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Abstract

In this paper, we consider an initial-boundary value problem for the following
generalized Boussinesq water equation defined in a unit ball

g — alug — 26Au; = aA3u — BA%u + Au + nA(u2).

The existence of mild solutions is established in the space C°([0, 00), Hf(B))
where k < 5/2, and the solutions are constructed in the form of series of the
small parameter present in the initial conditions. For —1/2 < k < 5/2, the
uniqueness is proved. In addition, the long-time asymptotics is obtained in
explicit form.
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1 Introduction

Recently, the studies of nonlinear waves in water with dispersion have attracted
attention of many mathematicians and physicists. One of the equations describing
such processes is the Boussinesq one which was derived in [2], and the classific
Boussinesq equation can be written as

Ut = —QUggax + Ugy + ﬁ(UQ):m7 (1]-)

where wu(z,t) is the elevation of the free surface of fluid, the subscripts denote
partial derivatives, and the constant coefficients o and [ depend on the depth
of fluid and the characteristic speed of long waves. The spatially one dimension
Boussinesq equation and its generalization

were studied from various points of view in the papers [1, 3, 5, 7, 8, 14]. In [7], an
abstract Cauchy problem for the generalization of (1.2) was considered in a Banach
space, and sufficient conditions for the blow up in finite time were established. By
means of the variational approach, Liu [10] established the sufficient conditions
for the blow up in terms of the energy of the ground state. In [15, 16] Varlamov
considered a damped version of (1.1) as follows

Ut — 2butmr = —QUggzx + Ugy + ﬂ(u2)mx (13)

In [16], a similar version of equation (1.3) was studied in a ball by means of the
eigenfunction expansion method and the perturbation theory.
In the present paper, we consider an initial-boundary value problem for the fol-
lowing generalized Boussinesq water equation defined in a ball

Uy — aluy — 20Au; = aAdu — BA%u 4+ Au + nA(u?), (1.4)

where a, b, a, 3, 7 and ¢ are positive constants, and A is the Laplace operator.
We construct the mild solution and obtain the long-time asymptotics in explicit
form.

2 Preliminaries

Denote by B a ball of a unit radius and put the origin of the coordinate system

in its centre, so that in spherical coordinates B = {(r,0,¢) : 0 <r < 1,0 <6 <

m,0 < ¢ < 27}. Denote by Lo(B) the space of real functions product (f,g) =
1 27 pm

/ / / f(r,0,0)g(r,0,0)r?* sin 0dfdpdr, and the corresponding norm | - ||.

o Jo Jo

A function f(r,0,¢) € La(B) can be represented as

oo o0

Fr,0,0) = S FrnXomn(1,0,90)s fon = (fs Xonn) (2.5)

m=0n=1
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where Xmn (7,0, ) is the eigenfunction of the Laplace operator in ball B.
From [16], it follows

: , [T
Xmn = Jm(Amn?)Ym(0,0),  jm(Amnr) = ?Jer%()‘mnr)a (2.6)
Y (0,0) = Z[Cl%) cos(lyp) + Cl(ni) sin(l)] P! (cos 6),

l

Il
=)

where Y,,(0,¢) is represented by the linear combination of tesseral harmonics,
Jm(Amar) is the spherical Bessel function (see[6]), Ami1, Ama, - - - are the possitive
zeros of the Bessel function J, 1 (z) numbered in increasing order m € N J{0}.
We note that g, = nw.

Introducing the real space Ly, (0,1) with the norm | f||?> = Jfi 7f?(r)dr, we can

obtain that for v > 0,

<ol < 2 2.7

where (C7,Cy are some positive constants. In the sequal we denote by C' generic
positive constants independent of m, n, €, r, 6, ¢, t.
Introducing the real space Ly,2(0,1) with the scalar product

(F.9)= [ 7F(r)g(r)ir

and the corresponding norm, from (2.7), it follows that for sufficiently large A, >
0,

C! _ Ly

5 < nllty = [ 252 A <

For bounded m and large possitive zeros of J,,,(z), we have the asymptotic expan-
sion uniform in m (McMahon’s expansion, see [6])

Cy

mn

(2.8)

1 1.
)\mn:,uanrO(H )y Hmn = (m+2n—§)§, n — —+o00. (2.9)

Introducing the scalar product in the real space Ls(S) by the formula (f, g)s =
Js fgdS and denoting by || - ||s the corresponding norm, we can write that (see

12)
(YY) = [ Yn(Q)Pileosy(P,Q)ldSq = 0. m # k.

47

Ym2:77
Vol = ot

(2.10)

Vi(P) = 20 [ ¥,(@) Peleos o(P.Q)ldSo.

where P and @) are two variable points on the unit sphere S and v(P, Q) is the
angle (between 0 and 7) formed by two vector radius OP and OQ (O is the centre
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of the unit sphere). The spherical harmonic expressed as a symmetric function of
two points P and @ is called Laplace’s coefficient [12], the name coming from the
expansion of a function f(P) into the Laplace series

Py~ S Va(P), YalP) = P [ F(Q)Palcos (P @)lase,
m = 0,1,2,'--

If we direct the z-axis of the coordinate system through P, the spherical harmonics
will turn out to be zonal and the constants will be determined. Then from the last
formula in (2.10), it follows

2 1 2
m + / / 2 (cos Y)]? sinydydy = Yy, (P) =1,

where (7, x) is the spherical coordinates in the system with the north pole at the
point P. Moreover, if P = (¢,¢’) and Q = (0, ¢), then 8’ = 0 and cosy(P,Q) =
cos 6.

From [16], a function f(r,@) € L1(B),Q € S can be written as

RO =33 Jende ) Y(Q).

k=0n=1

Taking a fixed point P € S, multiplying both sides of this formula by P,,[cos (P, Q)],
and integrating over S, we have by means of (2.10) that

/f Ty Q COS’Y(P Q)]dSQ 2,”21 Z mn.]m mnr

Since

Z :m) ) (Q)jm()‘mnr)y

i mliE

we can get that

fonYm(P) = 212/ 725 (A dr/ f(r, Q) Ppcosy(P, Q)]dSq.
[m [Ty 1Y% Jo
(2.11)
If we combine the north pole of our coordinate system with the point P, then
Y (P) =1, Pylcosy(P, Q)] = P(cosf), and

" G Iy 1Y om 13

Now we give some facts concerning Legendre Polynomials P, (x), for —1 <z <1,
(see [16])

|Pn(x)] < 1,z e (=1,1), Pu(—-1)=(-1)",P,(1) =1,
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1 2
P2 (z)dx = : 2.12
L B = 5 212
First Theorem Stieltjes: For 8 € (0,7), m € N,
4+/2
| P, (cos 0)] < L (2.13)
V/T/mA/sin @
Second Theorem Stieltjes: For = € [—1,1],m € N {0},
Psa(a) = Pal0)] < ——— (2.14)
m xr) — m X -~ . .
2 Vrym+1
From the relation
Pl i(x)— P, _(x) = (2m+ 1)Py(z),m < 1, (2.15)
it follows (@) (@)
* Pm+1 xr)— mel x
P,(&)d¢ = . 2.16
/71 (£)de 2m +1 ( )
Combining (2.14) and (2.16), we get
[ Pateyie] < - (27)
. T VTVm+12m+ 1) '

1
Making use of the relation / Py(x)P,,(z)dx = 0,k # m, we can obtain that
-1

/1 Pa(E)dE =0, m>1,

-1

/_11 EP(E)dE=0, m>2, (2.18)

/_11 &P, (6)dE =0, m>3.

We introduce the Sobolev space H"(B) endowed with the equivalent norm (see
[9, 16])

11 = 2 > Al Fonn a1

m=0n=1

and set Hj(B) = H"(B)N{u : u|s = 0}.
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3 Main results

Consider the first initial-boundary value problem for the following damped Boussi-
nesq equation defined in the ball B

Uy — aluy — 20Au; = alPu — BA%u + Au+nAw?), (r,0,0) € B,t >0,
u(r,0,¢,0) = e2(r,0, ), u(r,0,9,0) = e*(r,0,¢), (r,0,0) € B, (3.19)
u\S:Au\S:A%\S:O, t>0,

where ¢(r, 0, p) and ¥(r, 0, ) are real-valued 27 periodic functions with respect

to ¢; and a, b, a;, #, n and ¢ are positive constants.

Definition 3.1: The function u(t) is called a mild solution of problem (3.19) if it

satisfies the following integral equation

(t) = 2 exp(— OO + 12 50l +v)
b [ exple (= TS () A (),
where
B B _ sin(o(A)?)
A=A Ol = coslola)), S) = TS

\/aozA4 +(a+af)A3+ (a+ 5 —0?)A2+ A
o(A) = ,
1+aA

in the Banach space C([0, c0), H5(B)).
Denote by V{'(f(r,@)) the total variation of the function f(r,Q), Q = (6,¢),
r € [0,1]. Let Dy = —(1/sinf)dy. Now we state some assumptions on a sufficient
smooth function f(r,Q), r € [0,1],Q € S.
Assumption A.

Vo (rf(r,Q)) = Voo(Q) € Li(S),  lim rf(r,Q) = foo(Q) € Li(S),

r—0t

Vi (rDof (. Q)) = Vor(@) € Lu(S).  lim rDyf (. Q) = foa(@) € Ln(S).
Assumption B.

D}f(0,Q) = &:D}(0,Q) = Dif(1.Q) = 9, D}f(1,Q) =0,
VR (ro2f(r, Q) = Vao(@) € Li(S),  lim 102f(r.Q) = f20(Q) € Lu(S),

VroPD3f (1, Q) = Vas(Q) € La(S),  lim réPDYf(r, Q) = fo5(Q) € La(S).
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Theorem 3.2: If the positive constants a, b, a, § and the initial functions satisfy
the followinfg assumptions:
A — 24,

(H1) a+p3—0*>0,0<a< “H5700
>\11A01

(Hy) (r,0,¢) and ¢(r, 0, @) satisfy the Assumptions A and B respectively.
Then there exists a g > 0 such that for ¢ € [0, o] problem (3.19) has mild solutions
in the space C°([0,00), H5(B)) for k < 5/2, which can be represented as

u(r,0,p,t) = Z U (1) T (A ”) Y (0, ), (3.20)

m>0,n>1

where the coefficient w,,,(t) is defined in the proof (see (5.39) and (5.40). If
—1/2 < k < 5/2, this solution is unique.

Theorem 3.3: Under the assumptions of Theorem 3.2, the asymptotic expansion
can be represented as follows as t — 400

b2 . .
u(r,0,¢,t) = exp(—41 n 5;\%1 t){[Ao1 cos(aoit) + Bor sin(ooit)]jo(Ao17)
bA2,

where

Mory/aaXyy + (o + aB)My + (a+ 5 — b2)A3, + 1
1+ aX}
the coefficients Ag; and By, are defined in the proof (see (6.49) and (6.51)) and

the estimate of the residual term in (3.21) is uniform with respect to (r,6, ¢) € B,
e € [0,¢&).

001 =

4 Technical Lemmas

Let the function f(r, Q) be defined in the unit ball B, and @ be a point on the
unit sphere S. Consider the integral

1
3 Q) = [ 200 f(r.Qr,

for integer m > 0, real A > 0, and ) € S.
Lemma 4.1: Suppose that for each fixed ) € S the function rf(r,Q) has a
bounded total variation in r € [0, 1]. Moreover, assume that this variation is ab-
solutely integrable over S. Then for m >0, A > 0, and Q € 5,

C(Q)

Om )\7 S 3 I
3,0, <

|
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where C(Q) € Ly(S) and is independent of m and .

Proof. See [16].

Lemma 4.2: Assume that f(r, Q) has partial derivatives in r € (0,1), @ € S,
through second order, f(0,Q) = 0, f(0,Q) = 0 (in case m = 0, only 9, f(0,Q) = 0)
and f(1,Q) = 0,f(1,Q) = 0. Moreover, suppose that for any fixed @ € S, the
function 792 f(r, Q) has a bounded total variation in r € [0, 1], which is absolutely
integrable in () € S. Then for m > 0, A > 0,

1S (A, Q)] <

where C(Q) € Ly(S) and is independent of m and A.

Proof. Integrating two times by parts in S, (A, @), expanding around 79 = 0 by
Taylor’s formula, and applying Lemma 4.1, we deduce the necessary estimate.
Lemma 4.3: (a) If f(r,Q), r € (0,1), Q € S, satisfies Assumption A, then there
exists such a constant ¢ independent of m, n, that for all integers m > 0, n > 1

I — (4.22)

Anv/m + 1

(b) If f(r,Q), r € (0,1), Q € S, satisfies Assumption B, then there exists such a
constant ¢ independent of m, n, that for all integers m >0, n > 1

n c
| fon] £ . (4.23)
Amv/m + 1

Proof. In the chosen coordinate system with the pole at the point P,
K 0)sin 0 )1 (r.6.¢)
fmn: / / ' (cos 6) sin dd(p/?”jm mn?) f(7, 6, ©)dr.
1) 1Yo 1% IIY I%

Firstly, we consider the case m = 0,1, 2.
In case (a), by lemma 4.1 and (2.8), it follows

R 27 T 1
fon < A [ dp [ 1Pu(cos )| sin6d0] [ 12 (mar) £ (1.6, )]
0 0 0

C

< < — .
Ain )\g"m vm+1
In case (b), by lemma 4.2 and (2.8), we get (4.23).
Now we consider m > 3. By using the primitive Legendre polynomials

() = [ Pu()d

-1

NI e
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o) = [ d / rdr = [ (2 = O Pul€)de, (4.24)
o) = [ ae [ ar / s = [ Sz — €7 Pu©)de

From (2.18), it follows that
o’ (1) = o) (1) = ol (1) =0, m > 3.
Applying (2.14) and (2.16), it follows

oS (2)] <

C

— . m>3 (4.25)
(2m + 1)m2
Let

2
F(r,cosf) = 21 f(r,0,0)dp = F(r,z),

m Jo
where z = cos . Consider the integral

(r) = /07r F(r,cos8)P,,(cosf)sin 0dh = /11 F(r,z)P,(2)dz.

Integrating by parts we get from (4.24) that

L(r) = /7T oW (cos 0) Dy F(r, cos 0) sin 6df, m > 3, (4.26)
0
Cp(r)=— /7r 03 (cos 0) D3F (1, cos ) sindf  m > 3. (4.27)
0
In case (a), combining (4.26), (4.27) and Lemma 4.1, we get that
|fmn| < T ‘ , m =3 (428)
Ainv/m + 1

In case (b), combining (4.25), (4.27) and Lemma 4.2, we obtain that
fon] €, m=>3. (4.29)
Adn vm+1

This completes the proof.
Set

1
Hmnqus - /0 T2jm(/\mnr)jp(>‘pqr)jk(Aksr)dr'
From [16, p.687], it follows that for m, p, k >0, n, ¢, s > 1,

1

15 /\pq > )\ksa

)\ A2
c pql ks
|Hmnqus| < -1 1 35 )\Pq < Aks? (430)
2, | MM
La )‘pq = )\ksa

)\Pq
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C )‘ng)‘lis
|Hmnqu5| < 3 A% (4-31)
mn kf ) )\mn = )\ksa
A
where ¢ is independent of m, n, p, ¢, k and s.
Consider the integral
From [16, p.687-688], it follows that
c
|Upteom| < . pk,m >0, (4.32)
: Jn+ D)+ 1)k +1)
16+/m
Upiemn| < Vp+1lln(p+1)+vk+1ln(k+1
In 2
+7(\/p+1+\/k+1+2)], pk,m > 1. (4.33)
Ifm=0,n2>2ormmn>1 wehave A2, > X2, > 2)\2,. Since b > 0 and
2 2
0<a<%,Wecangetthatformzo,nz20rm,n21
1101
2 2 2
2bA\g, bA, < bAL.., b (4.34)

< —.
1+a), 1+aX, ~ 1+a)\, a
5 Proof of Theorem 3.2

5.1 Existence and construction of solutions

In order to satisfy the boundary conditions, we seek mild solutions of (3.19) in the
form

u(r, 0,0, t) = Z amn@)XﬂM(ﬂ 0, 90>> (5.35)

m>0,n>1

w ) an(’f’, 97 90) = jm(/\mnT)Ym(97 ('0)

We expand the initial functions in the same type of (5.35)

where Uy, () =

Qb(?", 97 @) = Z émnan(% 97 ()0)7 ngn = Ma
m>0,n>1 HanH
(W, Xmn) (1)

¢(7”, 0, Lp) = Z @@mnan(h 0, 90)7 qﬁmn = ) (5'36)

m>0,n>1 HanHZ
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—

u2 (Ta 9? 2 t) = Z (Uz)mn(t)an(ﬁ 97 gp),

m>0,n>1

@)= 3 el (1),

: U
pisogszt 1FmlGa 1Ymlls ™

yvZ YUy

Substituting (5.35) and (5.36) into (3.19) we obtain that for m >0, n > 1,

(aXs, + 1)am, () + 26A2 1, () +  (aXS, + BN, + A2 ) nn (1)
= 2, (u?),. (1), (5.37)

amn(o) = 8292)’””17 amn(o) = 821[)mn‘

Setting Py = qugmn, U = 5"72mn7 and

~ Amnyfaads,, + (a+aB)AL, + (a+ B =022, + 1

Tmn .

Y

we integrate (5.37) with respect to t and obtain

> . bA2 - sin(opnt), -
Uy (1) = eexp(—mt){[cos(amnt) + 7 T o .
w@mn}
O-mn
Ao t bAZ, _ _
T b Pl (¢ = sl (t = 7)), ()

(5.38)

In order to solve (5.38), we apply the perturbation theory. We represent i, (t) as
a formal series in ¢

() = D MO0 (8). (5.39)
N=0

Substituting the above into equation (5.38) and comparing the coefficients of equal
powers of €, we get that form >0, n>1,¢t > 0:

. bA2 bA2 - sin(opnt), -
Uﬁ?%(t) = eXp(_mt){[Cos(Umnt> + 1+ a\2 R [P rmn
1 mnt T
N sin(o. )‘I’mn},
O’mn
A2 ¢ b2
N () = _ N Amn / __mn ; t—
Umn( ) (1 _'_a/)\%ln)o_mn 0 eXp[ 1 + a)\?nn( 7_)] Sln[amn( 7—)]

x FN(o(r))dr, N >1, (5.40)
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where v
Hmn sU m A(d— ~ —7
FMo) = Y, et Nl o ) (1),

" p,k>0;q,s>1 ||]m||%n)||ym||?§ j=1 -

yvZUsy

Using the induction on the number N we establish the following estimate for
m>0,n>1, N>0,t>0:

bAG

0] < NN+ 1A 4 1) exp(— 0

Uyt t), (5.41)
where ¢ = ¢(b) — co as b — 0T,

Since ¢(r, 8, p) and 1 (r, 0, ) satisfy Assumption B and Assumption A respectively,
by lemma 4.3, we obtain that

~ C ~ C

2

Noting % < ¢ < 400 and choosing sufficiently small e, we get (5.41) for N = 0.

Assumingm that (5.41) holds for 0 <1 < N, we shall prove that (5.41) is valid for

[ = N. Note that the following inequality is valid for 0 <1 < N (see [11])
JENAL= S PN DT+ (V1= 5) 7

Combining (2.8), (2.9), (4.31) and (5.40), it follows

bAZ,

[E O)] < e MTHN 1) 72 (m + 1) 72N exp(—2— -
14+ alg,

t).  (5.42)

Hence it follows
[V (B)] < e NTHN 4 1) (m+ 1)V 2,1,

where

2 ‘ 2 2
Son(t) = exp(——2m ) ["espl( 9 D0y
0

C14ar, 14+aX2, ~1+a)y
bAZ, bA2 bAZ,

e P ).exp( et S e vl ws el
- P A D2, b

14+aX2, “1+a)}

bAZ bAZ

1 — _ mn -9 01 t

= exp(—2 bAG, t) - ol (1 + aAn 1+ a/\%n) |
—OPTE T e, 2L b

L+a)2, “1+a)3



Generalized Boussinesq water equation 129

From (4.34) it follows that

bA3,
Smn(t) < CGXP(—T%), m>0,n>1, (5.43)
bA2,
Spn(t) < cexp(—Qm), m=0,n>2 or mmn>1 (544)

Combining (5.42) and (5.43), we get (5.41) for [ = N.
Similarly, combining (4.34) and (5.44), we can get that for m = 0, n > 2 or
m,n > 1,

bA3,

~(N N —2\—5/2 —1/2

t). (5.45)
To prove that the formally constructed function in (5.35) is really a mild solution
of (3.19), we should investigate the convergence of the series (5.35). For sufficiently
small €, we can get the following estimate from (5.41)

b2,

5/2 ~1/2 B
(m+1) exp( T el

U ()| < €N t), m>0,n>1. (5.46)

Combining (2.8), (2.9), (2.10) and (5.46), we can obtain that the series

lu@I =" > Al Yl [§ 1 1F)-

m>0,n>1

converges absolutely and uniformly with respect to t > 0, for k < 5/2.

5.2 Uniqueness of the solution

In order to prove the uniqueness of solution we assume that there exist two so-
lutions u)(r, 0, ,t) and u®(r,, ,t) to problem (3.19). Therefore both of them
can be expanded into series (5.35) and the coefficients @{!) and @) have the inte-
gral representations (5.38) and satisfy (5.47). Setting w(r, 0, ,t) = uM(r, 0, o, ) —
u@(r, 0, p,t), and expanding it into series (5.35), we can get that for m > 0,n > 1,
t >0,

~ — _77)‘3% /lt _% _ ; _
Wi () = a2 o Jo exp| T ar (t — 7)) sin[opmn(t — 7)]

(2)

Wes + 02y, )dr, (5.47)

% Hmnqu:s Upkm ( ~ (1)

rq

yvZUsY,y

From (2.10),(4.30) and (4.32), we can get that for —1/2 < ¢ < 5/2,

Hmn ksU km /A N ~(2) ~
| P (8 s + 8 )| < o (2)]c
p,k>0,q,5>1 ||jm||(n)H m”S

yvZ YUY,y
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According to (5.47), it follows that for —1/2 < ¢ < 5/2,

cV2m+1 bA2, .
Tl el

W(t — 7)[[w(7)||cdT,

Wi | <

that is
2m+1
~ 2 2
mal? < {/ (= )l

Then we can get that for some 7" > 0, ¢t € [0, 7],

Cm D Cqup Jlw(®)])]L - eXP<—2T>]2'

|| <
" N e

Hence, we have that

lo@®lE = > Al @mnl*[Vnl[§ 11 m1Fo)

m>0,n>1

< (sup Jw® )0 —exp(—-T)P Y 55

t€[0,T] m>0,n>1

when —1/2 < ¢ < 1 we get m>%:n>lyf_—2< < C5 < +o00. Let G(T) = [1 —

exp(—2T)](C5)"/?. We can obtain that for ¢ € [0, 7],

[w(®)]lc < G(T) sup [w(t)]..
te[0,7

Then it follows

sup [w(t)|lc < G(T) sup [lw(®)].
t€[0,7] t€[0,7]

Since G(T') is a nondecreasing continuous function on [0, +00) and G(0) = 0, we
can make appropriate choice of 77 such that G(77) < 1. Thus we obtain that
w(r,0,¢,t) =0 on [0,71]. In similar way, we get that w(r,0,¢,t) = 0 on [T7,2T}],
2Ty, 3T4],- - -,[nTy, (n + 1)TY],- - - with nT} — oo as n — +oo. Hence we estab-
lish the uniqueness of solution for all ¢ > 0 and —1/2 < ¢ < 1. Note the fact
lw(®)|lx, < ||w(t)||r, for k1 < ko and all t > 0. Consequently H*2(B) C H* (B) for

t > 0. Therefore, the uniqueness takes place for —1/2 < ¢ < 5/2. This completes
the proof of Theorem 1.
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In order to obtain the asymptotic expansion (3.21), we single out the terms o, (t),

Jo(Ao17), Yo(0,¢) in (5.35) and estimate the remaining series.
Using the fact that jo(Ag,7) = |/ J1/2 nrr) and Yy(6, ) = 1, it follows

U(Taea%t) = f&Ol( )jO )\Olr Z + Z umn an

m=0,n>2 m,n>1

From (5.39) and (5.40), we have that

dor(t) = Y VR (1),
N=0
0 (1) = ex _ BN 0 t) + By sin(opt
o1 (t) = exp( 1+ a)3, )[Aor cos(ooit) + By’ sin(ooit)],
S8 — exn( PO 1A | V)
Oor (1) = exp(= = - t){[Ao” + Ry (1)) cos(onit)
01

+[BMY + RN )] sin(o0,t)}, N > 1,

where
© _ s 0 _ €, b\
Ayt = edon, By’ = o1 (m%l + 1/101)
AR = A T e (0 in(o ) B o)
(1+aX3;)oo Jo 1+ aN} ’
N NAZ 00 % : N) -
Rfax )(t) = _(1ﬂl/\0%11)001/ eXP(TSi\%lT) Sln(Uoﬁ)Fo(l )(U(T))dﬂ
N2 oo b2 .
B = oo b S Trag ) osenn B 6
N2 oo b2 )
R(BN) (t) = (1—“1)?(2)11)0'01/ eXP(Tg;\%lT) COS(UOlT)Fé{V)(U(T))dT.
From (5.42) it follows
N b/\2
FMVG)] < — 5 exp(—=2—20L 4y,
F 00 S = P2 )

(6.48)

(6.49)
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Noting that \g; = m, we have

() - bAG
|RpA(t)] < N(N+1) ZO(eXp(—TC(L];\%lt)). (6.50)
According to (6.49)-(6.51), it follows
. bA2, ) bA2,
U1 (t) = exp(—mt) [Agy cos(op1t) + Boi sin(onit)] + O(exp(—QTa)\%lt)),

(6.51)
where Ay = %o: eV HA(()]lV) and By = % eV “B(()le). The solution can be repre-
N=0 N=0
sented as follows

U(T, 0,0, t) = ?101(t)j0()\017“) + Rl(ra t) + R2(7°> 0, ¢, t)a (6-52)

where

Rl (7", t) = f: ’llon(t)jo()\onr),

n=2

Ry(r,0,¢,t) = Z Ty (£) i (A ) Yin (0, ).

m,n>1

Applying (5.39) and (5.45), it follows

bA3,
1+ aX3,

bA3,

R ) < —2 701
| 1(T7 )| _CGXp( 1+a/\(2)1

t), |Ra(r,0,0,t)] < cexp(—2 t). (6.53)
Combining formulas (6.52)-(6.53), we deduce (3.21).
The proof of Theorem 3.3 is complete.
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