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Abstract

In this paper, by using the concept of(A, η)-accretive mappings and the new re-
solvent operators associated with(A, η)-accretive mappings due to Lan et al., we
construct some new iterative algorithms to approximate the solutions of a new class
of relaxed cocoercive variational inclusion problems involving(A, η)-accretive
mappings with non-accretive set-valued mappings. we also prove the existence
of solutions and the convergence of the sequences generated by the algorithms in
q-uniformly smooth Banach spaces.
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1. Introduction

In this paper, we always assume thatB is a real Banach space with dual spaceB∗,
〈·, ·〉 is the dual pair betweenB andB∗, CB(B) denotes the family of all nonempty
closed bounded subsets ofB and2B denotes the family of all the nonempty subsets of
B. For any given constantλ > 0, single-valued mappingsA, p, g : B → B, N :
B × B × B → B, set-valued mappingsS, T, G : B → CB(B), and an any nonlinear
mappingM : B × B → 2B satisfying for allt ∈ B, g(B)

⋂
M(·, t) 6= ∅ andM(·, t)

is an(A, η)-accretive mapping, we consider the following problem of findingx ∈ B,
u ∈ S(x), v ∈ T (x), ω ∈ G(x) such that

0 ∈ N(p(x), u, ω) + λM(g(x), v). (1.1)

Some examples of the problem (1.1) include the following.

1This work was supported by the Scientific Research Fund of Sichuan Provincial Education Depart-
ment (2006A106).
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(1) If N(x, y, z) = f(y) + T (x, z) for all x, y, z ∈ B, then the problem (1.1) reduces
to the following nonlinear variational inclusion:

Findx ∈ B, u ∈ S(x), v ∈ T (x), ω ∈ G(x) such that

0 ∈ f(u) + T (p(x), ω) + λM(g(x), v). (1.2)

The problem (1.2) is considered by Jin [10] whenλ = 1, which includes a number
of known and new classes of variational inclusions, variational inequalities, and
corresponding optimization problems (see, for example, [2]-[4], [8], [12] and the
references therein). Furthermore, these types of variational inclusion problems
enable us to study many important problems arising in the mathematical, physical,
and engineering sciences in a general and unified framework.

(2) If M(x, t) = M(x) for all x, t ∈ B and there exists a elementf ∈ B such that
N(x, y, z) = F (y, z) − f for all x, y, z ∈ B, then the problem (1.1) reduces to
findingx ∈ B, u ∈ S(x), ω ∈ G(x) such that

f ∈ F (u, ω) + λM(g(x)). (1.3)

In 2004, motivated and inspired by the results in [6], Peng [16] introduced and
studied the set-valued variational inclusion problem (1.3) involvingT -accretive
operators (in fact,H-accretive operators due to Fang and Huang [6]) in Banach
spaces, when the set-valued mappingM : B → 2B is aT -accretive operator. As
Peng pointed out “the results in [16] can be further generalized to the case of A-
accretivity based on the references [17, 18]”. Moreover, we note that the author
proved the convergence result for iterative sequences generated by the algorithm
under the assumption thatV,G areĤ-Lipschitz continuous and strongly accretive
with respect tog1 in the first and second arguments, respectively, whereg1 : B →
B is defined byg1(x) = T · g(x) = T (g(x)) for all x ∈ B. By Liu and Li [13], it
is easy to know thatS, G in Theorem 4.1 of [16] are single-valued mappings.

(3) If λ = 1, f = 0 andS, G : B → B is a single-valued, then the problem (1.3)
reduces to the variational inclusion problem of findingx ∈ B such that

0 ∈ F (S(x), G(x)) + M(g(x)). (1.4)

The problems (1.3)–(1.4) include a number of variational inclusions and nonlinear
variational inequalities as special cases, for more details, see [1]-[5], [8]-[14],
[16]-[18] and the references therein.

On the other hand, Lan et al. [11] introduced a new concept of(A, η)-accretive
mappings, which generalizes the existing monotone or accretive operators, and studied
some properties of(A, η)-accretive mappings and defined resolvent operators associated
with (A, η)-accretive mappings. By using the resolvent operator technique, the authors
constructed some perturbed iterative algorithms for a class of nonlinear relaxed cocoer-
cive variational inclusions involving(A, η)-accretive mappings and study applications
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of (A, η)-accretive mappings to the approximation-solvability of this class of nonlinear
relaxed cocoercive variational inclusions inq-uniformly smooth Banach spaces, which
are providing mathematical models to some problems arising in economics, mechan-
ics, and engineering science. Very recently, by using the resolvent operator technique,
a very important method to find solutions of variational inequality and variational in-
clusion problems, a number of of nonlinear variational inclusions and many systems of
variational inequalities, variational inclusions, complementarity problems and equilib-
rium problems have been studied by some authors in recent years. See, for example,
[7], [8], [17], [19] and the references therein.

Motivated and inspired by the above works, the purpose of this paper is to intro-
duce the notion of(A, η)-accretive mappings and the resolvent operators associated with
(A, η)-accretive mappings due to Lan et al. [11], and to construct some new iterative
algorithms to approximate the solutions of the relaxed cocoercive variational inclusion
problem (1.1) involving(A, η)-accretive mappings with non-accretive set-valued map-
pings. we also prove the existence of solutions and the convergence of the sequences
generated by the algorithms inq-uniformly smooth Banach spaces. Our results improve
and extend the corresponding results of recent works.

2. Preliminaries

It is well known that the generalized duality mappingJq : B → 2B
∗

is defined by

Jq(x) = {f ∗ ∈ B∗ : 〈x, f ∗〉 = ‖x‖q and ‖f ∗‖ = ‖x‖q−1}, ∀x ∈ B,

whereq > 1 is a constant. In particular,J2 is the usual normalized duality mapping. It
is known that, in general,Jq(x) = ‖x‖q−2J2(x) for all x 6= 0, andJq is single-valued
if B∗ is strictly convex, and ifB = H, the Hilbert space, thenJ2 becomes the identity
mapping onH.

The modulus of smoothness ofB is the functionρB : [0,∞) → [0,∞) defined by

ρB(t) = sup{1

2
(‖x + y‖+ ‖x− y‖)− 1 : ‖x‖ ≤ 1, ‖y‖ ≤ t}.

A Banach spaceB is called uniformly smooth iflimt→0
ρB(t)

t
= 0. B is called q-

uniformly smooth if there exists a constantc > 0 such thatρB(t) ≤ ctq, q > 1.
Remark thatJq is single-valued ifB is uniformly smooth. In the study of character-

istic inequalities inq-uniformly smooth Banach spaces, Xu [20] proved the following
result:

Lemma 2.1: Let B be a real uniformly smooth Banach space. ThenB is q-uniformly
smooth if and only if there exists a constantcq > 0 such that for allx, y ∈ B,

‖x + y‖q ≤ ‖x‖q + q〈y, Jq(x)〉+ cq‖y‖q.

In the sequel, we give some concept and lemma needed later.
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Definition 2.2: Let B be aq-uniformly smooth Banach space,T, A : B → B be two
single-valued operators. ThenT is said to be

(i) accretive if
〈T (x)− T (y), Jq(x− y)〉 ≥ 0, ∀x, y ∈ B;

(ii) strictly accretive, ifT is accretive and

〈T (x)− T (y), Jq(x− y)〉 = 0

if and only if x = y;

(iii) r-strongly accretive, if there exists a constantr > 0 such that

〈T (x)− T (y), Jq(x− y)〉 ≥ r‖x− y‖q, ∀x, y ∈ B;

(iv) γ-strongly accretive with respect toA, if there exists a constantγ > 0 such that

〈T (x)− T (y), Jq(A(x)− A(y))〉 ≥ γ‖x− y‖q, ∀x, y ∈ B;

(v) m-relaxed cocoercive with respect toA, if there exists a constantm > 0 such that

〈T (x)− T (y), Jq(A(x)− A(y))〉 ≥ −m‖T (x)− T (y)‖q, ∀x, y ∈ B;

(vi) (α, ξ)-relaxed cocoercive with respect toA, if there exist constantsα, ξ > 0 such
that

〈T (x)−T (y), Jq(A(x)−A(y))〉 ≥ −α‖T (x)−T (y)‖q +ξ‖x−y‖q, ∀x, y ∈ B;

(vii) s-Lipschitz continuous, if there exists a constants > 0 such that

‖T (x)− T (y)‖ ≤ s‖x− y‖, ∀x, y ∈ B.

Remark 2.3: WhenB = H, (i)-(iv) of Definition 2.1 reduce to the definitions of
monotonicity, strict monotonicity, strong monotonicity, and strong monotonicity with
respect toA, respectively (see [5], [6]).

Definition 2.4: A single-valued operatorη : B ×B → B is said to be Lipschitz contin-
uous if there exists a constantτ > 0 such that

‖η(x, y)‖ ≤ τ‖x− y‖, ∀x, y ∈ B.

Definition 2.5: Let B be aq-uniformly smooth Banach space,η : B × B → B and
A,H : B → B be single-valued mappings. Then multi-valued mappingM : B → 2B is
said to be
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(i) accretive if

〈u− v, Jq(x− y)〉 ≥ 0, ∀x, y ∈ B, u ∈ M(x), v ∈ M(y);

(ii) η-accretive if

〈u− v, Jq(η(x, y))〉 ≥ 0, ∀x, y ∈ B, u ∈ M(x), v ∈ M(y);

(iii) strictly η-accretive ifM is η-accretive and equality holds if and only ifx = y;

(iv) r-stronglyη-accretive if there exists a constantr > 0 such that

〈u− v, Jq(η(x, y))〉 ≥ r‖x− y‖q, ∀x, y ∈ B, u ∈ M(x), v ∈ M(y);

(v) α-relaxedη-accretive if there exists a constantα > 0 such that

〈u− v, Jq(η(x, y))〉 ≥ −α‖x− y‖q, ∀x, y ∈ B, u ∈ M(x), v ∈ M(y);

(vi) m-accretive ifM is accretive and(I + ρM)(B) = B for all ρ > 0, whereI
denotes the identity operator onB;

(vii) generalizedm-accretive ifM is η-accretive and(I + ρM)(B) = B for all ρ > 0;

(viii) H-accretive ifM is accretive and(H + ρM)(B) = B for all ρ > 0;

(ix) (H, η)-accretive ifM is η-accretive and(H + ρM)(B) = B for everyρ > 0.

Remark 2.6: If B = H, then (i)-(ix) of Definition 2.4 reduce to the definitions of
monotone operators,η-monotone operators, strictlyη-monotone operators, stronglyη-
monotone operators, relaxedη-monotone operators, maximal monotone operators, max-
imal η-monotone operators,H-monotone operators and(H, η)-monotone operators, re-
spectively.

Definition 2.7: LetT : B → 2B be a set-valued mapping. For allx, y ∈ B, the mapping
N(·, ·, ·) : B × B → B is called to be

(i) ε-Lipschitz continuous with respect to the first argument, if there exists a constant
ε > 0 such that

‖N(x, ·, ·)−N(y, ·, ·)‖ ≤ ε‖x− y‖ ∀x, y ∈ B;

(ii) T is said to beζ-Ĥ-Lipschitz continuous, if there exists a constantζ > 0 such
that

Ĥ(T (x), T (y)) ≤ ζ‖x− y‖, ∀x, y ∈ B,

whereĤ : 2B × 2B → (−∞, +∞)∪ {+∞} is the Hausdorff pseudo-metric, i.e.,

Ĥ(E, D) = max{sup
x∈E

inf
y∈D

‖x− y‖, sup
x∈D

inf
y∈E

‖x− y‖}, ∀E, D ∈ 2B.
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Note that if the domain of̂H is restricted to closed bounded subsetsCB(B), thenĤ is
the Hausdorff metric.

In a similar way, we can define Lipschitz continuity of the mappingN(·, ·, ·) with
respect to the second argument.

Definition 2.8: Let A : B → B, η : B × B → B be two single-valued operators. Then
a multi-valued mappingM : B → 2B is called(A, η)-accretive if

(i) M is m-relaxedη-accretive,

(ii) (A + ρM)(B) = B for everyρ > 0.

Remark 2.9 ([11]):

(i) If m = 0, then Definition 2.5 reduces to the definition of(H, η)-accretive op-
erators, which is generalizedm-accretive operators andH-accretive operators if
A = I, η(x, y) = x − y for all x, y ∈ B, respectively. Furthermore, ifm = 0,
A = I andη(x, y) = x − y for all x, y ∈ B, then Definition 2.5 becomes and is
classicalm-accretive operators.

(ii) WhenB = H, Definition 2.5 reduces to the definition of(A, η)-monotone op-
erators, which is a new concept and includesA-monotone operators as special
case.

(iii) Whenm = 0 andB = H, Definition 2.5 is replaced to the definition of(H, η)-
monotone operators, which becomes maximalη-monotone operators and classi-
cal maximal monotone operators ifA = I, η(x, y) = x − y for all x, y ∈ H,
respectively.

Proposition 2.10 ([11]): Let A : B → B be ar-stronglyη-accretive mapping,M :
B → 2B be an(A, η)-accretive mapping. Then the operator(A + ρM)−1 is single-
valued.

Definition 2.11: Let A : B → B be a strictlyη-accretive operator andM : B → 2B be
an(A, η)-accretive mapping. The resolvent operatorJρ,A

η,M : B → B is defined by:

Jρ,A
η,M(x) = (A + ρM)−1(x), ∀x ∈ B.

Remark 2.12: Resolvent operators associated with(A, η)-accretive mappings include
the corresponding resolvent operators associated with(H, η)-accretive mappings,(H, η)-
monotone operators,H-accretive operators, generalizedm-accretive mappings, maxi-
malη-monotone operators,H-monotone operators,A-monotone operators,η-subdifferential
operators, the classicalm-accretive and maximal monotone operators (see, [3]-[7], [10]-
[12], [14], [16], [17] and the references therein).

Proposition 2.13 ([11]): LetB be aq-uniformly smooth Banach space,η : B×B → B
be τ -Lipschitz continuous,A : B → B be ar-stronglyη-accretive mapping andM :
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B → 2B be an(A, η)-accretive mapping. Then the resolvent operatorJρ,A
η,M : B → B is

τq−1

r−ρm
-Lipschitz continuous, i.e.,

‖Jρ,A
η,M(x)− Jρ,A

η,M(y)‖ ≤ τ q−1

r − ρm
‖x− y‖, ∀x, y ∈ B,

whereρ ∈ (0, r
m

) is a constant.

3. Iterative Algorithms and Convergence

In this section, by using the new resolvent operator technique associated with(A, η)-
accretive mappings duo to section 2, we shall construct a new iterative algorithm for
solving the relaxed cocoercive variational inclusion problems (1.1) in Banach spaces.

Lemma 3.1: Let A : B → B be r-stronglyη-accretive,M(·, t) : B → 2B is (A, η)-
accretive in the first argument for allt ∈ B, andp, g : B → B, N : B×B×B → B and
S, T,G : B → CB(B) be any nonlinear mappings. Then a given element(x, u, v, ω) is
a solution to the problem (1.1) if and only if(x, u, v, ω) satisfies

g(x) = Jρλ,A
η,M(·,v)(A(g(x))− ρN(p(x), u, ω)), (3.1)

whereJρλ,A
η,M(·,v) = (A + ρλM(·, v))−1 andρ > 0 is a constant.

Proof. The conclusion follows directly from Definition 2.7. ¥

Remark 3.2: The equality (3.1) can be written as

x = x− g(x) + Jρλ,A
η,M(·,v)(A(g(x))− ρN(p(x), u, ω)),

whereρ, λ > 0 are constants. This fixed point formulation enables us to suggest the
following iterative algorithm.

Algorithm 3.1: For any givenx0 ∈ B, takeu0 ∈ S(x0), v0 ∈ T (x0) andω0 ∈ G(x0).
It follows from Lemma 3.1 that there existsx1 ∈ B such that

x1 = x0 − g(x0) + Jρλ,A
η,M(·,v0)((A(g(x0))− ρN(p(x0), u0, ω0)) + e0).

Sinceu0 ∈ S(x0), v0 ∈ T (x0) ω0 ∈ G(x0), by Nadler’s result [15], there existu1 ∈
S(x1), v1 ∈ T (x1) andω1 ∈ G(x1) such that

‖u0 − u1‖ ≤ (1 + 1)Ĥ(S(x0), S(x1)),

‖v0 − v1‖ ≤ (1 + 1)Ĥ(T (x0), T (x1)),

‖ω0 − ω1‖ ≤ (1 + 1)Ĥ(G(x0), G(x1)).
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From Lemma 3.1, we know that there existsx2 ∈ B such that

x2 = x1 − g(x1) + Jρλ,A
η,M(·,v1)((A(g(x1))− ρN(p(x1), u1, ω1)) + e1).

By Nadler’s result [15], there existu2 ∈ S(x2), v2 ∈ T (x2) andω2 ∈ G(x2) such that

‖u1 − u2‖ ≤ (1 + 2−1)Ĥ(S(x1), S(x2)),

‖v1 − v2‖ ≤ (1 + 2−1)Ĥ(T (x1), T (x2)),

‖ω0 − ω1‖ ≤ (1 + 2−1)Ĥ(G(x1), G(x2)).

Continuing this way, we can obtain sequences{xn}, {un}, {vn}, {ωn} satisfying





xn+1 = xn − g(xn)

+Jρλ,A
η,M(·,vn)((A(g(xn))− ρN(p(xn), un, ωn)) + en),

un ∈ S(xn), ‖un − un+1‖ ≤ (1 + 1
n+1

)Ĥ(S(xn), S(xn+1)),

vn ∈ T (xn), ‖vn − vn+1‖ ≤ (1 + 1
n+1

)Ĥ(T (xn), T (xn+1)),

ωn ∈ G(xn), ‖ωn − ωn+1‖ ≤ (1 + 1
n+1

)Ĥ(G(xn), G(xn+1)),

(3.2)

whereρ, λ > 0 are constants,en ∈ B(n ≥ 0) is an error to take into account a possible
inexact computation of the resolvent operator point, andĤ(·, ·) is the Hausdorff pseudo-
metric on2B.

From Algorithm 3.1, we have the following algorithm for solving the problem (1.3).

Algorithm 3.2: For any givenx0 ∈ B, we can obtain sequences{xn}, {un}, {ωn}
satisfying





xn+1 = xn − g(xn) + Jρλ,A
η,M ((A(g(xn))− ρ(F (un, ωn)− f)) + en),

un ∈ S(xn), ‖un − un+1‖ ≤ (1 + 1
n+1

)Ĥ(S(xn), S(xn+1)),

ωn ∈ G(xn), ‖ωn − ωn+1‖ ≤ (1 + 1
n+1

)Ĥ(G(xn), G(xn+1)),

whereρ, λ > 0 anden are the same as in Algorithm 3.1.

Remark 3.3: If we choose suitableen, A, η, M , N , S, T , g, G andB, then Algo-
rithms 3.1-3.2 can be degenerated to a number of algorithms involving many known
algorithms which due to classes of variational inequalities, complementarity problems,
and variational inclusions (see, for example, [1]-[6], [9]-[13]).

Now we prove the existence of a solution of problem (1.1) and the convergence of
Algorithm 3.1.

Theorem 3.4: Let B be aq-uniformly smooth Banach space andA : B → B be
r-strongly η-accretive andσ-Lipschitz continuous, respectively. LetS, T, G : B →
CB(B) be ξ-Ĥ-Lipschitz continuous,γ-Ĥ-Lipschitz continuous andζ-Ĥ-Lipschitz
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continuous, respectively. Suppose thatη : B × B → B is τ -Lipschitz continuous
and for each fixedt ∈ B, M(·, t) : B → 2B is a (A, η)-accretive. Letg : B → B be
(d, α)-relaxed cocoercive andβ-Lipschitz continuous,p : B → B beπ-strongly accre-
tive and%-Lipschitz continuous, andN : B × B × B → B be(s, ι)-relaxed cocoercive
with respect tog1 in the first argument and Lipschitz continuous with respect to three
arguments with constantsν > 0, δ > 0 andε > 0, respectively, whereg1 : B → B is
defined byg1(x) = A ◦ g(x) = A(g(x)) for all x ∈ B. If there exist constantsρ > 0
andµ > 0 such that for eachx, y, t ∈ B,

‖Jρλ,A
η,M(·,x)(t)− Jρλ,A

η,M(·,y)(t)‖ ≤ µ‖x− y‖, (3.3)





h = µγ + q
√

1− qα + (cq + dq)βq < 1− ρτq−1(δξ+εζ)
r−ρλm

, r > ρλm,

σqβq − qρι + qρsνqπq + cqρ
qνqπq

< [(1− h)(r − ρλm)τ 1−q − ρ(δξ + εζ)]q,
∞∑
i=1

‖ei − ei−1‖ k−i < ∞, ∀k ∈ (0, 1), lim
n→∞

en = 0,

(3.4)

wherecq is the constant as in Lemma 2.1, then the iterative sequences{xn}, {un}, {vn}
and{wn} generated by Algorithm 3.1 converge strongly tox∗, u∗, v∗ andw∗, respec-
tively, and(x∗, u∗, v∗, w∗) is a solution of problem (1.1).

Proof. From (3.2), condition (3.3) and Proposition 2.13, we have

‖xn+1 − xn‖
≤ ‖xn − xn−1 − [g(xn)− g(xn−1)]‖

+‖Jρλ,A
η,M(·,vn)((A(g(xn))− ρN(p(xn), un, ωn)) + en)

−Jρλ,A
η,M(·,vn−1)((A(g(xn))− ρN(p(xn), un, ωn)) + en)‖

+‖Jρλ,A
η,M(·,vn−1)((A(g(xn))− ρN(p(xn), un, ωn)) + en)

−Jρλ,A
η,M(·,vn−1)((A(g(xn−1))− ρN(p(xn−1), un−1, ωn−1)) + en−1)‖

≤ ‖xn − xn−1 − [g(xn)− g(xn−1)]‖
+

τ q−1

r − ρλm
‖A(g(xn)− A(g(xn−1)))

−ρ[N(p(xn), un, ωn)−N(p(xn−1), un, ωn)]‖
+

ρτ q−1

r − ρλm
‖N(p(xn−1), un, ωn)−N(p(xn−1), un−1, ωn−1)‖

+µ‖vn − vn−1‖+
τ q−1

r − ρλm
‖en − en−1)‖ (3.5)
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By the assumptions and Lemma 2.1, we know that

‖xn − xn−1 − (g(xn)− g(xn−1))‖q

≤ ‖xn − xn−1‖q + cq‖g(xn)− g(xn−1)‖q

−q〈g(xn)− g(xn−1), Jq(xn − xn−1)〉
≤ (1− qα + (cq + dq)βq)‖xn − xn−1‖q, (3.6)

‖vn − vn−1‖ ≤ (1 + n−1)Ĥ(T (xn), T (xn−1)) ≤ γ(1 + n−1)‖xn − xn−1‖,(3.7)

‖A(g(xn)− A(g(xn−1)))− ρ[N(p(xn), un, ωn)−N(p(xn−1), un, ωn)]‖q

≤ ‖A(g(xn))− A(g(xn−1))‖q − qρ〈N(p(xn), un, ωn)

−N(p(xn−1), un, ωn), Jq(A(g(xn))− A(g(xn−1)))〉
+cqρ

q‖N(p(xn), un, ωn)−N(p(xn−1), un, ωn)‖q

≤ σqβq‖xn − xn−1‖q + cqρ
qνq‖p(xn)− p(xn−1)‖q

−qρ(−s‖N(p(xn), un, ωn)−N(p(xn−1), un, ωn)‖q + ι‖xn − xn−1‖q)

≤ (σqβq − qρι + qρsνqπq + cqρ
qνqπq)‖xn − xn−1‖q (3.8)

and

‖N(p(xn−1), un, ωn)−N(p(xn−1), un−1, ωn−1)‖
≤ ‖N(p(xn−1), un, ωn)−N(p(xn−1), un−1, ωn)‖

+‖N(p(xn−1), un−1, ωn)−N(p(xn−1), un−1, ωn−1)‖
≤ δ‖un − un−1‖+ ε‖ωn − ωn−1‖
≤ (1 + n−1)(δξ + εζ)‖xn − xn−1‖. (3.9)

Combining (3.5)–(3.9), we have

‖xn+1 − xn‖ ≤ θn‖xn − xn−1‖+
τ q−1

r − ρλm
‖en − en−1)‖, (3.10)

where

θn = q

√
1− qα + (cq + dq)βq + (1 + n−1)[µγ +

ρτ q−1

r − ρλm
(δξ + εζ)]

+
τ q−1

r − ρλm
q
√

σqβq − qρι + qρsνqπq + cqρqνqπq.

Let θ = µγ + q
√

1− qα + (cq + dq)βq +
τq−1[ρ(δξ+εζ)+ q

√
σqβq−qρι+qρsνqπq+cqρqνqπq ]

r−ρλm
. Then

we know that

θn ↓ θ as n →∞.
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From condition (3.4), we know that0 < θ < 1 and hence there existn0 > 0 and
θ0 ∈ (θ, 1) such thatθn ≤ θ0 for all n ≥ n0. Therefore, by (3.10), we have

‖xn+1 − xn‖ ≤ θ0‖xn − xn−1‖+
τ q−1

r − ρλm
‖en − en−1‖, ∀n ≥ n0. (3.11)

(3.11) implies that

‖xn+1 − xn‖ ≤ θn−n0
0 ‖xn0+1 − xn0‖+

n−n0∑
j=1

θj−1
0 tn−(j−1), ∀n ≥ n0,

wheretn = τq−1

r−ρλm
‖en − en−1‖ for all n > n0. Hence, for anym ≥ n > n0, we have

‖xm − xn‖ ≤
m−1∑
i=n

‖xi+1 − xi‖

≤
m−1∑
i=n

θi−n0
0 ‖xn0+1 − xn0‖+

m−1∑
i=n

[

i−n0∑
j=1

θj−1
0 ti−(j−1)]

≤
m−1∑
i=n

θi−n0
0 ‖xn0+1 − xn0‖+

m−1∑
i=n

θi
0[

i−n0∑
j=1

ti−(j−1)

θ
i−(j−1)
0

]. (3.12)

Since
∞∑
i=1

ti k−i < ∞, ∀k ∈ (0, 1) andθ0 < 1, it follows from (3.12) that‖xm−xn‖ →
0, asn → ∞, and so{xn} is a Cauchy sequence inB. Thus, there existsx∗ ∈ B such
thatxn → x∗ asn →∞.

Now we prove thatun → u∗ ∈ S(x∗), vn → v∗ ∈ T (x∗) andωn → ω∗ ∈ G(x∗). In
fact, it follows from (3.7) and (3.9) that{un}, {vn} and{ωn} are also Cauchy sequences
in B. Let un → u∗, vn → v∗ andωn → ω∗, respectively. In the sequel, we will show
thatu∗ ∈ S(x∗), v∗ ∈ T (x∗) andω∗ ∈ G(x∗). Notingun ∈ S(xn), we have

d(u∗, S(x∗)) = inf{‖un − y‖ : y ∈ S(x∗)} ≤ ‖u∗ − un‖+ d(un, S(x∗))

≤ ‖u∗ − un‖+ Ĥ(S(xn), S(x∗))
≤ ‖u∗ − un‖+ ξ‖xn − x∗‖ → 0.

Henced(u∗, S(x∗)) = 0 and thereforeu∗ ∈ S(x∗). Similarly, we can prove thatv∗ ∈
T (x∗) andω∗ ∈ G(x∗).

By continuity,x∗, u∗, v∗, w∗ satisfy

g(x∗) = Jρλ,A
η,M(·,v∗)(A(g(x∗))− ρN(p(x∗), u∗, ω∗)).

By Lemma 3.1,(x∗, u∗, v∗, w∗) is a solution of problem (1.1). This completes the
proof. ¥
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From Theorem 3.4, we have the following results.

Theorem 3.5: Let B, A, S, G, η, g be the same as in Theorem 3.1. Assume that
M : B → 2B is (A, η)-accretive andF : B × B → B be Lipschitz continuous with
respect to both arguments with constantsδ > 0 andε > 0, respectively. If there exists
constantρ > 0





h = q
√

1− qα + (cq + dq)βq < 1− σβr−1τ q−1,

ρ < max{ r(1−h)−σβτq−1

λm(1−h)+τq−1(δξ+εζ)
, r

λm
},

∞∑
i=1

‖ei − ei−1‖ k−i < ∞, ∀k ∈ (0, 1), lim
n→∞

en = 0,

wherecq is the constant as in Lemma 2.1, then the iterative sequences{xn}, {un} and
{wn} generated by Algorithm 3.2 converge strongly tox∗, u∗ andw∗, respectively, and
(x∗, u∗, w∗) is a solution of problem (1.3).

Proof. From Algorithm 3.2, the assumptions, and Lemma 2.1, we get

‖xn+1 − xn‖ ≤ ‖xn − xn−1 − [g(xn)− g(xn−1)]‖
+‖Jρλ,A

η,M ((A(g(xn))− ρ(F (un, ωn)− f) + en)

−Jρλ,A
η,M ((A(g(xn−1))− ρF (un−1, ωn−1)− f) + en−1)‖

≤ ‖xn − xn−1 − [g(xn)− g(xn−1)]‖
+

τ q−1

r − ρλm
(‖A(g(xn)− A(g(xn−1)))‖

+ρ‖F (un, ωn)− F (un−1, ωn−1)‖+ ‖en − en−1‖)
≤ ϑn‖xn − xn−1‖+

τ q−1

r − ρλm
‖en − en−1‖,

where

ϑn = q

√
1− qα + (cq + dq)βq +

τ q−1

r − ρλm
[σβ + ρ(1 + n−1)(δξ + εζ)].

Let ϑ = q
√

1− qα + (cq + dq)βq + τq−1

r−ρλm
[σβ + ρ(δξ + εζ)]. Then the rest proof can be

completes by Theorem 3.4. ¥

Theorem 3.6: Assume thatB, A, S, G, η, M andF are the same as in Theorem 3.2.
Let g : B → B be α-strongly accretive andβ-Lipschitz continuous. If there exists
constantρ > 0





h = q
√

1− qα + cqβq < 1− σβr−1τ q−1,

ρ < max{ r(1−h)−σβτq−1

λm(1−h)+τq−1(δξ+εζ)
, r

λm
},

∞∑
i=1

‖ei − ei−1‖ k−i < ∞, ∀k ∈ (0, 1), lim
n→∞

en = 0,
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wherecq is the constant as in Lemma 2.1, then the iterative sequences{xn}, {un} and
{wn} generated by Algorithm 3.2 converge strongly tox∗, u∗ andw∗, respectively, and
(x∗, u∗, w∗) is a solution of problem (1.3).

Remark 3.7: Theorem 3.6 is a correction and improvement of Theorem 4.1 in [16].

Remark 3.8: If M is (H, η)-accretive operator,A-accretive operator or other existing
accretive operator and monotone operator, then we can obtain the corresponding results
of Theorems 3.4–3.6. Our results improve and generalize the corresponding results of
recent works.
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