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Abstract

This paper is devoted to analyzing the monotonicity of some weighted differences
between any two terms in a chain of Jensen-type inequalities with repetitive sam-
ple. The problem is reduced to the solvability of some weight equations and/or
weight inequalities. Complete characterization of the structure of solutions to the
weight equations are also given.
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1. Introduction and Main Results

Throughout this paper, we fix a non-empty convex sulfset a real linear spac&l
and a real-valued functiori defined on/. For anyn,k € IN, z; € [ andt; > 0
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(1=1,2,...,n),set

M(n,k, f) = M(n,k, f,t1,...,tn, T1,..., 2,

1<i <Z.:<Z- <n (é ’J) (Z tlaxlg/ > t%> )

J(n,k, f) = J(n,k, fity, ... te, 21, .., ) :Cﬁ+i : M(n, k, f), (1.1)

J(n,00, f) = J(n,00, fit1, ... tn, T1,. .., Tp) :Tnf (thi/Tn),
i=1

(1>

_ k
fk,néJ(n,k,f,l,...,l,xl,...,acn):CkL > f(%zlzz,‘%),
ja

b=l 1< << <n

i
whereT; = > "t; (j = 1,2,...,n). Itis easy to see thal(n, k, f)/T, represents a

=1
weighted mean of with repetitive samples.
In[3], whenf is a mid-convex function, Raric and Svrtan obtained the monotonic-
ity of f,, with respect to, i.e.,

nf(%Za:Z)S---ka+1,n§fk,n_ < fin = Zf(l"i)a VkeN.
, i=1

(1.2)
It is easy to show that (1.2) can be strengthened as follows:

Theorem 1.1: Let f be a convex function oh. Then for any positive integefsandr
with £ < r, it holds

i=1

(1.3)
Clearly, (1.3) is a refinement of the following classical Jensen inequality by inserting
infinitely many terms:

Tf(thz/ )—J(noof)<Jn,1,f thxz (1.4)

The main purpose of this paper is to analyze the monotonicity of weighted dif-
ferences betweed(n, k, f) and J(n,r, f), or equivalently betweed/(n,k, f) and

M(n,r, f).
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For this purpose, we fix two functionsv : IN x N x N — IR. For any positive
integersk, r, set

G(n. k,r, f) = uln, k,r)M(n, k, f) = v(n, k,r)M(n, 7, f),
An,k,r) = (uln,k,r) = uln = 1 k,1) )CELCE Ly = v(n, b, 1) CE, Oty

+ (v = 1k, 7) = ol k) ) (k= 1)CECT, o /(0 =1),
B(n,k,r) = u(n, kﬂ’)ck;iq —v(n, k, T)C:Ll}«_y

n

(1.5)

Obviously, G(n, k,r, f) is a weighted difference betweév (n, k, f) and M (n,r, f)
(with weight functionsu and v). We have the following monotonicity result on
G(n, k,r, ) with respect tou:

Theorem 1.2: Let f be a convex function oh,n > 2, k andr (k < r) be positive
integers. Assume is non-negative and

v(n,k,r) >v(n—1,k,r). (1.6)

Then
G(n,k,r, f) > G(n—1,k,r, f) (1.7)

provided one of the following three classes of conditions holds

(1)

A(n,k,r) = B(n,k,r) = 0; (1.8)
2)
A(n,k,r) >0, B(n,k,r) >0 (1.9)
andf is non-negative; or
3
A(n,k,r) <0, B(n,k,7) <0 (1.10)

andf is non-positive.

Note, however, that in Theorem 1.2, we assume oo, which exclude the important
case ofr = oc.

In order to include the case of= oo, we fix two functionsy, z : IN x N — R. For
any positive integek;, put

G(n,k,00, f) =y(n, k)M (n,k, f) — z(n, k)J(n, oo, f),
C(”? k) = y(n7 k) - y(n -1, k‘),
y(n, k)CS;li—l - Z(n> k)

D(n, k) = ol , (1.12)
n+k—1
—1,k)Cr 1L — k)Ck L
E(n k) = z(n k) nJrcljl;ll z(n, k) nth—2

n+k—1
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Clearly,G(n, k, o0, f) is a weighted difference betwe@ti(n, k, ) and.J(n, co, f)
(with weight functionsg, z). We have the following monotonicity result 6/(n, k, oo, f)
with respect tou:

Theorem 1.3: Let f be a convex function defined dnz > 0 andn > 2. Then for any
positive integer,

G(n,k, 00, f) > G(n —1,k, o0, f). (1.12)
provided one of the following three classes of conditions holds
1)
C(n,k) = D(n,k) = E(n, k) = 0; (1.13)
2
C(n,k) >0, D(n,k)>0, E(n,k)>0 (1.14)
and f is non-negative; or
(3)
C(n,k) <0, D(n,k)<0, E(nk)<0 (1.15)

andf is non-positive.

Remark 1.4: Theorems 1.2 and 1.3 extend our previous results ([8]) on the Jensen-type
inequalities with non-repetitive sample to the present case of repetitive sample. More

precisely, in [8] the summation >° in the definition of M (n, k, f) is replaced
1<iy <-<ig<n
by > . As we shall see later, the analysis for the case of repetitive sample

1<iy <-+<ix<n
is much more complicated. As far as we know, there are no monotonicity results in
the references on the weighted difference related to the Jensen-type inequalities with
repetitive sample.

Remark 1.5: We refer to [4], [5] and [6] for a few earlier literatures on the monotonicity
related to Jensen-type inequalities with non-repetitive sample. Also, we refer to [1], [2]
and [7] for updated results on Jensen-type inequality for convex functions.

Remark 1.6: In order to ensure the monotonicity in Theorems 1.2 and 1.3, we intro-
duce some (sufficient) assumptions on the weight functions. It is easy to see that those
assumptions are not necessary. It would be quite interesting to give a sufficient and
necessary conditions on the weight functions. But this is a by now open problem.

Note also that, if without suitable restrictions on the weight functions, there are no
monotonicity for the weighted differend@(n, k, r, f) with respect ton. Indeed, we
have the following simple counterexample.

Example 1.7: Takel = [0, 3]. Itis clear that the function

1 —A4x, 0<z<1/4,
f(x)_{o, 1/4<z<3
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is convex inl. Taket; = t, =t3 = 1, 1 = 3, x5 = 2 andxzs = 0. Then, noting that
f(z) = 0 whenever: € [1/4, 3], we get

(3.2,/) = (3,8, ) 202;1 Yo (titt)f <M>

3+2-1 1<i<j<3 bt

8

381 1<ii<<ig<3 \j=1
2 8 13
= 3t~ iyl () =55

J2.2.1) = J(2.8,]) :(12%1 ST otit+t)f <M>

242-1 1<i<j<2 tl + t]

8 8 8
2+8-1 1<i; <<ig<2 \j=1 j=1 7=l
= 0.
Therefore
J(3,2,f) = J(3,8,f) > J(2,2, f) — J(2,8, f).

On the other hand, taking; = 0, z = 3 andx3 = 2, then similar to the above
computation, we get the following converse inequality:

J(3,2,f) = J(3,8,f) = 13/30 < J(2,2, f) — J(2,8, f) = 4/9.
Hence,/(n,2, f) — J(n,8, f) does not have monotonicity with respectto

Remark 1.8: Theorems 1.2-1.3 reduce the monotonicity of weighted differences to
the solvability of suitable weight equations and/or weight inequalities. To the best of
our knowledge, the following two weight inequalities (with unknownsv) and(y, z),

respectively)
A(n, k,r) >0,
(n,k,r) >0,
and
C(n, k) >0,
D(n, k) =0,
BE(n, k) >0,
are new, and very little is known about their solutions. (The other weight inequalities

appeared in Theorems 1.2—-1.3 can be easily reduced to the above ones). It would be in-
teresting to analyze the structure of their solutions. But this is by now an open problem.

Finally, we have the following two results, which characterize the structure of solu-
tions to the weight equations appeared in Theorems 1.2-1.3.



56 Liang-Cheng Wang and Xu Zhang

Theorem 1.9: Letn > 2, k andr (k < r) be given positive integers. Therin, k,r)
andu(n, k, r) satisfy the weight equations

A(n,k,r) = B(n,k,r) =0 (1.16)
if and only if
Crirmi
u(n, k,r) = —=—v(n,k,r). (1.17)
n+k—1

Theorem 1.10: Let n > 2 andk be given positive integers. Therin, k) andz(n, k)
satisfy satisfy the weight equations

C(n,k) = D(n, k) = E(n, k) =0 (1.18)
if and only if

z(n, k) = Cii_1y(n
{ ( ’k) OnJrk*ly( ’k)’ (12.19)

y(n, k) =y(n—1,k).

The rest of this paper is organized as follows. In Section 2, we show some prelimi-
nary results. The proof of Theorems 1.1-1.3 will be given in Sections 3-5 respectively.
In Section 6, we shall prove Theorems 1.9 and 1.10.

2. Several preliminaries

In the sequel, when < i, < --- <4, < nand{7,...,i,} is a subsequence of
{i1, ..., ig} (p < @), we shall denote it byi', ..., i} C {i1,...,i,}. Clearly, there are
CP such subsequences{, . . . i, }.

First of all, we need the following known resuitgfeLemma 3.2 in [8]).

Lemma 2.1: Let f be a convex function defined dn Then for anym,¢ € IN with
1 <?<m <n,itholds

m ¢ ¢ ¢
f (Z timi/Tm> < C’Z_+T Z (Z%) / (Z%%; th‘j) :
i—1 m—15m m} \j g=1 7=l

{il ----- if}c{l ----- J=1

Next, we show the following two lemmas, which are repetitive sample counterparts
of Lemmas 3.3-3.4 in [8].

Lemma 2.2: Letk,r,m € N satisfyl < k < r < m. Then for any functiory : IN* —
R, it holds

! -/ C:n—&-r—lcvlf . .
3 ST gl = S gl )

1<in <o ip<me (] oif YC it yoenyin } mtk—1 1< < <jr<m
(2.1)

..........
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Proof. By symmetry, it is easy to see that
> o gl i) (2.2)
1<iy <o Kin<me {if,,ih YO pennyin }
is equal to some integer times of the following summation
> gl ). (2.3)
1< << g <m

Let us compute this integer. From the elementary combinational theory, it is easy
to see that there a@’, ., _,C* terms (including repeated terms) in (2.2); while in (2.3)
there areC” ., _, terms. Therefore, the desired integer is equal to

C'In-l-r—lc(rlfj
Cﬁz—l—k—l
This completes the proof of Lemma 2.2. [ |

Lemma 2.3: Let f be a convex function defined dn Then for any positive integefs
andr with k£ < r, it holds

C?C—&-T—ICZ’C
M(n,r, f) < WM(TL, k. f)- (2.4)
r—1 Cngk—1

Proof. By Lemmas 2.1-2.2, we have
M(n,r, f)

1<ip < <ir<n \j=1

1 k k k
< 2 X }(Zti;-)f (Zl” Zlf)
r- ir i= i

1<ip << <n Lgin il Y i, j=1

cr Ck k k k
n+r—1-'r
ey (S (St /2
r=1Yn4k—1 1< <<jp<n \g=1 g=1 g=1
Cr+ _lcvk
= T Nk, f).
CF=ICk

This completes the proof of Lemma 2.3. [ |

Finally, we need the following simple combinational identity, which is possibly
known but we do not find an exact reference.
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Lemma 2.4: For any positive integers, r, k with & < r, it holds

r—1
n T
Y O, Gy = ﬁon—&-'}‘ 2Cr_y (2.5)
p=k

Proof. The left of (2.5) can be rewritten as

— (n+p—2)
Z termaCy = ;(n—m!k!(p—k)!

- ( i ) (2.6)
r—k—1)---(p—k+1 1
_1Or1 Ck
(n n+r—2~r—1 ;n+r—2 (n+p—1)+n+r—2
However
r—2

Z(r—k—l)«~(p—k+1)+ 1

— (n+r—=2)---(n+p-1) n+r-2

_ r—k-1)-32 ( 1 +¢>+ (r—k-1)--4-3
(n+r—2)---(n+k)\n+k—-1 n+r—2)---(n+k+1)
r—k—1 1
+(n+r—2)(n+r—3)+n+r—2
_ (r—k=1)--4:3 ( 2 +1>+”'
(n+r—2)---(n+k+1) \n+k—-1
n r—k—1 n 1
(n+r—2)(n+r—3) n+r—2

n+r—=2)(n+r—-3) \n+k—-1 n+r—2
o (r—k—1+1>_ 1
n+r—2\n+k—1 n+k—1
(2.7)

Now, combining (2.6) and (2.7), we obtain the desired identity (2.5). This completes
the proof of Lemma 2.4. [ |

3. Proof of Theorem 1.1

Fork =1,2,---,using Lemma 2.3, we obtain
CrkH ok
Ck oI k+1,f)=M(nk+1,f) < ﬁ (n,k, f)
n+k—1
n+k

= L C§+li1( k. f)= +kJ(nkf)
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i.e.,

Jn,k+1,f) < J(n,k, f), k=1,2,---

It remains to show thaf (n, oo, f) < J(n,k, f) for k = 1,2,---. For this, noting
the following simple combinatorial identities

k
Z Z tij - CS;;—lTnv

1<in << <n  j=1

k n
§ § — k1 E -+
i; i, = Cn+k—1 Ziti,

=1

1< <-<ip<n j=1

and using (1.4), we see that

J(n,00, f) =T,f (T% Xn: tixi>
i=1

e s (£ /5

ntk—17" 1<j < <ip<n \j J=1

k k k
< C’k;l Z (Z tij> / (Z Li; X, Z%) = J(n, k, ).
p j=1

k=1 1<iy <<ig<n \j=1

This completes the proof of Theorem 1.1. [

4. Proof of Theorem 1.2

The proof is divided into several steps.

Step 1.For any positive integet, we define a functiod, by

L(”? 87 f)
s—1 s—1 s—1
> (tn + > tjp> f <(tnxn + > tjpxjp)/ (tn + > tjp>> , s> 1,
1<j1<<js—1<n p=1 p=1 p=1
tnf<xn)7 s=1

(4.1)
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Recall the definition of\/ (n, k, f) in (1.1), we see that

M(n, k, f)

- ¥ <itjp> f <pz:tjpxjp ;klta'p>

1<ji<<gr<n—1 \p=1

k—1 k—1 k—1
+ > (tn + thp> f ((tnxn + thpxjp>/ (tn +) tjp)>
1< < <gr—1<n p=1 p=1 p=1

= M(n— 1Lk, f) + L(n, k, f).
(4.2)
By (4.2) and noting the definition @¥(n, &, r, f) in (1.5), we see that

G(n,k,r, f)—G(n—1,k,r f)
= lu(n,k,r)—uln—1,knr)Mn—1,k f)+uln,k,r)L(nk, f) (4.3)
+o(n — 1, k,r) —vn,k,r)]M(n—1,r, f) —v(n,k,r)L(n,r, f).
Step 2. We now useM (n — 1,k, f) and/or L(n, k, f) to boundM (n — 1,r, f) and
L(n,r, f) (Recall thatt < 7).

To boundM (n — 1,7, f) by M(n — 1,k, f) is quite easy. Indeed, by Lemma 2.3,
one obtains that

cr Ck
M(n—1,rf) < =20 M(n— 1k, f). (4.4)

— k—1 vk
Crfl Cn+k—2

However, it is much more complicated to bouh¢h, r, f) by M(n — 1, k, f) and
L(n, k, f). For this purpose, by (4.1), we rewrifén, r, f) as follows:

_ | Z ((r—w)tn—i—Ztiq)

f (((T’ — w)tnl'n + qz; tiql'iq)/ <<T — w)tn + qz; tzq)) (45)

+ i Z <(7“ —w)t, + thiq>

w=k 1<i) <+ <iyw<n—1

x f (((r — W)ty + z“’: tiq:piq)/ <(r —w)t, + zw: tiq>) ,

X
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where and henceforth, when= 0, we agree that

Z <(T —w)t, + Ztiq>

1<y < < <n— q=1

(- £ m) / (i 1))

= rt,f(z,)

Using Lemma 2.1, we conclude that

Z ((r —w)t, + Ztiq>

(r — w)tpx, + zw:tiqxiq>/ ((r —w)t, + zw: tiq)>

k—1 1 k
= 2 o 2 } (Z ti’q) (4.6)

w=01<i1 <-<ip<n—1 7L fh it Y it i, T, -«

X
k’ﬁ
/N
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and

Ti > ((7" — w)t, + it)

w=k 1<i1 < <iw<n—1

(o) ()

S D SR TP SN 030

w=k 1<i1 <o <iw<n—1 =L i it Y {inin, Y, - ey

k k
xf (Z tigl‘z‘;/ > tz‘@)
q=1 q=1

1 w=k 1<t < <iw<n—1{¢,...;i} yC{i1,....i q=1

k—1 k—1
1
o 1Z<t +Zt ) ((’fnfcﬁztim)/(tﬁ t, )
=1 (2) q=1 q=1

Combining (4.5)—(4.7), we arrive at

r—w times

| k k k
< i Z > (Z ti@) ! (Z tyi, [ D ti@)
1 1 <w+- <t iw} \g=1 q=1 q=1

S N YT T

k—1 k—1 k—1
1
i TR 0=1 ¢=1 e=1

(4.8)

In the rest of this step, we will rewrite the right hand side of (4.8) as a linear combi-
nation of M (n — 1, k, f) andL(n, k, f). Thanks to Lemmas 2.2 and 2.4, the first line in
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the right hand side of (4.8) can be written as follows:

1 k k k
> > > }<2ti;>f<z;tia% 2%)

w=k 1<iy<--<iw<n—1 {i{,... i} }C{i1,...,i

w k k k
= Z Onw = > <Z tjq> f (Z tjqTiq z;tjq) (4.9)

Cri—2 1< <-<ge<n—1 \g¢=1
~ 1)CrLlL,Ck ChiroCr
_ (n ) n+r—2~r— 1M( 17k,f)_MM( 1’k'7f)

B (n+k— )CSM 2 a CSM 1

We need to be more careful to treat the second line in the right hand side of (4.8). The
difficulty is to analyze how many terms there are in the last two summajions) _ in

o @
(4.8).
To overcome this difficulty, we note that, from (4.1), using Lemma 2.1 again, one
obtains

L(n,r, f)

r—1 r—1 r—1
= ¥ (tn—i—Ztiq) f <(tnxn+2tiqmiq>/ (tn—i—Ztiq))
1<in < <irm1<n q=1 =1 q=1

1
=1 1< << <n {if ., i) YC{i1,ensir_1,n}

(4.10)
Obviously, the number of all terms in the first summation
r—1
> and the second ong’ + ) of the right side of
w=k 1<i1 <Ziw <=1 {i},..yil }C{it,ennvin} NG
(4.8) is equal to that of all terms in the summation > > of

1<in <o 1 S0 {88 {1 oy 1,0}
the right side of (4.10) (including repeated terms).
It is easy see that there aﬁ“‘ —1)— ,CF terms (including repeated terms) in the
summation > 2 of the right side in (4.10). However, by
1<y <o <ip_1<n {if .08 Y C{in e nnyir—1,n}
means of Lemma 2.4, we see that there are

r—1
w k n—1 r—1 k
%Cn—o—w—ZOw - m0n+r—2cr—1

terms (including repeated terms) in the first summation
r—1
> > > of the right side of (4.8). Therefore, we conclude

w=k 1<i1<Ziw<n—1 {i,.cif }C{i1ornsin}
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that there are

r—1 k n—1 r—1 k n r—1 k—1
Crar—2Cr — mcn+r—20T—l = m0n+r-10r—1

terms (including repeated terms) in the last two summatjons > _ in (4.8). However,
o @
there are at most” |, different terms ind_ + >". Hence, we end up with

n+k—2
1 @
IEDD

k—1 k—1 k—1
(tn+ > ti/> f ((tnxn+ > t,x,)/ (tn+ > tz>>
o @ g=1 ' =1 =1

nCrir 1Ot
T (nt k- 1)CH] 2 t”q;t“

nt+k=2 1<, <--<jp-1<n

(4.11)
k—1 k—1
x f ((tnxn +3 tjqqu>/ (tn +) tjq)>
q=1 qg=1
C«r;l_lck_—ll
= — Lk, f).
Crii
Now, combining (4.8), (4.9) and (4.11), we conclude that
CriraCroy Chrir1
L(n,r,f) SWM<H_17]€’JC)+ k—1 L(”akaf) (412)
Cr—l Cn—l—kz—l Cn—l—kz—l

Step 3.Recalling that is assumed to be non-negative anid, k, ) > v(n — 1,k,r),
and using (4.3), (4.4) and (4.12), we see that

G(n,k,r, f) = Gn—1,k,r, f)> 1;17(?’ IZ’T) M(n—1,k, f)
B 1 Crfl Cn—i—k—l (4_13)
BOK) Lk, p).
C
n+k—1

Finally, noting our assumption oA(n, k,r), B(n, k,r) and f, the desired result
follows from (4.13) immediately. This completes the proof of Theorem 1.2. |
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5. Proof of Theorem 1.3

It is easy to see that

k—1
DRSS AR
j=1

1< << 1<n

k—1
=Cio(Tua +t)+ Y D 1,

1<ip<-<ig_1<n j=1

E—1
k— k— k—
- Cn—&-l}:—QTn + TCn-Hi—QTn - Cn-i—llf—lTn'

Similarly,

k—1 n—1 n
=1 =1

1<ig < Sig—1<n Jj=1

By (5.1) and (5.1), and using (1.4), we obtain

J(n,00, f) =T,f (étle/Tn)

(LGB () (5

1< << 1<n
n—1

+CF L T <Z tia; / Tn1> / (C§+,1_1Tn))
=1

1 k-1 k-1 k-1
BB (o B 50)
Cn+k—1 j=1 j=1 j=1

1<ip <o <ig_1<n

n—1
+CSI;1,2Tn—1f (Z tz‘l‘z‘/ Tn—1>
i—1

k—1

1 C
= fL(nakmf)—’— nJ_rk72‘](n_]-’OOaf>a
Chii (St
(5.2)

whereL(n, k, f) is defined by (4.1).
Noting thatz(n, k) is assumed to be non-negative, by (1.5) and (5.2), we conclude
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that
G(n,k,00, f) — G(n —1,k, 00, f)
=y, k)[M(n—1,k, f)+ L(n,k, f)] — z(n, k) J(n, o0, f)
—lyn—1L,E)Mn—1,k, f)—z2(n—1,k)J(n— 1,00, f)]
> C(n,k)M(n—1,k, f)+ D(n,k)L(n, k, f) + E(n,k)J(n — 1,00, f).

(5.3)

Finally, by (5.3), and noting our assumptions ©in, k), D(n, k), E(n, k) and f,
we obtain the desired result immediately. This completes the proof of TheoreniiL.3.
6. Proof of Theorems 1.9 and 1.10
This section is devoted to prove Theorems 1.9 and 1.10.

Proof of Theorem 1.9The “only if” part is a direct consequence Bi{n, k,r) = 0.
The “if” part. It suffices to showA(n, k, ) = 0. By (1.17), we have

it il
u(n, k,r) = ———v(n,k,r), u(n —1,k,r) = —5—v(n—1,k7).
n+k—1 n+k—2

Therefore, from the definition ofl(n, k&, ) in (1.5), we have

A(n, k,r)
crol oklok k—1
= | Pt BERZ o0k - OO | vln k)
Cn—l—k—l n—1 (61)
k-1 CrolCRlon
TH—TC:L+T2C£€ . n—&—r—ZC’kr_—ll n+k—1 v(n . 17 ]{3, T).
n n+k—2

A simple computation shows that

C:L;iflof:llcﬁ+kfl _n+t k-1

C:wr—ch - C;;i72cffl =0 (6.2)

Cﬁli_l n—1
and 1 k—1 vk
k—1 crloelek
T e ] (6:3)
n+k—2

Now, combining (6.1)-(6.3), we see thatn, k,r) = 0. This completes the proof
of Theorem 1.9. [ |

Proof of Theorem 1.10The “only if” part is a direct consequence bf(n, k) = 0 and
C(n,k) =0.
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The “if” part. It suffices to showE(n, k) = 0. By (1.19), we have
z(n, k) = C’,’f;i_ly(n, k), z(n—1,k) = C’S;i_zy(n —1,k) = Csjr,i_Qy(n, k).

Therefore, by the definition af (n, k) in (1.11), we see that

k-1 k-1 k-1 k-1
y(n, k) (Cn+k—20n+k—1 - On+k—10n+k—2>

E(n, k) = - =0
Coii
This completes the proof of Theorem 1.10. [ |
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