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Abstract
In the current paper, we present some sufficient conditions under which all
solutions of a certain fifth order differential equation are uniformly bounded
and tend to zero together with their derivatives of the fourth order as t — oc.
Our result includes and improves some well-known results in the literature
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Introduction

of the fifth order differential equations of the form

2+t e, 2,8, 3, 2W)a +b(t) fow, 3,2, F) + c(t) f3(2, 7, )

+d(t) falx, z) + e(t) fs(z) = p(t, z, 2, &, 7, W)

or its equivalent system

r=y
y= =z
2= w
w= u
u = _fl(tvxu Y, Z7w7u)u o b(t)fQ(x7y7 Z7w) - C<t>f3(x7y> Z)

—d(t)f4(l’7 y) - 6(t)f5(l’) —|—p(t,x, Y, Z,U),U),
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where b, ..., e, f1, ..., fs and p are continuous functions for the arguments displayed
explicitly in (1.2). It is assumed that the functions b, ..., e are positive definite and
differentiable in R = [0,00) and the derivatives %fg(:c,y, z,w), 6%]”2(:6, Y, z,w),
%fg(f, Y,z w)a %f3(:p7 Y, Z)v (,%fg)(f, Y, Z)’ %f4($, y)a %ﬁl(l‘, y) and fé($) exist
and are continuous for all x,y, z and w. All solutions considered are also assumed
to be real valued.

In recent years, the qualitative behavior of solutions for various classes of cer-
tain fifth order non-linear differential equations have been widely discussed in the
literature (see, for example,Abou-El-Ela and Sadek [1], Adesina [4], Chukwu ([5],
[6]), Tung ([12], [13], [14], [18]) and Yuan-hong [19] and the references quoted
therein). In general, the investigators have given sufficient conditions for stabil-
ity and boundedness of solutions. However, according to our observations in the
relevant literature, only a few researches have been carried out on the asymptotic
behavior of solutions of certain fifth-order ordinary differential equations such as
Abou-El-Ela and Sadek ([2], [3]), Sadek [11] and Tung ([15], [17], [18]). More re-
cently, the authors in ([2], [3]) and ([15], [17]) discussed the same subject for the
differential equation (1.1) and the equations as follows:

= p(t’ m? ‘/‘b’ i) i’? x(4))’
respectively.

The motivation for the present work, especially, has come from the papers of
Abou-El-Ela and Sadek ([2], [3]), Hara ([7], [8], [9], [10]), Tung ([15], [17], [18]), C.
Tung and E. [16], Zhernovyi and Kostenko [20] and the papers mentioned above
It should be noted that in spite of the equation considered in [18] and (1.1) are
the same as one another, the conditions established here and the method of proof
partially different than that in [18].

2. The main result

The following result is established.
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Theorem: In addition to the basic assumptions imposed on the functions
b,....e, f1,..., f5, and p, suppose that the following conditions are satisfied (o, ..., as-
some arbitrary positive constants and €,€g,€1, ...,€5 are some sufficiently small
positive constants):

() B>bt)>by>1,C>c(t)>co>1,D>dt)>dy>1,E>et) > e >
1 for all t € R* (here B,C, D, E, by, co, dy and ey are some constants).

(ii)

a; > 0,100 —ag > 0, (a1 — ag)as — (1o — a5)ag > 0, (2.1)

50 = > 07 (013054 — @20{5)(0{10{2 - OZg) - (Oéla4 - O[5>2 > 07 (€7 > 07 (22)
— — 0

A, = o 0a0s)onm o) gy 0 gy 0] s 0ea,  (23)

10y — Qs dy

for all t € R and all x and v,

A, - 3oy — a5 (roy — as).y.d(t) € -0 (2.4)

10y — Q5 044(041042 - 045) Q7

for all t € R and all x and y, where

Ly #0

g%f4<'r70)7y = 0.

(iii) g0 < fi(t,x,y, z,w,u) —aq < g1 for all t € RY and all x,y, z,w and u.
(iv)

f2(x> Y, =z, w)

fQ(xayaza 0) = 070 S
w

—ag <&y forall x,y,zand w#0, (2.6)

0 0 0
— < — < — < 2.
ywaxfé(x?ya'z?w) _O,Zwany(x,y,z,w)_Oand azf2<x>yazaw) —0 ( 7)

for all x,y,z and w.

v)

f3<33'7y70) = 070 S

—fg(x,zy,z) —a3 <e3 forall z,y and z #0, (2.8)

yzagfg(x,y,z) <0 and agfg(x,y,z) <0 for all x,y and z. (2.9)
T Y

(vi)
fa(z,0) =0, f4<z7 Y) > filCM for all x and y # 0, (2.10)
0
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ay — gﬁ;(ac, y)| <ey forall x and y, (2.11)
Y
(9 f4($,y) Oé55()
— fa(z,y) — < or all x and 0, 2.12

e2a2 (g — a3) Ajea?(ajan — az)

2
an < mi I d
[8xf4(x’ y)} = {16D(a1a4 —as)  16Da2 (oo — as) for all z and y.

(2.13)

and

y
1 0 €0y
- = <= . .
; / 6$f4(x’77)d77 <- for all x and y # 0 (2.14)
0

(vii)

f5(0) =0, fs(z)sgnz > 0 (x #0), F5(z) = /fg,(f)df — 00 as |r| — oo, (2.15)

0

and
0<as— fi(z) <es forall x. (2.16)

(viii)
/ﬁo(t)dt < 00,€(t) =0 ast— oo,
0

where
Bo(t) =0, (1) + (1) + |d' ()] + |'(t)],

V, (t) = max {V/(t), 0} , ¢, (1) := max {¢(t),0} .

(ix) p(t 2,y 2w, )| < pi(0)+p2(8) [Fy(@) + 57 + 22 4 w? + 0]+ Ay 422+
w? + UQ)%, where o, A are constants such that 0 < o < 1,A > 0 (is sufficiently
small), and py,ps are non-negative continuous functions satisfying

[e.9]

/pi(t)dt <oo (i=1,2).

0

Then all solution xz(t) of (1.1) is uniformly bounded and satisfies

z(t), &(t), 2(t), (t), 2@ (t) = 0 as t — oo.

Remark 1: It should be pointed out that in the special case where fi(t,x,y, z,w,u) =
ai, b<t)f2(xay727w> = LW, C(t)fg)(f,(],y,Z) = 3z, d(t>f4(l‘7y) = 4y, €(t)f5(l') =
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asr and p(t,z,y,z,w,u) = 0 in the equation (1.1) (so that all the assumptions
(71)-(vii) of the theorem are automatically fulfilled), the equation (1.1) reduces to
the linear constant coefficient differential equation and the assumptions (ii)-(vii)
of the theorem reduce to the corresponding Routh-Hurwitz criterion.

Remark 2: [t should be noted that the theorem stated just above includes the
results in ([2], [3]) and [15] and improves the results in ([2], [3]); because the
equation (1.1) is more general than those considered there and the result stated
here can be proved without the restriction A > a(t) > ag > 1 in ([2], [3]).

3. The Lyapunov Function V(t,x,y, z, w, u)

Our mail tool in the proof of the theorem is the function Vi = Vy(t, x,y, z,w, u)
defined as follows:

w

2V = u? + 20quw + MU,Z + 2§uy + Qb(t) fo(l’,y, Z,p)dp + [Oé% _ ay(aaz—ag) w?

arog—os 5 (crog—as)

+2 [ag 4 caculonoz—os) _ 6] wz + 200w + 2d(t)w f4(x,y) + 2e(t)w f5(x)

ajag—as

z

+2Oé10(t) f f3(957 Y, C)dC + [w — Q4 — 0415} 22 + 20a0yz + 2041d(t)zf4(% Z/)

ajas—as
0

y
—20i52y 4 201 e(t) 2 f5 (1) + 228@102-93) gpy [ £ (2 n)dn 4 (Sas — aqas)y®

a4 —0ap 0

xT

 2oalonoe—as) o gy £ () + 20e(t) [ f5(€)dE + k,

a10g—Qs 0

where ¢§ is a positive constant satisfying

5= Bl —as) (3.2)
104 — Qp

and k is a positive constant to be determined later in the proof.

In order to prove the theorem we need the following two lemmas.

Lemma 1: Subject to the conditions (i) - (vii) of the theorem, there exist
positive constants D7 and Dg such that
D [F5(x)+y2+22+w2+u2+k] < Vh < Dqg [F5(x)+y2+z2+w2+u2+k} )
(3.3)
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Proof: The function Vi = Vy(t,z,y, 2, w,u) defined in (3.1) can be arranged
as follows:

2 2
2o = [u—i—alw—l—wz—i-éy] +%<z+§—jy) + Ag(w + an2)?

alog—as alog—as

2
el on) [(alar%)e(t) fo() + L1220y q(t)y + 2yd(t)z + Lry.d(t)w

ajag—az).y.d(t) | araa—as alog—as

4
+2¢ (—”‘30‘4*“2‘15) yz+k+ 3V,

ajaq—as =
(3.4)

where

T

Vi= 2be(t) [ f5(€)d - almm0ale2(1) f2(w),

V, = calaas—as)dt) |o i dn —
2 = 1o —os ff4($an) n yf4($,y)
0

aZdg 2|, 2
J— RN o R
+ [&13 M5 = Saaan)? 0% y*,

w

‘/3 = O%wQ + 2b(t> ff?(xaya Z,,O)dp - OCQUJQ,
0

z

Vii= 2aqc(t) [ f3(x,y,0)d¢ — aqasz®.
0

Now, the function V; here can be estimated as in [15]. In fact the estimates there
show that

‘/1 Z 2660/f5(£)d£
0

Since

) Yy
0
yfa(z,y) = [ falz,n)dn+ | nofi(z,n)dn,
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then, by using (i) and (vi), we obtain

Y
Vy = eslfeadt [2{ falw,m)n — yf4<x>y>} + [ty —e (e 2R - 0|07

C—

2050, ag(araz—a3z)d(t) | 8 fa(z,m) 205 (a1az—as)
|:a4(a1c§4ga5) - = 0{110424*0?5 {%f4<x’n) N 4T} — 2 {5 * ﬁ B QS}] 77d77

Y
as500 2a5(a1e—a3) asdg 2
Z E! [a4(a1a4—a5) — 2 {8 + alog—as Oég}i| T]dT] Z 4a4(a1a4—a5)y
provided that
) 2 —
500 > e { 045(041042 043) _ 053:|
40[4(0(1@4 — 065) 104 — Qg

which we now assume
In view of assumptions(i) and (iv) of the theorem, it follows that

w

V> iw2+2/ [M_ag} odp > St
o P a1

Similarly, from (v) V4 = 0 when z = 0, and again from (i) and (v) if 2 # 0

z

wzm/{w—ag} ¢d¢ > 0.
0

Therefore V, satisfies V, > 0 for all z,y and z.

Now, making the use of the estimates for V;, V5, V3 and Vj with (34), we have
that

2 2
2V 2 [u+a1w+wz+6y +a4—&’<z+g—iy> + Ag(w + a;2)?

aroy—os (v1as—as)?

+2zeq [ f3(€)dE + @B —y? + Sw? + 2 (M) yz + k.
0

Oc1oc4—o¢5) a1t —as
The remainder of the proof exists in [15] and hence is omitted.

Lemma 2: Suppose that all the conditions of the theorem are satisfied. Then
there exist positive constants D; (i = 11,12,13) such that

Vo< —Dis[y? + 2%+ w? + u?] 4 2D15(12 + 22 4+ w? + u2)2 [py(t) + pa(t)]

+2D19po (1) [F5(1) + 32 + 2% + w? + u?] + D11 BoVa.
(3.5)
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Proof: Along any solution (z,y, z,w, u) of (1.2) it follows from (3.1) and (1.2)
that (for y, z,w # 0)

Vo= —u[filtzy, 2 w,u) — a] = w? [ag ML)  fo 4 mcslnasces) 5

— 2 [a4(a1a2—a3) c®)fa(x,y,2) {5@2 + ald(t)(%le(xv y) - a5}]

ajog—as z

—y? [&l(t)f“(m’y) - a4(a1a2_a3)e(t)fé(z)] — aruw(fi(t, z,y, 2, w,u) — o]

Yy Q1o —as

—UZC(t> [M - a3i| - %uz[fl(ta xr,Yy,z,w, U) - Ql]

« (Ol Q2 —« ) f (x»yrsz)
— e et wzb(t) [ZT - Oéz} —duylfi(t, 2y, 2, w,u) — a]

—wye(t) [as — f5(2)] - Guyb(t) [ — 0] — ayzye(t) [as — f4()]

—d0zyc(t) [M — ag} — wzd(t) [a4 — 8%fz;(at, y)} + d(t)wyZ fa(z,y)

+o(t)y [ oz fola,y, 2, p)dp + b(t)z [ £ folz,y, 2, p)dp + b(t)w [ & fa(x,y, 2, p)dp
0 0 0
+alc(t)y f a@;ﬂffﬂ(xv Y, OdC + alc(t)z f %fiﬁ(l" Y, C)dc + ald(t)Zy%f4(fL‘, y)
0 0
)
esleseszed) gy [ 2 fy(e,)dy + | 2200280209 2 4 sagyw] [1 - b(1)]
0

+lazzu + dazyz|[1 — c(t)] — aqwz[l — d(t)] — [asyw + aqasyz][1 — e(t)]

+ [u + oqw + %ﬁ;ﬁ”z + 51/] p(t, 2y, z,w,u) + 5.
(3.6)
The assumption (iii) of the theorem shows that
[filt,z,y, z,w,u) — ay] > &. (3.7)
It follows from (i), (ii), (iv) and (3.2) that (for w # 0)
a1w—{a3+%ﬁ;@—5}
(3.8)

> o [—h(x’y’z’w) — &2] + [0410@ —a3+0— —ala4(a1a2_a3)] > .

w a4 —0ap -
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By using (i), (ii), (v) and (3.2) we have that (for z # 0)

aulmar—ag) di)fslzwn) [5062 + Oéld(t)a%ﬂ(xa y) — 045]

Q104 —0Q5 z

— ajas—as

> ascu(anaz—az) [(5042 + Oéld(t)(%f4(l’,y) — O_/5:| (39)

— (eoa-os)osou-apos) _ [ald(t)a%ﬁ(ff,y) - 045} —eay > (eay).

ajog—as

By noting the assumptions (i), (vi), (vii) of the theorem,(2.10) and (3.2) we obtain
that (for y # 0)

Sil(t) o) — esloronzen) o(4) 1) > §Fay — S g ()

Yy a1y —Qs Q14 —as

= cBay + 2EA02-0) [ 1)) (3.10)

ajas—as

> ey F.
Hence the first four terms, involving u?, w?, 22 and y? in (3.6), are majorizable by
—(eou® + ew? + eqp2® + ey By?).

It is also clear that

z

y{a%fg(x,y,C)dC < o,zof a%fg(x,y, ¢)d¢ < O,yf%fa(fay,z,p)dp <0,
(3.11)

w

zbf o falw,y, 2, p)dp < O,waﬁfz(%yaz,p)dp < 0 by (2.7) and (2.9).

Now consider the terms

d(t)ay(onag — Oég)y2

Y
0 0 1 0
— — — Ly e d
V= d() |wy fule.g) + anzygulay) |+ S0 | [ e n
0
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which are contained in (3.6).
—Vs > —d 2 2 d(t)afe(araz—as) 2
o > —d(t) [wygy fa(w,y) + arzyg fale,y)] + S5 SoaT 0y

:wp_w—m f4($y)}

4(arog—as) cad(araz ag)y ox

| dzad(@raz—ay) [ 2 doylonoazas), 0 (l’»y)}

4(a1aq—as) Eai(a1a270¢3)y oz

a?(aiao—a aloy—Q 2 ajoy—o
— M [y — Mw%ﬁ;(m,y)] M [axf4(x y)}

4(araa—as) eaj(aros—as) 5a4(a1a2 ag)

a2(ar s —a a1 (opog—o 2 a?(aroy—a
+d(t)€ J(a1ag—as) [y_ 2 %( 104 S)Z%f4($,y)} —M 2 [amﬁl(x y)]

4(aras—as) eaj(aros—a3) eaj(aros—a3)

D(aias—as) Da2(ajay—as)

2 T iZoras—an ¥ 22 fulz, y)} - WZQ [%f4($7yﬂ2
> = (35) w? = (58) %,
by (i), (i), (2.13) and (2.14).
Hence
Vi < (136) w? + (%) 22 (3.12)

Now, let R(t,z,y, z, w, u) denote the sum of the remaining terms in (3.6). Follow-
ing the procedure indicated in [15], one can conclude that

|R(t,z,y, z,w,u)| < Dg(e1 + 2+ 3+ 4 +e5)(y> + 2% + w? + u?)

—I—‘u+a1w+wz+5y’.| (t,z,y,z,w,u)| + L2

o104 —0A5
(3.13)
for a constant Dy > 0.

On substituting the estimates (3.7)-(3.13) in (3.6) we find

Vo < e - () ut - (M0) 2 — (con By

+Dg(e1 + €3 + 3 + €4 + €5) (Y2 + 2% + w? + u?)

+‘u+a1w—l—wz+§y‘.| (t,z,y,z,w,u)| + 22

a1y —Qs

1 : 15 1bean 2 2 2 2
S—imm{so,l—b,, i ,5a4E}(y + 2% + w4+ u®)

ag(araz—az)
ajag—as

15) Vo

+‘u—|—041w—|— z+§y‘.| (t,z,y,z,w,u)| + 5
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provided that

1 15¢ 15
D9<€1 + &9 +E3+ 64+ 55) S 5 min {80, 1—;, %,€Q4E} . (314)

Now we assume that Dy and €1, €9, ..., €5 are so small that (3.14) holds. The case
y,z,w = 0 is obvious. From (3.1) we get

0 ajoag—as
0

5= d@{wﬁ@ﬂ+awﬁ@0+%@ﬁiﬂ%ﬁ@ﬂ+5fﬁ@M4

Yy
Hﬂﬂ%ﬁdﬁw+awh@w%+%%%§ﬁfﬁ@mﬂﬂ
0

+mﬂﬂjM%%OM+U®fﬁ@wﬂmﬂn

The relation (3.3) and assumptions (iv)-(vii)of the theorem show that

% < Dig [V () + () + [d' ()] + €' ()] [Fs(2) + y* + 2% + w® + u?] < DoV,
(3.15)
where Dqq is a positive constant and Dy = %170.
Let
D13 = lIIllIl {50, g, @,&‘OME} and D12 = max {1, aq, 054(041012 — CY3) s 5} .
2 16~ 16 a0y — Oy

Using the Cauchy inequality and the assumption (ix) of the theorem we obtain

Vo < —2D13()2 + 2% + w? + u?) + ‘u + aqw + %:‘:3)2 + 6y‘ Ap(t, x,y, 2z, w,w)| + D11 5o Vo
< 2Dy + 22+ w? 4+ u?) + 2D15(y? + 2% + w? + u?)2. |p(t, z,y, 2, w, u)| + D BoVe
< —2D53(y% + 2% + w? + u?) + 2D (2 + 2% + w? + u?)3
X [pl(t) o) {Fs(x) + 12 + 22+ w? + u2}? + Ay? + 2% + w? + u?)?

+D115Vo.
(3.16)
It is obvious from (3.15) and (3.16) that

Vo < —2D13(y? + 22 + w? + u?) + 2D (y? + 22 + w? + uz)%

X [pr(t) + pa(t) {Fs(@) + 42 + 22+ w? + w2} E 4+ Al + 22 + w0 + 2)E | + DufiVe.
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Let’s fix A in what follows, to satisfy A = 2%%. By this limitation on A, we obtain
Vo < —Dis(y?+ 22+ w? +u?) + 2D1a(y? + 22 4+ w? + u?)2
X [p1(®) + pat) {Fs @) + 9 + 22+ w? + w2} 2| + Dy Vo,
Using the inequality
[F5(x)+y2+22+w2+u2]% <1+ [F5(:1:)+y2+22—|—w2—|—u2]%
we find
Vo < —Disly® + 2 +w? +u?) + 2D1s(y” + 2 +w? +u?)? [pa(¢) + pa(?)

—|—2D12p2(t) [F5(.I) + y2 + 22 + w2 + U2} + Dllﬁo%'

This completes the proof of the lemma.

4. Completion of the proof of the theorem

The completion proof of the theorem is similar to that of the theorem established
in [15] and hence it is omitted.
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