation or extrapolation
have been used to perform data analysis or prediction. Understanding the time series
or analyzing the data is essential for further applications such as forecasting. Tradi-
tional methods, such as Fourier methods, spline methods, are basically local extentions
of given data. In this paper we illustrate some of these methods and introduce some
interpolation methods which are more global in nature. The outline of this paper is as
follows. In the second section, we present several traditional methods of forecasting
by using cubic and symmetric extensions. We then explain how to use interpolation
method for forecasting in section 3 followed by concluding remarks in section 4.

2. Cubic and Symmetric Methods

We use an example of signal extension to illustrate several traditional methods of fore-
casting. Considering a given original signal (figure 1), we extend it by using several
different methods; cubic extension and symmetric extension (figure 2-4). It turns out
that the extensions become monotonic extensions as they are extended. This means that
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Figure 1:Original signal
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Figure 2:Cubic extension of original signal by one unit

these methods are more local in nature. One can only predict the extension in a small
period of time rather than a longer period of time. To overcome this shortcoming, we
propose interpolation method in the following section which explains a more global
nature can be obtained.

3. Interpolation Methods

We first present some interpolation and approximation methods. Then we apply to fore-
casting. Multiresolution based interpolation methods are relatively new in approxima-
tion theory and become useful and powerful in several areas of mathematical analysis
and applications. To review several approximation results obtained by using scaling
function interpolation, we first recall the setting of multiresolution analysis.

Supposeφ(x) andψ(x) are the scaling function and the corresponding wavelet re-
spectively with finite support [0,l] wherel is a positive number. It is well known that
φ(x) and ψ(x) satisfy the following dilation equation and wavelet equation, respec-
tively:
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Figure 3:Cubic extension of original signal by two units
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Figure 4:Symmetric extension of original signal

φ(x) =
√

2
l∑

s=0

hsφ(2x− s)

and

ψ(x) =
√

2
l∑

s=0

gsφ(2x− s) ,

where theh′ss andg′ss are constants called low pass and high pass filter coefficients
respectively.

We will use the following standard notations:

φj
k(x) = 2

j
2 φ(2jx− k),

and

ψj
k(x) = 2

j
2 φ(2jx− k).
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Consider the subspaceVj of L2 defined by:

Vj = Span{φj
k, k ∈ Z},

and the subspaceWj of L2 defined by :

Wj = Span{ψj
k, k ∈ Z},

the subspacesV ′
j s,−∞ < j < ∞, form a multiresolution ofL2 with the subspaceWj

being the difference betweenVj andVj−1. In fact, theL2 space has an orthonormal
decomposition as :

L2 = Vj

⊕ ∞∑
J=j

WJ .

The projection of aL2 functionf(x) onto the subspaceVj is defined by:

fj(x) =
∑

k

αj,kφ
j
k(x),

where

αj,k =

∫
f(x)φj

k(x)dx.

Similarly, we can projectf(x) ontoWj by:

wj(x) =
∑

k

βj,kψ
j
k(x),

where

βj,k =

∫
f(x)ψj

k(x)dx.

Therefore, the functionf(x) can be decomposed by:

f(x) = fj(x) +
∞∑
i=j

wi(x).

The projectionfj(x) is called thelinear approximationof the functionf(x) in the sub-
spaceVj [7]. The multiresolution analysis ofL2(R2) can be defined in a similar fashion.

In [3], E. B. Lin and X. Zhou gave the following wavelet approximation theorem.
In what follows, we assumeφ, ψ are sufficiently smooth and satisfy the orthonormal
multiresolution analysis with compact support andψ has N vanishing moments. Let
{Ml} denote the moments of the scaling functionφ, i.e.

Ml :=

∫
xlφ(x)dx, l = 1, 2, · · · .
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In particular,

M1 = c :=
1

2

∑

k

kak,

whereak =
√

2hk are coefficients of the dilation equation.

Theorem 3.1. Assume the functionf ∈ Ck(Ω̄), whereΩ is a bounded open set in
R2, k ≥ N ≥ 2. Let, forj ∈ Z,

f j(x, y) :=
1

2j

∑
p,q∈∧

f(
p + c

2j
,
q + c

2j
)φj

p(x)φj
q(y), (x, y) ∈ Ω, (3.1)

where the index set∧ = {(p, q)|(supp(φj
p)⊗ supp(φj

q)) ∩ Ω 6= φ},
In addition the momentsMi satisfy

Mi = ci, i = 1, 2, · · · , N − 1.

i.e. ∫
xiφ(x)dx = (

∫
xφ(x)dx)i, i = 1, 2, · · · , N − 1.

Then
||f − f j||L2(Ω) ≤ C||f (N)||∞2−jN ,

||f − f j||H1(Ω) ≤ C||f (N)||∞2−j(N−1),

where C is a constant depending only on N, diameter ofΩ and

||f (N)||∞ := max(x,y)∈Ω,m=0,1,··· ,N | ∂Nf

∂xm∂yN−m
(x, y)|.

A new scheme of interpolation of a multivariate function with the tensor products
of compactly supported multi-scaling functions was introduced in [2]. The idea is to
choose weighted sample values of a given function by suitable weights. The advantages
of multiwavelets versus scalar wavelets are possessing symmetry, orthogonality, short
support and high approximation order [1],[5],[6]. A similar result to Theorem 3.1 in
multi-scaling case was obtained in [2], namely, given a multivariate functionf ∈ CN

0 ,
the interpolation scheme provides, at scale2j, an approximation order N in theL2 space
or an approximation order N-n in the Sobelev spaceHn if and only if the multi-scaling
function has the accuracy N.

In the context of the multi-scaling functions, one usually deals with a matrix dilation
(refinement) equation:

Φ(t) =
∑

k

CkΦ(2t− k). (3.2)

HereΦ(t) = [Φ0(t), · · · , Φr−1(t)]
T ∈ L2 is a multi-scaling function andCk are r by

r matrices with constant elements. Ifr = 1, Ck are real numbers andΦ(t) = Φ0(t)



140 En-Bing Lin

which is called scalar scaling function. A characterization of the multi-scaling function
can be found in [2].

One dimensional version of the interpolation formula can also be obtained and can
be applied to extend the original signal.

4. Remarks

The above interpolation methods provide more global extension than traditional meth-
ods. The cubic or symmetric forecasting method bases on several points to extend to
few more points, on the other hand, the scaling function interpolation methods can ex-
tend the given data to a longer period of interval. We plan to produce some examples
and provide error comparisons by applying the scaling function interpolation.

References

[1] J. S. Geronimo, D.P. Hardin, and P. R. Massopust, Fractal functions and wavelet
expansion based on several scaling functions, J. Approx. Theory78 373-401,
1994.

[2] E. B. Lin and Z. Xiao, Multi-scaling Function Interpolation and Approximation,
Contemporary Mathematics,216, 129-148, 1998.

[3] E. B. Lin and X. Zhou, Coiflet Interpolation and Approximate Solution of Elliptic
Partial Differential Equations, Numerical Methods for Partial Differential Equa-
tions 13, 303-320, 1997.

[4] E. Meijering, A Chronology of Interpolation, from Ancient Astronomy to Modern
Signal and Image Processing, Proceedings of the IEEE,90, no. 3, 319-342, 2002.

[5] G. Strang and T. Nguyen,Wavelets and Filter Banks, Wellesley-Cambridge Press,
1996.

[6] G. Strang and V. Strela, Short wavelet and matrix dilation equations IEEE Trans.
SP43, 108-115, 1995.

[7] G. Walter and X. Shen,Wavelets and Other Orthogonal Systems, 2nd Edition,
Chapman & Hall/CRC, 2001.


