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Abstract

In this paper, some common stationary point theorems for a pair of multi-valued
mappings dealing with combinations of Caristi and contractive type conditions are
given. A few stationary point theorems for three classes of multi-valued mappings
are established. The results presented in this paper extend, improve and unify some
results in the literatures.
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1. Introduction
In 1976, Caristi [4] established the following nice result:

Caristi’'s Fixed Point Theorem: Let (X, d) be a complete metric space ahd X —
X be a mapping. If there exists a lower semi-continuous funationX — [0, 4+00)
satisfying

d(z,Tx) < ¢(x) — ¢(Tx), Vre X,

then T has a fixed point iX.

Since then various extensions of Caristi’ fixed point theorem have been studied
by Aubin-Sigel [1], Basu [2], Bhaka-Basu [3], Chikkala-Baisnab [5], Dien [6], Kirk
[7], Liu-Kim [8], Liu-Xu-Cho [9, 10] and others under different conditions. Recently,
Chikkala-Baisnab [5] have investigated multi-valued version of Caristi’s fixed point the-
orem and Liu-Kim [8] have obtained a few common fixed point theorems for a pair of
multi-valued mappings which are combinations of Caristi and Banach type conditions.

The purpose of this paper is to establish sufficient conditions which guarantee or
suggest the existence, uniqueness and iterative approximation of common stationary
point for a pair of multi-valued mappings, which deal with combinations of Caristi and
contractive type conditions. Several stationary point theorems for three classes of multi-
valued mappings are proved. The results presented in this paper generalize, improve and
unify the corresponding results of Bhaka-Basu [3], Chikkala-Baisnab [5], Dien [6] and
Liu-Kim [8].

2. Preliminaries

Let (X,d) be a metric space anl™ = [0,+o00). B(X) denotes the family of all
nonempty bounded subsets¥f For A, B € B(X) andz € X, define
d(A, B) = sup{d(a,b) : a € A,b € B},
d(z,B) =6({z},B), d(z,B) = iggd(x,y).
Y

Itis clear that
J(A,B)=6(B,A) >0, 0(AB)<J§AC)+(C,B), VYA B,C e B(X).

Let F,G : X — B(X) be multi-valued mapping. A poinb € X is said to be a
stationary point of" if Fw = {w}. S(F') denotes the set of all stationary points/oin
X. Apointw € X is called a common stationary pointbBfandG if Fw = {w} = Gw.

Definition 2.1 ([1]): Let FF : X — B(X) be a multi-valued mapping. A sequence
{z, }n>0 Of the elements iX is called a trajectory starting atif xy = = andz,,;1 €
Fz, foralln > 0. 3(F, z) denote the set of all such trajectories.
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Definition 2.2 ([5]): A multi-valued mapping’ : X — B(X) is said to be orbitally
continuous at, € X if, forany {z, },>o € S(F, zo) andw € X, lim,,_, o, d(z,, w) =0
implies thatlim,, .., §(Fz,, Fw) = 0. F' is called orbitally continuous itX if it is
orbitally continuous at every point of.

3. Stationary Point Theorems

Now we establish the existence, uniqueness and iterative approximation of common
stationary point for a pair of multi-valued mappings, which is a combination of Caristi
and contractive type conditions.

Theorem 3.1: Let (X, d) be a complete metric space ahdG : X — B(X) be or-
bitally continuous and satisfy

S(Fz,Gy) < rd(z,y) + rod(z, Fx) + r36(y, Gy) + r4é(x, Gy)
+750(y, Fz) + ¢(x) — d(u) + (y) — (v) (3.1)
foranyz,y € X,u € Fx,v € Gy, wherery,ry,r3, r4, 75 IS NONNEgative constants
satisfying
c=max{ry +2ro + 2rs + 3ry +r5,r1 + 2ro + 2r3 + 14+ 3r5} < 1 (3.2)

ando¢, v : X — R* are two functions. Assume that there exist a positive constant
and a sequencgr, },>o C X such thatey,; € Fxg,, Yn > 0, andzy, € Gy,
Vn > 1 and

n

sup { D [6(war) — G(worir) + V(wo1) — V()] 0 > 1} < A. (3.3)

k=1
ThenF andG have a unique common stationary paint X andlim,, .. x,, = w.
Proof. In light of (3.1) and (3.2), we conclude that
d(Frop, Grop_1)
< rid(Tok, Top—1) + 120 (2ok, Fro) 4+ 1730 (22k—1, GTop—1)
+ 140 (wor, Grop_1) + 150 (Top—1, Fror)
+ O(@ar) — O(wapr1) + Y(@2n-1) — V(w2n)
< rid(@ok, Top—1) + 120 (Frog, Grop—1) + r3d(vor—1, Tor)
+ d(2ok, Topg1) + 6 (Tory1, Grop—1)] + ra[d(2or, Tors1)
+ 0(wort1, Grop—1)] + r5[d(Top—1, Tor) + O (wok, Froy)]
+ d(wor) — G(Tart1) + Y(won—1) — Y(T2k)
< (r1 73+ 15)d(wok—1, Tor) + (13 + 14)d(T28, Top11)
+ (12 + 13+ 14 +75)0(Faop, Grop_)
+ ¢(w2r) — G(@2p11) + Y(@ap-1) — ¥(z2r), VE =1,
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that is,

[1 — (7’2 —+ T3 + T4 -+ T5>]d($2k, x2k+1)
< [1 — (7’2 +r3+ry+ T5)]5(F$2k, Gl‘gk_l)

+ O(wor) — P(wops1) + V(wop—1) — Y(w2r), Yk >1,

< (ry + 713+ r5)d(zog—1, Tox) + (rs + 74)d(T2k, Tort1)

which and (3.3) imply that

n

[1 — (7“2 + 27“3 + 27“4 + 7“5)] Z d(ﬂ?zk, .T2k+1)
k=1

—(ri+rs+7s5) Z d(zok—1, Tak)
=1

n

IN

[P(wor) — d(Xok41) + Y (@an-1) — Y (2ar)]

=1

. Vn> 1. (3.4)

x>

IN
s

In view of (3.1), we infer that

(Frog—o, Grok_1)

< rd(xor_9, Top_1) + rod(Top_o, Fxor_o) + 130 (xer_1, GTop_1)
+ 140 (xok—2, Gog_1) + r50(Top_1, Fxor_2)
+ O(@an-2) — (war—1) + Y(@2n-1) — V(w2n)

< rd(wop_o, Top—1) + Ta|d(Top_2, Top_1) + (o1, GTop_1)
+ 0(Fxop_o, Grop_1)] + r30(Fxor_o, Grog_1) + ra[d(Tog_o, Top_1)
+ 6(xor_1, Grop_1)] + 750 (22p—1, Grop_1) + 6(Grop_1, Frop_o)]
+ ¢(@2n-2) — ATar—1) + Y(Tor-1) — Y (2)

< (r1+ 1o+ ry)d(Top_2, Tog_1)
+ (2rg + 13+ 14+ 2r5)0(Faog_o, Grop_1)
+ O(wap-2) — P(@ap—1) + V(22-1) — V(x2w), k=1,
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that is,

[1— (2rg + 173+ 714+ 2r5)] d(zok—1, Tok)
k=1

—_

— (r1+ 1o+ 1) d(zok, Tokt1)
1

3

H
T

< > [o(war) — ¢(wars1) + VY(T2r—1) — Y (w21)]

1

+ d(z0, 1) + ¢(20) — ¢(z1) + ¥(21) — Y(22)
< A+ d(xo, 21) + d(w0) — ¢(z1) + V(1) — ¥(32), VN =2 (3.5)

Adding (3.4) and (3.5), we deduce that

3

i

n

(1—-¢) Z[d(ﬂbk—l, Tok) + d(Tok, Tog41)]

k=1

<[1—(r1+2ry+2rs+3ry +75)] Z d(za, Tog41)
=1

+ [1 — (7"1 + 27”2 + 27’3 + T4 -+ 37”5)] Z d(f[‘gk_l, I’Qk)
k=1
< 2A 4 ¢(wo) + Y(21) + d(wo, 1), Vn > 2,

which gives that,

n

Z[d(xqu, To) + d(Tok, Topt1)]

k=1

< %[214 + ¢(x0) + U(z1) + d(z0, 21)], VYN > 2,

which ensures that

n

> d(wg, wre) <Y [d(@or—1, wor) + d(@r, Topr1)]
k=1

o
— =

< 7oA+ (@) + (@) +dlzo, 1)), Vn 22,

which yields that the seriey ;- d(z,,z,11) is convergent. Consequently, the se-
quence{z, },>o is a Cauchy sequence and converges to some poiat X by com-
pleteness ofX. SinceF is orbitally continuous, it follows that

(Fz,, Fw) — 0 and §(Gz,, Gw) — 0 asn — 0. (3.6)
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Note that

(Gw, Tony1) + d(Toni1, w)
(Gw, Gxap) + d(xopy1,w), VYn > 1.

Let n tend to infinity, we deduce that Gw,w) < 0 by (3.6). This is,Gw = {w}.
Similarly, we haveF'w = {w}. Suppose that € X \ {w} is also a common stationary
point of " andG. In view of (3.1) we infer immediately that

d(v,w) = §(Fv, Gw)
< rd(v,w) + r20(v, Fv) + r3d(w, Gw) + r40(v, Gw)
+750(w, Fv) + ¢(v) — ¢(v) + ¥ (w) — ¥ (w)
= (r1 +ry +rs5)d(v,w)
< d(v,w),

which is a contradiction. Henee= w, that is,w iS a unique common stationary point
of F andG. This completes the proof. [ |

Theorem 3.2: Let (X, d) be a complete metric space afAid X — B(X) be orbitally
continuous and satisfy

§(Fx, Fy) < rd(x,y) +r20(z, Fx) + r36(y, Fy) + rid(z, Fy)
+150(y, Fr) 4+ ¢(x) — ¢(u) + ¢(y) — o(v) (3.7)

forallz,y € X,u € Fx,v € Fy, wherery, ry, 13, 14, 15 are nonnegative constants with
ri+ 1o+ 3r3 4+ 2ry +2r5 < 1and¢ : X — R* is a function. Thent” has a unique
stationary pointv € X and each trajectory i (F, x) for anyx € X converges tav.

Proof. Let zy € X and{z,},>0 € S(F,zo). Note thatd ;_,[d(xar) — d(@opt1) +
O(rok-1) — d(z2r)] < ¢(x1). The rest of the proof is similar that of Theorem 3.1, and
is omitted. This completes the proof. [ |

Theorem 3.3: Let (X, d) be a complete metric space ahtdG : X — B(X) be or-
bitally continuous and satisfy

§(Fx,Gy) < rd(x,y) + rod(x, Fz) + r3d(y, Gy) + ryd(z, Gy)
+ r5d(y, Fz) + ¢(z) — o(u) + ¢(y) — ¢(v) (3.8)

forall z,y € X, u € Fx,v € Gy, wherery,ry, 13,74, 75 @re nonnegative constants
satisfying(3.2) and¢, ¢ : X — R* are two functions. The# andG have a unique
common stationary poinb € X and each trajectory ifs(F, x) and<3(G, y) for any
x,y € X converges tav.
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Proof. Let g,y be arbitrary points inX and{x,, },>o, {y. }n>0 b€ trajectories starting
atz, andyy, respectively. From (3.8) we have
d(wg, yp) < O(Frp_1, Gyr—1)
< rd(Tp-1, Yp-1) + rod(zp—1, Frr_1) + r3d(yr—1, GYr_1)
+ rad(wp—1, Gyp—1) + r5d(Yp—1, Frp_1)
+ ¢(zp—1) — dar) + (Y1) — Y (yr)
< rd(Tp—1, Ye—1) + r2d(Tp—1, Tr) + r3d(Yr—1, Yi)
+ rad(2r—1, Yr) + r5d(Yr—1, T
+ d(xk-1) — d(r) + Y (yr—1) — P (yr)
< (ri+ 1o+ ra)d(Trr, ye—1) + (ro + 13+ 14+ 15)d (T8, Yko1)
+ (r3 + 14)d(Tk, Y1)
+ ¢(wp-1) — d(xr) + V(Yr-1) — Y(y), VEk>1,

which yields that

[1 = (rs + ra)ld(zr, yi)
S (7’1 + T2 + T4)d(l’k,1, yk,l) + (7’2 + T3 + T4 + T’5)d($k, ykfl)
+ ¢(@p-1) = O(@) + ¥(ye-1) — Y(yk), VEk=1. (3.9)

Using (3.8), we get that

d(Try1, yr) < 0(Fag, Gyr—1)

< rd(Th, Ye—1) + rad(zy, Frg) + r3d(yr-1, Gyr-1)
+ rad(2r, Gyr—1) + r5d(ye—1, Fay,)
+ d(@k) — O(zpr1) + ¥ (Ye-1) — V()

< rd(@g, Yr—1) + red(xr, Trgr) + r3d(Yr—1, Yr)
+ rad(zr, Yi) + r5d(Yr-1, Thy1)
+ d(xk) — O(Tr41) + Y (Yr-1) — D (ys)

< (ri 713+ rs)d(ze, yr-1) + (r2 + 75)d(Tpy1, Yi)
+ (re +rg + 1y 4+ 15)d(28, YR)
+ () — A(hy1) + V(ye—1) — (ye), Yk =1,

which gives that
(1= (rg +75)]d(zr11, Yr)
< (r1 +rs+rs)d(ve, yp—1) + (ro + rs + 14 + r5)d(zk, Yi)
+ d(wr) — d(wpy1) +V(Yr-1) — Y(yrk), VE>1. (3.10)
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Adding (3.9) and (3.10), we arrive at

[1— (ro 4+ 2r3 + 2ry + r5)|d(xg, yr) + [1 — (ro + 7r5)]d(zra1, yr)

< (ri+re+ra)d(@r—1,ye-1) + (11 + 72+ 2r3 + 14 + 275)d(28, Y1)
+ [¢(@r-1) — d(@i) + P (yu-1) — P (yr)]
+ [o(r) — ¢(Trt1) + V(Ye-1) — ()], VE=>1.

This means that

(1= (ra+ 2rs + 2rs +75)] Y d(wr, ye) + [1 = (ra+75)] Y d(@es, yi)
k=1 k=1
< (r1 4712+ 1) Z d(Tp—1,Yr—1)

k=1
n

+ (7”1 + 9 + 2T3 + T4 + 27“5) Z d([Ek, yk—1>
k=1

+ Y 18(xr-1) = dlan) + (ye-1) — ly)]

+ > [d(wk) = d(xrin) + ¥(Ys1) — ()]

n

< (ry+re+ry) Z d(xk, Yx) + d(z0, o)
=1

+ (r1 4+ 7o+ 2rs + 14 + 2r5) Z d(Zpg1, Yr) + d(21,90)
=1

+ ¢(x0) + d(1) + 20(2), Vn > 1,

which leads to

n

> (@ yi) + d(@rgn,y)) < B, Yn > 1, (3.11)
k=1
where .
B = 7—ld(wo. y0) + d(1,90) + $0) + ¢(1) + 20 (y2)]-
Note that

D d(wg, wien) < [dwr, ye) + d(@rn, y)] < B, ¥n> 1,
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which yields that the series_ | d(z,,z,+1) is convergent and hence the sequence
{z, }n>0 is @ Cauchy sequence and converges to some po@tX by completeness of
X. Itfollows from (3.11) thad _ ° | d(x,, y,) < oo, which means thdim,, ... y, = w.
SinceF andG are orbitally continuous, it follows that

(Fzxy,, Fw) — 0 and §(Gz,,Gw) — 0 asn — co. (3.12)
Note that
5(F’LU, ’LU) S 5(Fwaxn+l) + d($n+17U))
< 0(Fw, Fx,)+ d(x,i1,w), ¥Yn>0. (3.13)

Let n tend to infinity in (3.13), we infer thaf(Fw,w) < 0 by (3.12). ThatisFw =
{w}. Similarly, we haveGw = {w}. Suppose that € X is also a stationary point of
F different fromw. From (3.8) and (3.2), we get immediately that

d(z,w) =0(Fz,Gw)
< rd(x,w) + red(z, Fx) + ryd(w, Gw) + r4d(z, Gw)

+ rsd(w, Fz) + ¢(x) — ¢(2) + (w) — P(w)
= (r1+ry+rs)d(z,w)
< d(z,w),

which is impossible and hence = w. Consequentlyw is a unique stationary point
of F. Similarly, we could prove that is also the unique stationary point 6f This
completes the proof. [ |

Remark 3.1: (@) If ry =1y =13 =ry = r5 = 0, then Theorem 3.3 reduces to Theorem
2.2 of Chikkala and Baisnab [5] and the corresponding theorem of Bhakta and Basu [3].
(b) Incase; = r3 =ry = r; = 0, then Theorem 3.3 reduces to Theorem 2.1 of Liu

and Kim [8] and the corresponding theorem of Dien [6].

Example 3.1: Let X = {2,3,4} with the usual metric. Definé,G : X — B(X)
andg,v : X — Rt by F2 = F3 = F4 = {2},G2 = G3 = {2},G4 = {2,3} and
o(t) = 2t,9(t) = t,Vt € X. Letry,ry, 13,74 andrs be positive constants satisfying
(3.2). Itis easy to see that the conditions of Theorem 3.3 are fulfilled"azad G have

a unique stationary poit€ X.

Theorem 3.4: Let (X, d) be a complete metric space ahd X — B(X) be orbitally
continuous. If there exisf : Rt — Rt and¢ : X — R satisfy the following
conditions:

(@) f is nondecreasing iR *;

(b) f(s+1) < f(s)+ f(t), Vs,t € RT;

(©) limy, n—oo f(d(xpm, x,)) = 0 implies that{x,, },>o C X is a Cauchy sequence;
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(d) for anyx € X there existy € F'z satisfying
fld(z,y)) < o(x) = oly) + f(¢(x)) — f((y)), (3.14)

thenS(F) # () and for anyz, € X, each trajectory in3(F, xy) converges to some
stationary point of-.

Proof. Let 2z, € X. From (3.14), we may choose a sequefeg}, >0 € S(F,xg)
satisfying

f(d(n, Tni1)) < O(@n) — G(@nt1) + f(O(2n)) — f(O(2n41)), Yn=0. (3.15)
Notice that (3.15) means that
O(Tnt1) + f(A(Tnt1)) < d(zn) + f(P(20)) — f(d(@n, Tni1))
< @(xn) + f(9(2n)), Vn =0,

which guarantees that the sequefoér,, )+ f (¢(z,,)) }n>0 IS Nonincreasing and bounded
below by 0. Hence it converges to some 0. By virtue of (a), (b) and (d), we deduce
that

f( ':Enwxm Z d xkakarl )

3

IA

f d(zg, Trt1))

3»
HS

IA

¢(xr1) + f(0(xx)) = [(P(2r41))]
= ¢(xn) + [(O(zn)) = [d(zm) + f((xm))], VM >n =0,

which implies thatim,, ;.. f(d(z,z,)) = 0. It follows from (i) that {z, },>0 IS a
Cauchy sequence iN. Thus there exists some € X such thatim,, .., x,, = w by
completeness ak. From the orbital continuity of’, we infer that

=

(w, Fw) < d(w, xp11) + 0(xpe1, Fw)
< d(w,zps1) + 6(Fx,, Fw) — 0 asn — oo,

which implies thatF'w = {w}. This completes the proof. [

Remark 3.2 ([8]): The following functions satisfy (a)-(c) in Theorem 3.4:

t
tz, In(1+1¢), 5 V¢ € RY,

wherer > (0 is a constant.
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Theorem 3.5: Let (X, d) be a complete metric space ahd X — B(X) be orbitally
continuous. If there exist : R™ — R* and¢ : X — R satisfy (a)-(c) and

f(0(z, Fx)) < ¢(x) — o(y) + f(o(x) — f(o(y), VeeXyeFz,  (3.10)

thenS(F) # 0 and for anyz, € X, each trajectory in3(F, z,) converges to some
stationary point of-".

Proof. Note thatd(z,y) < §(z, Fz),Vo € X,y € Fz. Thatis, (3.16) implies (3.14).
Thus Theorem 3.5 follows from Theorem 3.4. This completes the proof. |

The examples 3.2 and 3.3 below reveal that the stationary points of the mapping
in Theorems 3.4 and 3.5, respectively, may not be unique.

Example 3.2: Let X = [0, 1] with the usual metric. Defin& : X — B(X),¢: X —
R*tandf: Rt — Rt by

2
[I —|—xm+x’ b)) =z, VoeX,

= teR*

Itis clear that for each € X there existy = # € Fx satisfying

2 2
fldla,y) =2 - 5 <2(a - )

= o(x) — o(y) + f(¢(z)) — fo(y)).

Now we verify thatF" is orbitally continuous inX. Letx, € [0,1). For each sequence
{zn}n>0 € S(F, xp), it follows that

22+ Ty <o < a2+ 22,
2 - - 3
<zp1<...<z9<1, Vn>1 (3.17)

0<

It is easy to see that the sequeReg },.~o converges to somee [0, 1). Lettingn — oo
in (3.17), we have

§t§$0<1,

which implies that = 0 and thereforer,, — 0 asn — oo. It follows that

§(Fan, FO) = 5([5”31 ‘; Tn T 22"@”} , 0)

2
T 2
:Q_)() asn — oo.

3
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Let zy = 1. For each sequende:, },>o0 € S(F, o), we conclude easily that, = z,
ando(Fz,, Fxzg) = 0,Vn > 1. ThereforeF is orbitally continuous inX. Thus the
conditions of Theorem 3.4 are satisfied. Howev&il') = {0, 1}, that is, F' has two
stationary points 0 and 1.

Example 3.3: Let (X, d) and f be as in Example 3.2. DefinB : X — X and¢ :
X — R* by

{53}, =€[0.5) L wel0g)
Fa =4 {z}, xe[é,é) and ¢(x) =13 et
31, =el31] 20, z€[31].

In order to show that’ and¢ satisfy (3.16), we have to consider the following cases:
Case 1.Suppose that € |0, %) andy € Fz. It follows that

S, o) = 5 —w < 1=2(1= 1) = 6(e) — 9ly) + F(9()) — F(9(1):
Case 2.Suppose that € [5, 3) andy € Fu. Itis clear that

0(z, Fr) = 0= o(x) — ¢(y) + f(o(z)) — f(¢(y));

Case 3.Suppose that € [%, 1) andy € Fx. Itis easy to verify that

S, Fr) = = <9(20 — ) = 6(e) — 6(y) + F(6(2) ~ F(D(w):

Case 4.Suppose that = 1 andy € F1 = {3}. It follows that

2 8 1 1
S(LFL) =3 < 2 =0(1) —o(5) + Flo) = £(2(5) )-
Hence all the conditions of Theorem 3.5 are satisfied. Howg{&Y) = [3, 1), that is,

the stationary points aof’ is not unique.
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