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Abstract

A fixed point theorem for a new contractive type mapping involving a countable
family of pseudometrics is established. As its application, the existence, unique-
ness and iterative approximation of solution for a functional equation arising in
dynamic programming of multistage decision processes are given.
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1. Introduction and Preliminaries

Throughout this paper, we assume tNadenotes the set of all positive integers and

w=NU{0}, R=(-00,+00), R; =][0,+00),
® ={p:¢:R, — R, is nondecreasing, right continuous and
p(t) < tfort > 0}.

Let X be a nonempty set andi, },.cy be a countable family of pseudometrics &h
such that for any distinct, y € X there exists some € N with dy(x,y) # 0. Define

= 1
d(x,y):Z—-M’y)y,Vx,yeX.

It is easy to see thatis a metric onX. A sequenc€z, },.y € X converges to a point
x € X if and only if d(x,,x) — 0 asn — oo and{z, }.cn is @ Cauchy sequence if
and only ifdy(z,, ,) — 0asm,n — oo foranyk € N. Let f : (X,d) — (X,d) bea
mapping. Foranyl C X, z,y € X andk € N, put

Oj(x) ={flz:icw}, Of(r,y) = Of(x) UOs(y),
0k(A) = sup{di(a,b) : a,b € A}.

X is said to bef-orbitally completeif every Cauchy sequence which is contained in
Oy¢(z) for z € X converges inX.

Several classes of functional equations and systems of functional equations in dy-
namic programming have been studied by some researchers by using various methods
and techniques, for example, see [1-19] and the references therein. Bellman and Lee
[3] suggested the basic form of the functional equations of dynamic programming as
follows:

f(x) = optyepH(z,y, f(T'(2,y))), V€S, (1.1)

wherex andy represent the state and decision vectors, respectiVetgpresents the
transformation of the process, affi¢i:) represents the optimal return function with ini-
tial statexz. Bellman and Roosta [4] established approximation solutions for a kind of
infinite-stage equations arising in dynamic programming. Bhakta and Choudhury [5]
investigated the existence and uniqueness of fixed point for the following contractive

type mapping:
dk(fl’,fy) Sgp(dk(x,y)), V(k,$,y) ENXXXXa (12>

wherey € @, and using the fixed point theorem, they gave the existence and uniqueness
of solution for the functional equation:

f(z) =infyepH(z,y, f(T(x,y))), Vxrelbl. (1.3)
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Liu [9] considered the following more general contractive type mapping and functional
equation, respectively:

di.(fz, fy) < 0(0c(Of(x,9))),  V(k,z,y) € Nx X x X, (1.4)

wherep € ¢, and

f(x) = optyep{ule,y) + H(z,y, [(T(2,y)))}, Vees, (1.5)

where opt denotesip or inf, and established a few sufficient conditions which ensure
the existence, uniqueness and iterative approximation of fixed point and solution for
(1.4) and (1.5), respectively.

Motivated and inspired by the work in [1-19], in this paper we introduce a class of
new and more general contractive type mapping as follows:

There exisp, ¢ € Nandy € ¢ satisfying

de(fPx, f1y) < (61(Of(7,y))), V(k,2,y) € Nx X x X, (1.6)

Under certain conditions we establish the existence, uniqueness and iterative approxi-
mation of fixed point for the mapping, which satisfies (1.6). As an application, we
provide a sufficient condition which guarantees the existence, uniqueness and iterative
approximation of solution for the functional equation (1.5). The results presented in this
paper are generalizations of the corresponding results in [4-6, 9].

2. A Fixed Point Theorem
Now we prove the following fixed point theorem.

Theorem 2.1: Let (X, d) be a f-orbitally complete metric space anfd: (X,d) —
(X, d) satisfy (1.6) for somép, ¢, ) € {1} x {1,2} x ®. Ifforany k € Nandz € X,
there existsi(k, x) > 0 such that,(Of(x)) < h(k,x), thenf has a unique fixed point
w € X and the iterative sequengé¢™z},n converges tav for eachr € X.

Proof. Let (/{Z,Io) € N x X. Putz,, = fnl’o andd;ﬂ- = d]m(x(]) = 5k(0f<xz>) forn e N
andi € w. Since{dy;}ic. is nonincreasing and bounded below by 0, it follows that
{dy}ic. CONverges te > 0. We now assert that= 0. Otherwiser > 0. For any given

e > 0, there existg € N such that < d;; < r + e forall i > j. It follows from (1.6)
that

d(f" o, [ g) = di(f f"7 g, f1f )
< (0 (O (f* 1 o, f™20)))
< p(0k(Of(wisj)))

O(drivj), Yn,m >i+j,
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which implies thati;. ;, < ¢(dri+;) forall i > j. Lettingi — oo, by the right conti-
nuity of p, we deduce thal < r < ¢(r) < r, which is a contradiction. Consequently,
we have

1—00

which yields that{ f/"x},cn is @ Cauchy sequence. Becausg d) is f-orbital com-
plete, it follows that{ "z, },.cn cOnverges to a point € X. Put

Ckn = SUp{dk(fml"O» .fmw) tm 2> n}> Vn € N.
It is clear that{cy, }.en IS NONiNcreasing and

lim ¢, = s forsomes > 0. (2.2)

n—o0

Suppose that > 0. (2.1) and (2,2) ensure that for any> 0, there existsn € N such
that
s<cpp < s+e, dpl(rg) <e and di,(w) <e,¥Yn>m. (2.3)

In view of (1.6) and (2.3), we get that foyj € w,

dk(fmﬂﬂlfo, fm+j+qw) — dk(ffm+i+q—1x07 qum+jw)
< (O (Of (fm T g, fHw)))
< 0(0k (O ("o, ["w)))
< o(drm (o) + dim(w) + Crm),

which implies thats < cxny, < ©(3¢ + ). Thatis,s < ¢(3¢ + s). Lettinge — 0, we
gain thatd < s < ¢(s) < s, which is impossible. Therefore= 0 and (2.2) yields that
We now prove thatim,, ., d(f"zo, f"w) = 0. For any givere > 0, determine

te Nwith 30, 5 < e Sincelim, o [}, 3 - pzrelu] — 0, there

exists somel/ € N such thad™;_, o - % < leforn > M. Hence,

t

d(f"xo, f'w) =

k=1

1 di(f"xo, fMw) . i 1 di(f"wo, fMw)
2k 1+ dy(fro, frw) (28 L4 di(f o, fw)

k=t+

1 1
<§€+§6=€, Vn > M.

This means thalfim,, .., d(f"xq, f"w) = 0. By virtue of lim,,_, f"zo = w, We see
thatlim,, .., f"w = w.
Next we prove that
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Suppose thatyo(w) > di; (w). From

dro(w) = max{sup{dy(f"w,w) : n € N}, dp1(w)}
= sup{di(f"w,w) : n € N}, (2.5)

it follows that

di,(w, f"w) < di(w, f"w) + di(f"w, [T w)
< dg(w, f"w) + dgr(w), VYn,m € Nwithn > m.

Lettingn — oo, we have
dp(w, f"w) < dg1(w), Vm e N. (2.6)

By virtue of (2.5) and (2.6), we conclude that(w) < dii(w), which is a contradiction.
Hencedy(w) < dyi(w). Since{dy;(w)}icw IS NONincreasing, we get thdt,(w) =
dr1(w). Thatis, (2.4) holds fof = 1. Suppose that (2.4) holds for some- j. If (2.4)
does not hold for foi = 5 + 1, that is,

dro(w) = dir(w) = - -+ = dij(w) > digjyr(w). (2.7)

Note that (2.7) means that

dij(w) = max{sup{di(f"w, fw) : n > j}, dp1(w)}
= sup{di(f"w, flw) : n > j}. (2.8)

In light of (1.6), we derive that

di(F'w, f777w) < p(0u(Of(f 7 w, f7771w)))
< gO(dkj_l(U})), Vr € N. (29)

From (2.7)—(2.9), we deduce that
dij(w) < @(dij-1(w)) = @(di;(w)),
which yields thati;;(w) = 0. It follows from (2.7) that
0> dy(j1)(w) = 0,

which is a contradiction. Hence (2.4) holds fox j + 1. Thus (2.4) holds. Clearly,
(2.1) and (2.4) ensure thdf,(w) = 0. Therefore,

. > 1 dk(w,fw) > 1 dkg(’w) .
d(“’afw)—z_'—SZﬁ‘Hd—ko(w)—Oa

which means that = fw.
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Finally, we claim thatv is the unique fixed point of. In fact, ifv € X is another
fixed point of f different fromw. It follows from (1.6) that

di(w,v) = dp(ffw, f1v) < p(0k(Of(w, v))) = p(dp(w,v)),

which implies thatl,(w, v) = 0. This leads to

that is,w = v, which is a contradiction. This completes the proof. |

Remark 2.2: Theorem 2.1 extends the corresponding result of Bellman and Roosta [4],
Theorem 2.1 of Bhakta and Choudhury [5], Theorem 1.1 of Bhakta and Mitra [6] and
Theorem 2.1 of Liu [9].

Remark 2.3: We could only prove Theorem 2.1 f@p, ¢) € {1} x {1,2}. For further
research, in our opinion, it is interesting and important to study the following problems:

Problem 2.1: Does Theorem 2.1 hold fdp, q) € {1} x (N\ {1,2})?
Problem 2.2: Does Theorem 2.1 hold fdp, q) € {2} x (N\ {1})?
Problem 2.3: Does Theorem 2.1 hold fdp, ¢) € (N'\ {1,2}) x (N\ {1,2})?

3. Existence and Uniqueness of Solution

Throughout this section, 1€tX, || - ||) and(Y, || - ||) be real Banach spaceS,C X be
the state space, and C Y be the decision space3B(.S) denotes the set of all real-
value mappings o which are bounded on bounded subset§ oft is easy to see that
BB(S) is a linear space ove® under usual definitions of addition and multiplication
by scalars. For any € N anda,b € BB(S5), let

di(a,b) = sup{|la(z) — b(z)|| : = € B(0, k)},

dab) =Y & B0

1 2k 1 + dk(a, b)’

whereB(0,k) = {z : z € S and||z| < k}. Clearly,{d;}ren is @ countable family
of pseudometrics o B(.S) and(BB(5), d) is a complete metric space. LAt: D x
DxBB(S)—R,T:5xD — Sandu:S x D — R.

Theorem 3.1: Assume that the following conditions hold.
(a) For anyk € N anda € BB(S), there existd(k, a) > 0 such that

max{|u(z, y)|+|H(2,y,a(T(z,9)))|,0:(0s(a))} < h(k,a), ¥(z,y) € B(0,k)x D,
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where the mapping is defined as
fa(z) = optyep{u(z,y) + H(z,y,a(T(z,y)))}, V(z,a) € S x BB(S); (3.1)
(b) There existp € ®; andq € {1, 2} such that

[H (2, y,a(t) — H(z,y, f*7b(t))]
< 0(0x(Of(a,b))), Y(k,z,y,t) € Nx B(0,k) x D x S.

Then the functional equatidn.5) possesses a unique solutiore BB(S) and{ f"a},en
converges tav for eacha € BB(S).

Proof. Let k£ be inN anda be in BB(.S). Using(a), we know that
lu(z,y)| + |H(x,y,a(T(z,y)))| < h(k,a), V(x,y) € B(0,k) x D.

(3.1) ensures thgt mapsBB(S) into itself. For anyk € N,a,b € BB(S) andz € S,
we have to consider the following possible cases:

Case 1.Suppose thaipt = inf. For anys > 0, there existy, = € D such that

fa(x) > u(z,y) + H(z,y, a(T(z,y))) — ¢ (3:2)
and
fi(x) > u(x, 2) + H(z, 2, f'0(T(z, 2))) — €. (3.3)
Clearly,
fa(z) <u(x,z)+ H(x, z,a(T(x, 2))) (3.4)
and
fob(x) < ulw,y) + H(z,y, f70(T(2,y))). (3.5)

It follows from (3.3), (3.4) andb) that

fa(z) — fib(x) < H(z,2,a(T(z,2))) — H(z, 2, f7 (T (2,2))) + ¢
< |H(z,z a(T(x,2))) — H(z, z, f70(T(x, 2)))| + € (3.6)
< ¢(0x(Oy(a,b))) +&.

By virtue of (3.2), (3.5) andb), we infer that

fa(@) = fb(z) > H(z,y,a(T(z,y))) — H(z,y, f17'0(T(z,y))) — ¢
—|H(z.y,a(T(2,y))) — H(w,y, f70(T(x,9) - (3.7)
—(0x(Of(a,b))) — .

It follows from (3.6) and (3.7) that

|[fa(x) = fb(x)| < @(0(Oy(a, b)) + ¢,

>
>
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which implies that
di(fa, fb) < o(0k(Of(a,b))) + €.
Lettinge — oo, we derive that

di(fa, f1b) < (3(Of(a, b))). (3.8)

Case 2.Suppose thatpt = sup. As in the proof of Case 1, we infer that (3.8) holds
also. Therefore Theorem 2.1 guarantees thhas a unique fixed point € BB(S)
and{ f"a},cn converges tav for eacha € BB(S). Thatis,w(z) is a unique solution
of the functional equation (1.5). Thus the proof is completed. |

Remark 3.2: Theorem 3.1 extends Theorem 3.1 of Bhakta and Choudury [5], Theorem
2.1 and Corollary 2.1 of Bhakta and Mitra [6] and Theorem 3.1 of Liu [9].
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