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1. Introduction

In 1976, Caristi [4] established the following nice result:

Caristi’s Fixed Point Theorem: Let (X, d) be a complete metric space andT : X →
X be a mapping. If there exists a lower semi-continuous functionφ : X → [0, +∞)
satisfying

d(x, Tx) ≤ φ(x)− φ(Tx), ∀x ∈ X,

then T has a fixed point inX.

Since then various extensions of Caristi’ fixed point theorem have been studied
by Aubin-Sigel [1], Basu [2], Bhaka-Basu [3], Chikkala-Baisnab [5], Dien [6], Kirk
[7], Liu-Kim [8], Liu-Xu-Cho [9, 10] and others under different conditions. Recently,
Chikkala-Baisnab [5] have investigated multi-valued version of Caristi’s fixed point the-
orem and Liu-Kim [8] have obtained a few common fixed point theorems for a pair of
multi-valued mappings which are combinations of Caristi and Banach type conditions.

The purpose of this paper is to establish sufficient conditions which guarantee or
suggest the existence, uniqueness and iterative approximation of common stationary
point for a pair of multi-valued mappings, which deal with combinations of Caristi and
contractive type conditions. Several stationary point theorems for three classes of multi-
valued mappings are proved. The results presented in this paper generalize, improve and
unify the corresponding results of Bhaka-Basu [3], Chikkala-Baisnab [5], Dien [6] and
Liu-Kim [8].

2. Preliminaries

Let (X, d) be a metric space andR+ = [0, +∞). B(X) denotes the family of all
nonempty bounded subsets ofX. ForA,B ∈ B(X) andx ∈ X, define

δ(A,B) = sup{d(a, b) : a ∈ A, b ∈ B},
δ(x,B) = δ({x}, B), d(x,B) = inf

y∈B
d(x, y).

It is clear that

δ(A,B) = δ(B,A) ≥ 0, δ(A,B) ≤ δ(A,C) + δ(C, B), ∀A,B, C ∈ B(X).

Let F,G : X → B(X) be multi-valued mapping. A pointw ∈ X is said to be a
stationary point ofF if Fw = {w}. S(F ) denotes the set of all stationary points ofF in
X. A pointw ∈ X is called a common stationary point ofF andG if Fw = {w} = Gw.

Definition 2.1 ([1]): Let F : X → B(X) be a multi-valued mapping. A sequence
{xn}n≥0 of the elements inX is called a trajectory starting atx if x0 = x andxn+1 ∈
Fxn for all n ≥ 0. =(F, x) denote the set of all such trajectories.
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Definition 2.2 ([5]): A multi-valued mappingF : X → B(X) is said to be orbitally
continuous atx0 ∈ X if, for any{xn}n≥0 ∈ =(F, x0) andw ∈ X, limn→∞ d(xn, w) = 0
implies thatlimn→∞ δ(Fxn, Fw) = 0. F is called orbitally continuous inX if it is
orbitally continuous at every point ofX.

3. Stationary Point Theorems

Now we establish the existence, uniqueness and iterative approximation of common
stationary point for a pair of multi-valued mappings, which is a combination of Caristi
and contractive type conditions.

Theorem 3.1: Let (X, d) be a complete metric space andF,G : X → B(X) be or-
bitally continuous and satisfy

δ(Fx, Gy) ≤ r1d(x, y) + r2δ(x, Fx) + r3δ(y, Gy) + r4δ(x,Gy)

+ r5δ(y, Fx) + φ(x)− φ(u) + ψ(y)− ψ(v) (3.1)

for any x, y ∈ X, u ∈ Fx, v ∈ Gy, wherer1, r2, r3, r4, r5 is nonnegative constants
satisfying

c = max{r1 + 2r2 + 2r3 + 3r4 + r5, r1 + 2r2 + 2r3 + r4 + 3r5} < 1 (3.2)

andφ, ϕ : X → R+ are two functions. Assume that there exist a positive constantA
and a sequence{xn}n≥0 ⊂ X such thatx2n+1 ∈ Fx2n, ∀n ≥ 0, andx2n ∈ Gx2n−1,
∀n ≥ 1 and

sup

{ n∑

k=1

[φ(x2k)− φ(x2k+1) + ψ(x2k−1)− ψ(x2k)] : n ≥ 1

}
≤ A. (3.3)

ThenF andG have a unique common stationary pointw ∈ X andlimn→∞ xn = w.

Proof. In light of (3.1) and (3.2), we conclude that

δ(Fx2k, Gx2k−1)

≤ r1d(x2k, x2k−1) + r2δ(x2k, Fx2k) + r3δ(x2k−1, Gx2k−1)

+ r4δ(x2k, Gx2k−1) + r5δ(x2k−1, Fx2k)

+ φ(x2k)− φ(x2k+1) + ψ(x2k−1)− ψ(x2k)

≤ r1d(x2k, x2k−1) + r2δ(Fx2k, Gx2k−1) + r3[d(x2k−1, x2k)

+ d(x2k, x2k+1) + δ(x2k+1, Gx2k−1)] + r4[d(x2k, x2k+1)

+ δ(x2k+1, Gx2k−1)] + r5[d(x2k−1, x2k) + δ(x2k, Fx2k)]

+ φ(x2k)− φ(x2k+1) + ψ(x2k−1)− ψ(x2k)

≤ (r1 + r3 + r5)d(x2k−1, x2k) + (r3 + r4)d(x2k, x2k+1)

+ (r2 + r3 + r4 + r5)δ(Fx2k, Gx2k−1)

+ φ(x2k)− φ(x2k+1) + ψ(x2k−1)− ψ(x2k), ∀k ≥ 1,
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that is,

[1− (r2 + r3 + r4 + r5)]d(x2k, x2k+1)

≤ [1− (r2 + r3 + r4 + r5)]δ(Fx2k, Gx2k−1)

≤ (r1 + r3 + r5)d(x2k−1, x2k) + (r3 + r4)d(x2k, x2k+1)

+ φ(x2k)− φ(x2k+1) + ψ(x2k−1)− ψ(x2k), ∀k ≥ 1,

which and (3.3) imply that

[1− (r2 + 2r3 + 2r4 + r5)]
n∑

k=1

d(x2k, x2k+1)

− (r1 + r3 + r5)
n∑

k=1

d(x2k−1, x2k)

≤
n∑

k=1

[φ(x2k)− φ(x2k+1) + ψ(x2k−1)− ψ(x2k)]

≤ A, ∀n ≥ 1. (3.4)

In view of (3.1), we infer that

δ(Fx2k−2, Gx2k−1)

≤ r1d(x2k−2, x2k−1) + r2δ(x2k−2, Fx2k−2) + r3δ(x2k−1, Gx2k−1)

+ r4δ(x2k−2, Gx2k−1) + r5δ(x2k−1, Fx2k−2)

+ φ(x2k−2)− φ(x2k−1) + ψ(x2k−1)− ψ(x2k)

≤ r1d(x2k−2, x2k−1) + r2[d(x2k−2, x2k−1) + δ(x2k−1, Gx2k−1)

+ δ(Fx2k−2, Gx2k−1)] + r3δ(Fx2k−2, Gx2k−1) + r4[d(x2k−2, x2k−1)

+ δ(x2k−1, Gx2k−1)] + r5[δ(x2k−1, Gx2k−1) + δ(Gx2k−1, Fx2k−2)]

+ φ(x2k−2)− φ(x2k−1) + ψ(x2k−1)− ψ(x2k)

≤ (r1 + r2 + r4)d(x2k−2, x2k−1)

+ (2r2 + r3 + r4 + 2r5)δ(Fx2k−2, Gx2k−1)

+ φ(x2k−2)− φ(x2k−1) + ψ(x2k−1)− ψ(x2k), ∀k ≥ 1,
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that is,

[1− (2r2 + r3 + r4 + 2r5)]
n∑

k=1

d(x2k−1, x2k)

− (r1 + r2 + r4)
n−1∑

k=1

d(x2k, x2k+1)

≤
n−1∑

k=1

[φ(x2k)− φ(x2k+1) + ψ(x2k−1)− ψ(x2k)]

+ d(x0, x1) + φ(x0)− φ(x1) + ψ(x1)− ψ(x2)

≤ A + d(x0, x1) + φ(x0)− φ(x1) + ψ(x1)− ψ(x2), ∀n ≥ 2. (3.5)

Adding (3.4) and (3.5), we deduce that

(1− c)
n∑

k=1

[d(x2k−1, x2k) + d(x2k, x2k+1)]

≤ [1− (r1 + 2r2 + 2r3 + 3r4 + r5)]
n∑

k=1

d(x2k, x2k+1)

+ [1− (r1 + 2r2 + 2r3 + r4 + 3r5)]
n∑

k=1

d(x2k−1, x2k)

≤ 2A + φ(x0) + ψ(x1) + d(x0, x1), ∀n ≥ 2,

which gives that,

n∑

k=1

[d(x2k−1, x2k) + d(x2k, x2k+1)]

≤ 1

1− c
[2A + φ(x0) + ψ(x1) + d(x0, x1)], ∀n ≥ 2,

which ensures that
n∑

k=1

d(xk, xk+1) ≤
n∑

k=1

[d(x2k−1, x2k) + d(x2k, x2k+1)]

≤ 1

1− c
[2A + φ(x0) + ψ(x1) + d(x0, x1)], ∀n ≥ 2,

which yields that the series
∑∞

k=1 d(xn, xn+1) is convergent. Consequently, the se-
quence{xn}n≥0 is a Cauchy sequence and converges to some pointw ∈ X by com-
pleteness ofX. SinceF is orbitally continuous, it follows that

δ(Fxn, Fw) → 0 and δ(Gxn, Gw) → 0 asn →∞. (3.6)
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Note that

δ(Gw, w) ≤ δ(Gw, x2n+1) + d(x2n+1, w)

≤ δ(Gw, Gx2n) + d(x2n+1, w), ∀n ≥ 1.

Let n tend to infinity, we deduce thatδ(Gw, w) ≤ 0 by (3.6). This is,Gw = {w}.
Similarly, we haveFw = {w}. Suppose thatv ∈ X \ {w} is also a common stationary
point ofF andG. In view of (3.1) we infer immediately that

d(v, w) = δ(Fv, Gw)

≤ r1d(v, w) + r2δ(v, Fv) + r3δ(w,Gw) + r4δ(v,Gw)

+ r5δ(w, Fv) + φ(v)− φ(v) + ψ(w)− ψ(w)

= (r1 + r4 + r5)d(v, w)

< d(v, w),

which is a contradiction. Hencev = w, that is,w is a unique common stationary point
of F andG. This completes the proof. ¥

Theorem 3.2: Let (X, d) be a complete metric space andF : X → B(X) be orbitally
continuous and satisfy

δ(Fx, Fy) ≤ r1d(x, y) + r2δ(x, Fx) + r3δ(y, Fy) + r4δ(x, Fy)

+ r5δ(y, Fx) + φ(x)− φ(u) + φ(y)− φ(v) (3.7)

for all x, y ∈ X, u ∈ Fx, v ∈ Fy, wherer1, r2, r3, r4, r5 are nonnegative constants with
r1 + r2 + 3r3 + 2r4 + 2r5 < 1 andφ : X → R+ is a function. ThenF has a unique
stationary pointw ∈ X and each trajectory in=(F, x) for anyx ∈ X converges tow.

Proof. Let x0 ∈ X and{xn}n≥0 ∈ =(F, x0). Note that
∑n

k=1[φ(x2k) − φ(x2k+1) +
φ(x2k−1) − φ(x2k)] ≤ φ(x1). The rest of the proof is similar that of Theorem 3.1, and
is omitted. This completes the proof. ¥

Theorem 3.3: Let (X, d) be a complete metric space andF,G : X → B(X) be or-
bitally continuous and satisfy

δ(Fx,Gy) ≤ r1d(x, y) + r2d(x, Fx) + r3d(y,Gy) + r4d(x,Gy)

+ r5d(y, Fx) + φ(x)− φ(u) + ψ(y)− ψ(v) (3.8)

for all x, y ∈ X, u ∈ Fx, v ∈ Gy, wherer1, r2, r3, r4, r5 are nonnegative constants
satisfying(3.2) andφ, ϕ : X → R+ are two functions. ThenF andG have a unique
common stationary pointw ∈ X and each trajectory in=(F, x) and=(G, y) for any
x, y ∈ X converges tow.
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Proof. Let x0, y0 be arbitrary points inX and{xn}n≥0, {yn}n≥0 be trajectories starting
atx0 andy0, respectively. From (3.8) we have

d(xk, yk) ≤ δ(Fxk−1, Gyk−1)

≤ r1d(xk−1, yk−1) + r2d(xk−1, Fxk−1) + r3d(yk−1, Gyk−1)

+ r4d(xk−1, Gyk−1) + r5d(yk−1, Fxk−1)

+ φ(xk−1)− φ(xk) + ψ(yk−1)− ψ(yk)

≤ r1d(xk−1, yk−1) + r2d(xk−1, xk) + r3d(yk−1, yk)

+ r4d(xk−1, yk) + r5d(yk−1, xk)

+ φ(xk−1)− φ(xk) + ψ(yk−1)− ψ(yk)

≤ (r1 + r2 + r4)d(xk−1, yk−1) + (r2 + r3 + r4 + r5)d(xk, yk−1)

+ (r3 + r4)d(xk, yk)

+ φ(xk−1)− φ(xk) + ψ(yk−1)− ψ(yk), ∀k ≥ 1,

which yields that

[1− (r3 + r4)]d(xk, yk)

≤ (r1 + r2 + r4)d(xk−1, yk−1) + (r2 + r3 + r4 + r5)d(xk, yk−1)

+ φ(xk−1)− φ(xk) + ψ(yk−1)− ψ(yk), ∀k ≥ 1. (3.9)

Using (3.8), we get that

d(xk+1, yk) ≤ δ(Fxk, Gyk−1)

≤ r1d(xk, yk−1) + r2d(xk, Fxk) + r3d(yk−1, Gyk−1)

+ r4d(xk, Gyk−1) + r5d(yk−1, Fxk)

+ φ(xk)− φ(xk+1) + ψ(yk−1)− ψ(yk)

≤ r1d(xk, yk−1) + r2d(xk, xk+1) + r3d(yk−1, yk)

+ r4d(xk, yk) + r5d(yk−1, xk+1)

+ φ(xk)− φ(xk+1) + ψ(yk−1)− ψ(yk)

≤ (r1 + r3 + r5)d(xk, yk−1) + (r2 + r5)d(xk+1, yk)

+ (r2 + r3 + r4 + r5)d(xk, yk)

+ φ(xk)− φ(xk+1) + ψ(yk−1)− ψ(yk), ∀k ≥ 1,

which gives that

[1− (r2 + r5)]d(xk+1, yk)

≤ (r1 + r3 + r5)d(xk, yk−1) + (r2 + r3 + r4 + r5)d(xk, yk)

+ φ(xk)− φ(xk+1) + ψ(yk−1)− ψ(yk), ∀k ≥ 1. (3.10)
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Adding (3.9) and (3.10), we arrive at

[1− (r2 + 2r3 + 2r4 + r5)]d(xk, yk) + [1− (r2 + r5)]d(xk+1, yk)

≤ (r1 + r2 + r4)d(xk−1, yk−1) + (r1 + r2 + 2r3 + r4 + 2r5)d(xk, yk−1)

+ [φ(xk−1)− φ(xk) + ψ(yk−1)− ψ(yk)]

+ [φ(xk)− φ(xk+1) + ψ(yk−1)− ψ(yk)], ∀k ≥ 1.

This means that

[1− (r2 + 2r3 + 2r4 + r5)]
n∑

k=1

d(xk, yk) + [1− (r2 + r5)]
n∑

k=1

d(xk+1, yk)

≤ (r1 + r2 + r4)
n∑

k=1

d(xk−1, yk−1)

+ (r1 + r2 + 2r3 + r4 + 2r5)
n∑

k=1

d(xk, yk−1)

+
n∑

k=1

[φ(xk−1)− φ(xk) + ψ(yk−1)− ψ(yk)]

+
n∑

k=1

[φ(xk)− φ(xk+1) + ψ(yk−1)− ψ(yk)]

≤ (r1 + r2 + r4)
n∑

k=1

d(xk, yk) + d(x0, y0)

+ (r1 + r2 + 2r3 + r4 + 2r5)
n∑

k=1

d(xk+1, yk) + d(x1, y0)

+ φ(x0) + φ(x1) + 2ψ(y2), ∀n ≥ 1,

which leads to

n∑

k=1

[d(xk, yk) + d(xk+1, yk)] ≤ B, ∀n ≥ 1, (3.11)

where

B =
1

1− c
[d(x0, y0) + d(x1, y0) + φ(x0) + φ(x1) + 2ψ(y2)].

Note that

n∑

k=1

d(xk, xk+1) ≤
n∑

k=1

[d(xk, yk) + d(xk+1, yk)] ≤ B, ∀n ≥ 1,
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which yields that the series
∑∞

n=1 d(xn, xn+1) is convergent and hence the sequence
{xn}n≥0 is a Cauchy sequence and converges to some pointw ∈ X by completeness of
X. It follows from (3.11) that

∑∞
n=1 d(xn, yn) < ∞, which means thatlimn→∞ yn = w.

SinceF andG are orbitally continuous, it follows that

δ(Fxn, Fw) → 0 and δ(Gxn, Gw) → 0 asn →∞. (3.12)

Note that

δ(Fw, w) ≤ δ(Fw, xn+1) + d(xn+1, w)

≤ δ(Fw, Fxn) + d(xn+1, w), ∀n ≥ 0. (3.13)

Let n tend to infinity in (3.13), we infer thatδ(Fw,w) ≤ 0 by (3.12). That is,Fw =
{w}. Similarly, we haveGw = {w}. Suppose thatx ∈ X is also a stationary point of
F different fromw. From (3.8) and (3.2), we get immediately that

d(x,w) = δ(Fx, Gw)

≤ r1d(x,w) + r2d(x, Fx) + r3d(w,Gw) + r4d(x, Gw)

+ r5d(w, Fx) + φ(x)− φ(x) + ψ(w)− ψ(w)

= (r1 + r4 + r5)d(x,w)

< d(x,w),

which is impossible and hencex = w. Consequently,w is a unique stationary point
of F . Similarly, we could prove thatw is also the unique stationary point ofG. This
completes the proof. ¥

Remark 3.1: (a) If r1 = r2 = r3 = r4 = r5 = 0, then Theorem 3.3 reduces to Theorem
2.2 of Chikkala and Baisnab [5] and the corresponding theorem of Bhakta and Basu [3].

(b) In caser2 = r3 = r4 = r5 = 0, then Theorem 3.3 reduces to Theorem 2.1 of Liu
and Kim [8] and the corresponding theorem of Dien [6].

Example 3.1: Let X = {2, 3, 4} with the usual metric. DefineF, G : X → B(X)
andφ, ψ : X → R+ by F2 = F3 = F4 = {2}, G2 = G3 = {2}, G4 = {2, 3} and
φ(t) = 2t, ψ(t) = t, ∀t ∈ X. Let r1, r2, r3, r4 andr5 be positive constants satisfying
(3.2). It is easy to see that the conditions of Theorem 3.3 are fulfilled andF andG have
a unique stationary point2 ∈ X.

Theorem 3.4: Let (X, d) be a complete metric space andF : X → B(X) be orbitally
continuous. If there existf : R+ → R+ and φ : X → R+ satisfy the following
conditions:

(a)f is nondecreasing inR+;
(b) f(s + t) ≤ f(s) + f(t), ∀s, t ∈ R+;
(c) limm,n→∞ f(d(xm, xn)) = 0 implies that{xn}n≥0 ⊂ X is a Cauchy sequence;
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(d) for anyx ∈ X there existsy ∈ Fx satisfying

f(d(x, y)) ≤ φ(x)− φ(y) + f(φ(x))− f(φ(y)), (3.14)

thenS(F ) 6= ∅ and for anyx0 ∈ X, each trajectory in=(F, x0) converges to some
stationary point ofF .

Proof. Let x0 ∈ X. From (3.14), we may choose a sequence{xn}n≥0 ∈ =(F, x0)
satisfying

f(d(xn, xn+1)) ≤ φ(xn)− φ(xn+1) + f(φ(xn))− f(φ(xn+1)), ∀n ≥ 0. (3.15)

Notice that (3.15) means that

φ(xn+1) + f(φ(xn+1)) ≤ φ(xn) + f(φ(xn))− f(d(xn, xn+1))

≤ φ(xn) + f(φ(xn)), ∀n ≥ 0,

which guarantees that the sequence{φ(xn)+f(φ(xn))}n≥0 is nonincreasing and bounded
below by 0. Hence it converges to somec ≥ 0. By virtue of (a), (b) and (d), we deduce
that

f(d(xn, xm)) ≤ f

(
m−1∑

k=n

d(xk, xk+1)

)

≤
m−1∑

k=n

f(d(xk, xk+1))

≤
m−1∑

k=n

[φ(xk)− φ(xk+1) + f(φ(xk))− f(φ(xk+1))]

= φ(xn) + f(φ(xn))− [φ(xm) + f(φ(xm))], ∀m > n ≥ 0,

which implies thatlimm,n→∞ f(d(xm, xn)) = 0. It follows from (iii) that {xn}n≥0 is a
Cauchy sequence inX. Thus there exists somew ∈ X such thatlimn→∞ xn = w by
completeness ofX. From the orbital continuity ofF , we infer that

δ(w, Fw) ≤ d(w, xn+1) + δ(xn+1, Fw)

≤ d(w, xn+1) + δ(Fxn, Fw) → 0 asn →∞,

which implies thatFw = {w}. This completes the proof. ¥

Remark 3.2 ([8]): The following functions satisfy (a)-(c) in Theorem 3.4:

t
1
2 , ln(1 + t),

t

1 + t
, rt, ∀t ∈ R+,

wherer > 0 is a constant.
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Theorem 3.5: Let (X, d) be a complete metric space andF : X → B(X) be orbitally
continuous. If there existf : R+ → R+ andφ : X → R+ satisfy (a)-(c) and

f(δ(x, Fx)) ≤ φ(x)− φ(y) + f(φ(x))− f(φ(y)), ∀x ∈ X, y ∈ Fx, (3.16)

thenS(F ) 6= ∅ and for anyx0 ∈ X, each trajectory in=(F, x0) converges to some
stationary point ofF .

Proof. Note thatd(x, y) ≤ δ(x, Fx),∀x ∈ X, y ∈ Fx. That is, (3.16) implies (3.14).
Thus Theorem 3.5 follows from Theorem 3.4. This completes the proof. ¥

The examples 3.2 and 3.3 below reveal that the stationary points of the mappingF
in Theorems 3.4 and 3.5, respectively, may not be unique.

Example 3.2: Let X = [0, 1] with the usual metric. DefineF : X → B(X), φ : X →
R+ andf : R+ → R+ by

Fx =
[x2 + x

2
,
x2 + 2x

3

]
, φ(x) = x, ∀x ∈ X,

f(t) = t, ∀t ∈ R+.

It is clear that for eachx ∈ X there existsy = x2+x
2

∈ Fx satisfying

f(d(x, y)) = x− x2 + x

2
≤ 2

(
x− x2 + x

2

)

= φ(x)− φ(y) + f(φ(x))− f(φ(y)).

Now we verify thatF is orbitally continuous inX. Let x0 ∈ [0, 1). For each sequence
{xn}n≥0 ∈ =(F, x0), it follows that

0 ≤ x2
n−1 + xn−1

2
≤ xn ≤

x2
n−1 + 2xn−1

3
≤ xn−1 ≤ . . . ≤ x0 < 1, ∀n ≥ 1. (3.17)

It is easy to see that the sequence{xn}n≥0 converges to somet ∈ [0, 1). Lettingn →∞
in (3.17), we have

0 ≤ t2 + t

2
≤ t ≤ t2 + 2t

3
≤ t ≤ x0 < 1,

which implies thatt = 0 and thereforexn → 0 asn →∞. It follows that

δ(Fxn, F0) = δ
([x2

n + xn

2
,
x2

n + 2xn

3

]
, 0

)

=
x2

n + 2xn

3
→ 0 asn →∞.
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Let x0 = 1. For each sequence{xn}n≥0 ∈ =(F, x0), we conclude easily thatxn = x0

andδ(Fxn, Fx0) = 0, ∀n ≥ 1. ThereforeF is orbitally continuous inX. Thus the
conditions of Theorem 3.4 are satisfied. However,S(F ) = {0, 1}, that is,F has two
stationary points 0 and 1.

Example 3.3: Let (X, d) andf be as in Example 3.2. DefineF : X → X andφ :
X → R+ by

Fx =





{
1
9
, 1

3

}
, x ∈ [

0, 1
9

)

{x}, x ∈ [
1
9
, 1

3

)
{

x
3

}
, x ∈ [

1
3
, 1

] and φ(x) =





1, x ∈ [
0, 1

9

)
1
2
, x ∈ [

1
9
, 1

3

)

2x, x ∈ [
1
3
, 1

]
.

In order to show thatF andφ satisfy (3.16), we have to consider the following cases:

Case 1.Suppose thatx ∈ [0, 1
9
) andy ∈ Fx. It follows that

δ(x, Fx) =
1

3
− x ≤ 1 = 2

(
1− 1

2

)
= φ(x)− φ(y) + f(φ(x))− f(φ(y));

Case 2.Suppose thatx ∈ [1
9
, 1

3
) andy ∈ Fx. It is clear that

δ(x, Fx) = 0 = φ(x)− φ(y) + f(φ(x))− f(φ(y));

Case 3.Suppose thatx ∈ [1
3
, 1) andy ∈ Fx. It is easy to verify that

δ(x, Fx) =
2x

3
≤ 2

(
2x− 1

2

)
= φ(x)− φ(y) + f(φ(x))− f(φ(y));

Case 4.Suppose thatx = 1 andy ∈ F1 = {1
3
}. It follows that

δ(1, F1) =
2

3
≤ 8

3
= φ(1)− φ

(1

3

)
+ f(φ(1))− f

(
φ
(1

3

))
.

Hence all the conditions of Theorem 3.5 are satisfied. HoweverS(F ) = [1
9
, 1

3
), that is,

the stationary points ofF is not unique.
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