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Abstract

We study a nonlinear boundary value problem involving the p(z) - Laplace
operator. Our main result establishes the existence of a nontrivial weak
solution and our main arguments rely on the Mountain Pass Theorem of
Ambrosetti and Rabinowitz.
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1. Introduction

The study of differential equations and variational problems with nonstandard
p(z)-growth conditions have received more and more interest in recent years. The
specific attention accorded to such kind of problems is due to their applications
in mathematical physics. More precisely, such equations are used to model phe-
nomenon which arise in elastic mechanics or electrorheological fluids (sometimes
referred to as "smart fluids”).

In this paper we discuss the existence of weak solutions for the following prob-
lem:

—Ap@yu(z) + a(x)‘u@)‘p(x)_% = ’U($)|q(x)_1U, for x € Q
u#0, forzel (1.1)
u=0, forze I
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where Q C RY(N > 3) is a bounded domain with smooth boundary, p,q : Q —
R are continuous functions with 2 < mingp(z) < maxgp(z) < N, maxgp(z) <
ming q(z)+1, ¢(r) < N, q(x)+1 < Np(x)/(N—p(z)) forallz € Qanda: Q — R
satisfies the condition:

(A) a € L*(Q) and a(x) > 0, for any z € ;

We denoted by Ay, the p(z)-Laplace operator, i.e.
Apyu = div (|Vu(z)PD 2 Vu(z)).

Equation (1.1) will be studied in the framework of the variable Lebesgue and
Sobolev spaces L™ and Wy"™ which will be described briefly in the next section.

2. Preliminary results

We recall in what follows some definitions and basic properties of the generalized
Lebesgue-Sobolev spaces LP(®)(Q), W) (Q) and Wol’p(x)(Q), where (2 is an open
subset of RY. In that context we refer to the book of Musielak [12] and the papers
of Kovacik and Rakosnik [8] and Fan et al. [4, 6].
Set
C(Q)={h; he C(Q), h(z) > 1forall z € Q}.

For any h € C(2) we define

h* =suph(z) and h~ = inf h(z).

2eQ e

For any p(x) € C(2), we define the variable exponent Lebesgue space

LP@(Q) = {u : is a measurable real-valued function such that
/ u(z)|P® dz < oo}
Q

We define a norm, the so-called Luxemburg norm, on this space by the formula

|ulp(zy = inf {p > 0; /|@|p(x) dr <1}.
Q M

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many
respects: they are separable and Banach spaces [8, Theorem 2.5; Corollary 2.7]
and the Holder inequality holds [8, Theorem 2.1]. The inclusion between Lebesgue
spaces also generalizes naturally [8, Theorem 2.8]: if 0 < |Q| < oo and 7, 75 are
variable exponents so that r1(x) < ry(x) almost everywhere in 2 then there exists
the continuous embedding L™®)(Q) — L™®)(Q).
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We denote by LP'®)(Q) the conjugate space of LP(®)(Q), where 1/p(z)+1/p'(z) =
1. For any u € LP@)(Q) and v € LV ®)(Q) the Holder type inequality

| [ wwda] < (= + bl (21)

holds true.
An important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular of the LP")(Q) space, which is the mapping pp) :

LP@)(Q) — R defined by
w) :/ uP@ dx
Q

If (u,), u, |V|u € LP®(Q) and p* < oo then the following relations hold

[Vulpey > 1= |VU|Z(;) < ppa)(Vu) < |Vu|p($)a (2.2)

+
Vulpa) <1= ’VU|Z($) < Py (V) < |vu|p($);

Mmﬂﬂéwwﬂ_m>w_qu

o - (2.3)
|u|q(fc 1 <1l= |U’ 1 S Pyla)+ 1(u) < |u| -5-17
‘u|p(ﬂc) —0 < Pp(x) (’LL) — 0,
lim |u, — ulpe) =0 & lim p(u, —u) =0, (2.4)

n—oo n—oo

|tlp@) = 00 & pp(a)(u) — oo
We define also VVO1 P (m)(Q) as the closure of C§° under the norm

lull = [Vulp)

The space (W, @) (), |I.]|) is a separable and reflexive Banach space. Next, we
remember some embedding results regarding variable exponent Lebesgue-Sobolev
spaces. We note that if s(z) € C, (), p(x) < N and s(x) < Np(x)/(N —p(x)) for
all z € Q then the embedding W, "™ (Q) — L@ () is compact and continuous.
We refer to [8] for more properties of Lebesgue and Sobolev spaces with variable
exponent. We also refer to the recent papers [4, 5, 6, 9, 10, 11] for the treatment
of nonlinear boundary value problems in Lebesque-Sobolev spaces with variable
exponent.

3. The main result and an auxiliary result

Definition 1. We say that u € Wol’p(m)(Q) is a weak solution of (1.1) if
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/ (IVulP") 2 VuVo + a(z)[uP™ 2w de :/ |1~ ypde,
Q 0

for any v e Wy"™(Q).
The main result of this paper is given by the following theorem:

Theorem 1. Suppose p,q: Q2 — R are continuous functions with 2 < p~ < p™ <
N, pt < q¢ +1, q(x) <N, q(z) +1 < Np(x)/(N — p(x)) for all x € Q and
a : Q — R satisfies the condition(A). Then the problem (1.1) has a non-trivial
weak solution.

Let E denote the generalized Sobolev space VVO1 P (x)(Q). The energy functional
corresponding to problem (1.1) is defined as J : £ — R,

o e [ 1ol () @Y de — [
H)i= [ s (9P o)) de - [

Proposition 1. The functional J is well-defined on E.

Proof. Using the above hypothesis and the condition (A) we get:

1 1
J(u §—/ VulPDdr + |la oo/ ulP® dg) — / w|?@H gy,
(u) p_(Ql | allr Q\I ) p—— QH

The proof, then holds by the sobolev embeddings E «— LP®) | E « LI@)+ and
the relation (2.2). O

We set

)= [ (Tul® L () P da
B i= [ s (V) + o)) d

and

1
— a(@)+1
Jo(u) : /Q e lul x.

We first prove an auxiliary result:

Theorem 2. Suppose we are under hypotheses of Theorem 1. Then J : E — R
is a continuously differentiable function and u € E is a critical point of J if and
only if u is a weak solution for the problem (1.1).

Proof. To show that I : H — R is continuously differentiable it is sufficient to
show that for all p € H,

lim I(u+typ) — I(u)

t—0t t

= (dI(u), ¢),

with dI : H — H* continuous, where we denote by H* the dual space of H.
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For all ¢ € £/ we have

. <]é(1t + tgo) —-Q]Q(it) d d d/f 1
S ; gm0 =g | g(z)+1 i+ ol Zle=o

0 1
= — [ —|u+t Q(x)“) :dx:/u+t () g (u + t :
[ o (gl t61) heoe = [ et ®sgna+ 01l
= /|u+t<,0|q(x)_1(u+tg0)go|todx:/|u|Q(””)_1ugpdx:
Q Q
= <(i¢]é (1L)7 99>'

The differentiation under the integral is allowed if for ¢ close to zero, |u +
tp|?@) =1 (y + tp)p can be dominated by one fixed function g € L*(Q) which does
not depend on ¢. Indeed we have, say if [t| < 1 that

|Jutto| @ (utto) | = Juttp|™@ o] < (Jul+[t]e]) || < (Jul+|e])™@|y| € L

because u, p € E imply
[ul, lp| € E — LIOH(Q),
and then
q(z)+1 q(z)+1 *
(lul + I € L% (), |l € L1H1(Q) = (L5 () .

For u € E chosen we show that dJy(u) € W@ (Q) = E*, where 1/p(z) +
1/p'(x) = 1. We observe that dJs(u) is linear. Indeed, for all « ,3 € R and
v, € E we have

(dJy(u), a0 + B) = /Q |u ") u(ap + BY)dr = a /Q |u| " updz + 3 /Q |u| 7 ugpda =

= afdz(u), ) + B(dS2(u), V).
We know p, q :  — R are continuous and 2 < p~ < p™ < N, so for any p,q with

p(r) < glx)+1< ]\],V_p]()g), there is a continuous embedding E < LI®*1(Q)). Then

there exists a constant M > 0 such that
Vg@@)+1 < MJv]|, forallve E. (3.1)
Using (2.1) and (3.1) we obtain

() o)l = | [ el upda] < [ @ lolde < o ol < Ml i o]
Q Q x x

Hence there exists M; = M ||u|?®)] 411 > 0 such that

q(x)
[(dJa(u), )| < Milel|-

Using the linearity of d.Jo(u) and the above formula we deduce that d.Jy(u) € E* =
W=7@)(Q).

For the Fréchet differentiability we need the following lemma:
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(z)+1
Lemma 1. The map u € LI&HL(Q) — |u[t@~1y € L @ (Q) is continuous.

Proof. We have that 1 < ¢(z) < N, so q(qm(lJ)rl < q(x)+1, therefore LI®+1(Q) —
(z)+1
Lo (2) continuous. Then there exists a constant My > 0 such that

|u|% < Molulggys1, for all uw € LIOTH(Q).
Hence
([l = oD 0] gm0 < Mollul" ™ = ol olg@yir. - (3.2)
Our intention is to prove

/ 7)1y — [p[a@1p[a@ gy
Q

and then, using relations (2.4) and (3.2), we obtain

||u|q(””)_1u — \v]q(z)_lv|q(z>+1 — 0.
q(z)

Fix x € Q. By Lagrange Theorem applied to f(u) = |u|?®~1u, there exists Cp(z)
somewhere between u(z) and v(z) such that

f(u(z)) = f(v(z))
u(r) —v(x)

Thus, using (2.1) and (2.4) we obtain

= ['(Co(x)).

/ )Ly — [p[a) =Ly |1+ < / [l — o]V max(Ju], [o)*®] " de — 0.
Q Q

The proof of Lemma 1 is complete. O

We conclude that J; is Fréchet differentiable.
Now we show that J; is Fréchet differentiable. For all ¢ € E we have

. Siluttp) = Ji(w) d _d 1 p(z) p()
tl_l)I(% ; = Ejl(u + tp)|i=0 = 7 /Q (@) [\Vu + tVe|P'Y + a(x)|u + tp| } dx|,
0 1
_ v p(x) p(z) _odzr.
/Q o {p(a:) (|Vu+ tVelP'™ + a(z)|u + toP™) | |imod
But

a X X)— xT)—
a|u + tg0|p( ) = p(z)|u+ tg0|p( ) Ysgn(u +to)p = p(x)|u + tg0|p( ) 2(u 4 tp)p,
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0
&|Vu + th0|p($) = p(x)|V(u+ tgo)|p(”)_2V(u + tp)V.

So
Jluttg) = J
tiy AL A | (¥ )PPV (ot 1)V + alo)u + ol 2w+ t0)6) o
- Q

= / (|Vu|p(””)_2Vquo + a(@)[u[P™ " ?up) dr.
0

The differentiation under the integral is allowed if for ¢ close to zero
IV (u+ t@)|PD 72V (1 + to) Vo + a(z)|u 4 teP@~2(u + tp)p

can be dominated by one fixed function g € L'(€2) which does not depend on t.
Indeed we have, say if |t| < 1 that

IV (u + ) [P 72V (u + L) Voo + a(@)|u + Lo P72 (u + tp) | <
< |Vu+ tVePD V| + |lal|p [u + tplP@ g <
< (IVul + [Vo)PD Vo] + lallp (Ju] + |¢])P@ 7 gl.

Set
g9(x) = (|Vu| + |V )" Ve| + [lal| L (Ju] + [ )P el.

We observe that g € L'(Q) because u, ¢ € LP® so

p(z) *
[ul, ¢l € L), yield (|u| + [@)P®~! € Lio—T = (LP))
and
(x) *
IVul, [Ve| € LP®, yield (|Vu| + |Vg| )P € Lito—1 = (L)

For all u € E we have
(@hu) o) = [ (IFuP29uV + a)ul 2up) da
Q

and dJy(u) : E — R is a continuous function. It is easy to see that dJ;(u) is a
linear function. Indeed, for all a;, 3 € R and vy,vy € F we have:

(d1(w), 0v1 + fog) = / (Va2 VuV (avy + Bvs) + a(x)|ul" " 2u(av; + Bus)) du =
Q
= a/ (\Vu\p(’”)*QVqul + a(x)|u|p(x)*2uvl) dr +
Q

+ ﬁ/ (IVuP) 2V u Vv, + a(z)|uP 2un,) dr =
0
= o(dJi(u),v1) + B(dJ1(u),vs).
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We also have the continuous embedding E — LP(®)(Q)), which implies that there
exists M’ > 0 such that, for all u € E,

[ulpay < Mul] (3-3)
Using (2.1) and (3.3) we obtain

(dI(u), )| = | / (IVaP@2VuVo + ala) [ulP @ 2ugp) de|
Q

IN

J 19l 196+ alls [ [P el
Q Q

< VUl e [Veolo) + llall o a0l

p(x)—1 p(z)—1

< VUl e el + Mlaf el a7 e ol
p(z)—1 p(z)—1

Thus there exists My = ||[Vul[P® 7Y ,u + M'|a|pe|[ulP™ 7Y sw > 0 such that
p(z)—1 p(z)—1

[(dJ1(u), )| < Msl], for all o € E.
The above relation and the linearity of d.J;(u) imply that
dJi(u) € E*, dJy: E— E*
and
(dJy(u), p) = / (IVu[P 2V uV e + a(z)|ulP ™ 2up) dz.

We conclude that Jj is Frecsflet differentiable.

We remark that J € C'(E,R) because J;, Jo € C'(E,R). Moreover

(dJ(u),v) = (dJi(u) —dJy(u),v) = (dJ1(u),v) — (dJ2(u),v) =

= / (|Vu|p(m)_2Vqu + a(x)|u|p(x)_2uv)dx — / |u| @)Ly dz.
Q Q

Let u be a critical point of J. Then we have dJ(u) = Og- that is
(dJ(u),v) =0, forallve E
which yields
/ (IVuP?)2VuVo + a(z)[uP™ 2u) de = / lu|?@~Yypdr, Yo € E.
0 Q

It follows that w is a weak solution for the problem (1.1).
Now we assume that u is a weak solution of the problem (1.1). By Definition
1 it results that

/ (|Vu[r 2V uVo + a(z)u[P™ " ?uw)de = / lu|?® " Yypdz, Yo e E.
0 Q

that is (dJ(u),v) = 0,Yv € E. We obtain dJ(u) = Og-. Hence u is a critical point
of J. This completes the proof of Theorem 2.
O
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4. Proof of Main Theorem

Our idea is to prove Theorem 1 applying the Mountain Pass Theorem (see e.g.
[1]). With that end in view, we prove some auxiliary results which show that the
functional J has a mountain pass geometry.

Lemma 2. Suppose we are under hypotheses of Theorem 1. Then there exist o > 0
and r > 0 such that for all w € E with ||ul| =r

J(u) > 0> 0.

Proof.

Let us assume that ||u|| < min(1,1/M), where M is the positive constant from
above. Then, we have |u|q)+1 < 1. Using relations (2.2), (2.3), (3.1), and (A) we
obtain:

J(u) > 1 (|Vu]p +a(z)|ulf™) dr — _+1/|u|q(‘” g
> /|Vu|p dx — +1/|u|q($ Hdx
> Pt - — / e
> —Jiunp* T

Let h(t) = L7 — Mg 1 ¢ > 0. Then, K(t) = t" 1 — M7 *1¢a So,

1
h'(ty) = 0 implies that tq = L) We calculate b (t) = pt—1)tr —2—
Ma—+1

q~ M9 T ~1 and we observe that pt — 1 < ¢~ implies h”(ty) < 0. Therefore g
is a maximum point of the function h and h(0) = 0 implies h(t) > 0 for all

1
r € (0,t1), where t; = (ﬁ\;—;ﬂl) 7" 96 we can choose r > 0 and 0 > 0 such

that J(u) > o > 0 for all u € E with [Jul| = r.
U

Lemma 3. Suppose we are under hypotheses of Theorem 1. Then there exists
vo € E with ||vg|| > 7 (r given in Lemma 2) such that J(vg) < 0.

Proof. We choose vy = tug, where wy is a positive function in E with [|ug|| > 1
and t is large.

) = 9 1P () PO g — [
o) = [ (V)P + o)) do— [ -
1

L[ 1@ (19 @ + a()uoP)) d — / Ly 10+ .
A (IVuo| () |uo ") 71y

|t |9 da

IN
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Thus, for t > 1, using (2.2) we have:

pa=+1
Ty < P (vur@ P do — / a@)+1y
() < T [ (Va4 oo do = T [ juof o

T A P N e B A
< — Vuo|P'Pdx + ||la Loo/ Ug Idw) — / up| " dx
p™ \UJa Q a-+1 Jg

P s+
< — (Huo”er + ||CLHLOO/ |U0|p(z)dx) —— / o[ 9®)+
p 0 gt +1 Jq

On the other hand, using (3.3) we obtain

(1 o g+l
J(tuo) < ( + ”aHL )HUO||p+ _ /’U0|Q(x)+1da:.
j2 gt +1 Jq

Being under condition pt < ¢~ 41, we see that J(tug) — —oc as t — 0o. Choosing
t large enough we observe that there exists vy = tuy in E with ||vg|| > 7 such that
J(Uo) < 0. O

PrROOF OF THEOREM 1. Proof. We set

[':={y€C([0,1],E) : 7(0) = 0, 7(1) = v},
where vy € F is determined by Lemma 3, and

:= inf J(y(t)).
¢ = Inf max (v(2))

According to Lemma 3 we know that ||vg|| > 7, so every path v € I' intersects the
sphere ||w|| = r. Then Lemma 2 implies

c> HilHlf J(u) > o, (4.1)
with the constant o > 0 in Lemma 2, thus ¢ > 0.
By the Mountain-Pass Theorem (see, e.g., [1]) we obtain a sequence (uy,), C E
such that
J(up) — ¢, dJ(u,) — 0. (4.2)

We claim that (u,), is bounded in E. Arguing by contradiction and passing to a
subsequence, we have ||u,| — oo. Using (4.2) it follows that for n large enough,
we have

(dJ(uy), up). (4.3)

1
c+ 1+ ||lu,ll = J(u,) —
fuall > ) = =

Since

e [ L v @ 4l @Y g — [ L
I () /QP(IIJ)(|V”| +a@nl™) d /QQ(:U)H
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<d‘]<un)7 un) = / (’vun‘p(aﬁ) + a(x)|un]p(x))dg; — / ’un‘q(x)—HCL%,
@ Q

using (4.3) we obtain

c+ 14+ ju > J(up)

1 (dJ(un), un>

1 1
> [ (Yl a0 do - / 11

p
/ | | 7@+ e

1
— /(|Vun]p a(x)|u, |px) da;+

+1

q
1
(F— ~ )/(\Vun|p(x)+a(x)|un|p(x)) dx
Q
1 _
(p—+ - ) unll”

1 1 -
c+1+lupll > | — — Uy ||? 4.4
fonl 2 (5 = =7 ) ol (4.4

Now dividing by ||u,|| in (4.4) and passing to the limit as n — oo we obtain
a contradiction. So, up to a subsequence, (u,), converges weakly in F to some
u € E. Since q(x) + 1 < Np(x)/(N — p(x)) for all z € Q we deduce that there
exists a compact embedding E — Li®)+1(Q). Then (u,), converges strongly in
Li®+1(Q). So we have:

v

Thus,

Proposition 2. lim [ |u,]|"® ", (u, — u)dz = 0.
n—oo o)

Proof. Using (2.1) we have/ | | 7@, (g — 1) d < |1 |7 ™ | gy |1 —
Q a(®)
Ulg(z)41, then if ||un|q(””)’1un|q(z)+1 > 1, by (2.3), there exists C' > 0 such that

[t | 7@ L, | o)1 < \un| 241 and this ends the proof. O

Note that relation (4.2) yields
lim (dJ(up,), u, —u) = 0.

n—oo

Combining proposition 2 and the last relation we deduce that

Hm [ (V[ 72Vu, V(u, — u) + a(@)|u P9 2w, (u, —u)) de =0 (4.5)
Since relation (4.5) holds true and (u,), converges weakly to u in E, by [5,
Theorem 3.1], we deduce that (u,), converges strongly to u in E. Then since

J € C'(E,R) we conclude
dJ(u,) — dJ(u), (4.6)
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as n — 00.

Relations (4.2) and (4.6) show that dJ(u) = 0 and thus u is a weak solution
for (1.1). Moreover, by relation (4.2) it follows that J(u) > 0 and thus, u is a
nontrivial weak solution for (1.1). The proof of Theorem 1 is complete.

O
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