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1. Introduction

Let K be a nonempty closed convex subset of a real Banach spacel {7;}Y , be a
finite family of nonexpansive self-mappings &f. In [3], Xu and Ori constructed the
following implicit iteration process:

For eachr, € K, compute{z, },>o by
Ty = pnTp g+ (1 —ay)Thz,, n>1, (1.1)

where{a,,},>1 C [0,1] andT,, = T, m.a v, and proved that the implicit iteration
process (1.1) converges weakly to a common fixed poidt7ofY ,. Zhou and Chang

[4] studied the weak and strong convergence of the implicit iteration process (1.1) to a
common fixed point for a family of nonexpansive mappings. Chidume and Shahzade [1]
established the convergence theorems of the implicit iteration process (1.1) for a family
of asymptotically nonexpansive mappings. Recently, Osilike [2] extended the results of
Xu and Ori to a finite family of strictly pseudocontractive mappings.

Motivated and inspired by the results in [1-4], in this paper, we prove several con-
vergence theorems of three kinds of implicit iteration methods involving a finite family
of Lipschitz mappings in Banach spaces. Our results unify, improve and generalize the
corresponding results in [1-3].

2. Preliminaries

Throughout this paper, |ek” be a nonempty closed convex subset of a real Banach
spaceX, and{T;}}, be a finite family of Lipschitz self-mappings dii with common
Lipschitz constant. > 1 andthe sef’ = {z € K : T,z = x,1 < i < N} be nonempty.

Let {a, }r>1, {Bn}n>1 @and{,},.>1 be real sequences |, 1] andT,, = T,, ymod v
for n > 1. Based on the implicit iteration process (1.1), we give the following three
classes of implicit iteration methods:

(A) Let zy € K, compute{z, },>o by

Ty = QpTp_1 + (1 - an)Tnyna
Yn = ﬁnxn—l + (1 - ﬁn)Tnzna
Zn = Tndn-1 + (1 - 77L)Tnxn7 n 2 1.

(B) Letzy € K, compute{z, },>o by

Tp = QpTp—1 + (1 - an)Tnym
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(C) Letxy € K, compute{z, },>o by

Tp = QpTp_1 + (1 - @n)Tnym
Yn = ann—l + (1 - 6n)TnZn7
We now claim that the implicit iteration method (A) is well defined if the following

condition
LP(1—a,)(1-=8)1—-v)<1, n>1 (2.1)

is satisfied. In fact, lef’ : K — K be a Lipschitz mapping with Lipschitz constait
For any giveru € K, «, § andy € [0, 1], define a mapping : K — K by
Sr=ou+ (1 —a)T{fu+ (1—-0)Tyu+ (1—~)Tz]}, z€K.
It is easy to verify that
1Sz — Syl < L°(1 —a)(1 = B)A =)z —yll, z,y€K.

SinceL3(1 — a)(1 — 8)(1 — v) < 1, S is a contraction mapping and it has a unique
fixed pointu; € K. This implies that if (2.1) holds, the implicit iteration method (A) is
well defined.

Similarly, we get that if the following condition

L= @)+ LA = B)n + L1 = B =) <1, n=1  (22)

is fulfilled, then the implicit iteration method (B) is well defined and if the following
condition
LP(1=an)(1=B)m+ L1 =) <1, n>1 (2.3)

is satisfied, then the implicit iteration method (C) is well defined.

3. Main Results
Our main results are as follows.

Theorem 3.1: Let K be a nonempty closed convex subset of a real Banach space
and{T;}¥, be afinite family of Lipschitz self-mappings d& with common Lipschitz
constant. andtheset' = {zx € K : Tz = 2,1 <i < N} # (). Assume thaf«, },>1,
{Bn}n>1 and{v, },>1 are real sequences|, 1| satisfying(2.1) and

o0

> (1-ay) < +oc. (3.1)

n=1

Then for any giverr, € K, there exists some € K such that the sequenge,, },.>0
defined by the implicit iteration method (A) converges;tMoreover, if the following
condition

lim £, = lim ~, = 1. (3.2)
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is satisfied, then the sequendeg },.>1 and{z,},>, defined by the implicit iteration
method (A) converge tg, respectively.

Proof. It follows from (3.1) that there exists a positive integesatisfyingl — L3(1 —
ap) > %forn > m. Put

A=1+L+L*>+L*>+6LS, C’:A||xm—p||exp{6L3 > (1—%)}.

1=m+1

Note that (2.1) ensures that the sequefice},>o defined by (A) is well defined. For
eachp € F, we conclude that

|20 — pll < anllzn—1 — pll + L(1 — an)llyn — Pl
< [O‘n + L(l - O‘n)ﬁn}“l’n—l - p|| + L2(1 - O‘n)(l - ﬁn)Hzn - p”
< [an + L(1 — an)Bn + L*(1 — a) (1 — B) ¥l | 2ne1 — ||
+ L1 —an) (1 = B0) (1 =) |lzn —pll, n>1,
which implies that

Qyp + L(l - an)ﬁn + L2(1 - an)(l - ﬁn)’Yn

e N Sy [ A (e R
3L3(1 — ay)
< (1 + 1—L3(1— &n)) |Zn—1 — Dl
< (14 6L%(1 - an))l|a-t — (33)

< exp{6L*(1 — an)}|Zn_1 — ||

n

< lom —puexp{ﬁLS S - az-)}, nm L

i=m+1
In view of (A) and (3.3), we infer that

[2n = @nall = (1 = an)l[Tn-1 = Toynl

(1 = an)(|#n-1 = pll + | Twyn — )

(1 — ) ([|za-1 — | + Ly — p|)

(1= an)[(1+ LGy + L*(1 = Ba) ) l2n-1 — 1l
+ LP(1 = ) (1 =) [0 — pll]

< A(l = ap)||zn-1 = pl|

IA A IA

n—1

<AL= ap)|[wm = pllexp {6L3 2 (1= O‘i)}

i=m-+1
<C(l—a,), n>m+1,
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which means that

n—+r n—+r
oy =l <Y o =l SCY(L=an), nzm r>1  (34)
i=n =n

It follows from (3.1) and (3.4) thafz, } .~ is a Cauchy sequence ki and it converges
to some; € K.

Assume that (3.2) holds. Sinéé&;}Y, are a finite family of Lipschitz mappings on
K and{z,},>1 converges ta, it follows that{7,z,},>1 is bounded. Using (A) and
(3.2), we know that

120 — qll < Wllzn—1 —qll + (1 = )| Thzn — ¢l = 0 asn — oo,

which gives thatim,, ., z, = ¢ and{T,,z, },>1 is bounded. By virtue of (A) and (3.2),
we get that

lyn = qll < Bullzn— = all + (1 = Bu) | Twzn — gl = 0 @SN — o0,

which implies thatim,, ... y, = ¢. This completes the proof. [

Theorem 3.2: Let K, {T;}¥, and F' be as in Theorem 3.1. Assume tHat, },>1,
{6.}n>1 and{v, }.>1 are real sequences jf, 1] satisfying(2.2) and(3.1). Then for
any givenz, € K, there exists some € K such that the sequende, },~, defined
by the implicit iteration method (B) convergesd¢oln addition, if (3.3) holds, then the
sequences$y,, }.>1 and{z,},>; defined by the implicit iteration method (B) converge
to ¢, respectively.

Proof. Itis clear that (3.1) implies that there exists a positive integesatisfying(1 —
o) L8 > £ forn > m. Put

o0

A=(1+L+L*+LYH1+3L%, C:Ame—pHexp{ZSLS Z (1—%)}.

1=m+1

It follows from (2.2) that the sequende:, },,>( defined by (B) is well defined. In view
of (B) we deduce that for eaghe F,

|20 = pll < anllwn1 = pll + L(1 — a)lyn — Dl
< apllwn-1 = pll + L(1 — ) [Bullzn — pll + L(1 = B,) |20 — pll]
< apl|Tn-1 = pll + L(1 = a,)[B,
+ L(1 = Bo) (o + L(L =y ))lllwn = pll, n>1,
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which yields that

aonn—l _pH

— L(1 — ay)[Bn + L(1 = Bu)yn + L2(1 = Bn) (1 — 7))

< o || ||
Tpo1 —

=1-3L3(1—a,) "t P

< (14 3L°(1 = o)) |1 — 2,

" — <
i =l < <

(3.5)

n

<llon—plew {3* 3 (1=an}, nzme

i=m+1

In light of (B) and (3.5), we infer that

[ = Zna|| = (1 = an) lzn—1 — Tyl

(1 = an)(l@n-1 = pll + Lllyn — pll)

(1 = aw)[lzn—1 = pll + L(Bullzn — pll + L(L = Ba)llz — pll)]
(1 = an){l|zn-—1 —pl|

+ L[Bn + L(1 = B2) (90 + L(1 = )] ll2n — plI}

< A(L = on)||lzn-1 — 7

< A(1 = an)||lwm — pll exp {3L3 nz_l (1- ai)}

i=m-+1

VAR VANVAN

<C(l—-a,), n>m+1,

which implies that (3.4) holds. The rest of the proof is similar to that of Theorem 3.1
and is omitted. This completes the proof. |

Theorem 3.3: Let K, {T;}¥, and F' be as in Theorem 3.1. Assume tHat, },>1,
{Bn}n>1 and{~,},>1 are real sequences j0, 1| satisfying(2.3) and(3.1). Then for
any givenz, € K, there exists some € K such that the sequende,, },.~, defined
by the implicit iteration method (C) convergesdgoln addition, if (3.3) holds, then the
sequences$y,, },>1 and{z,},>, defined by the implicit iteration method (C) converge
to ¢, respectively.

Proof. Obviously (3.1) guarantees that there exits a positive integeatisfying(1 —
o) L*(1 + L) < § forn > m. Set

A=(1+ L)1+ L*+2L*(L+ L*+ L* - 1)),

C=A|xn, —p||exp{(L+L2+L3— 1) Z (1 —an)}.

i=m-+1
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Letp be in F. It follows from (C) that

[2n = pll < anllzn—1 = pll + L(1 = a)lyn — pl|
< a1 — pll + L(1 — an)[Bullzn—1 — pll + L1 = B)llzn — pl]
< (an + L(1 = ) Bn) [ #0-1 — pll+
L2(1 —an)(1 = Ba) (v + L(L —v)lzn —pll, n>1,

which gives that

an + L(1 — ay,)Bn T—
_L2(1 _an>(1 _6n)[7n+L(1 _fYn)] o
an + L(1 — ay,) Bn
=1-L2(1+ L)(1 — o
(1—an)(L*2+ L+ LB, — 1)
- {1 1—L2(1+ L)(1 — an) }“x’” 7l
<420+ L*+ L -1 —an)]l|zn-1 — p|,

i =l < 5

[n—1 = pll
)

n—1

< me—p||exp{2(L+L2+L3—1) Z (1—0@)}, n>m+ 1.
o (3.6)
By (C) and (3.6), we get that
|20 — Zp-1|l = (1 = an)l[@n-1 — Tyl
< (1= an)(lzn-1 = pll + Lllyn — pl))
< (1= on)[llzn-1 = pll + LBullza-1 — pll + L(1 = Bz — pll)]
< (1= o) {(1+ LB [|2n-1 — p
+ L1 = B) [ + L(L = y)]llwn — 21}

< (1 —an)Alzn-1 —pll

< (1 — ) Az, — pl| exp {Z(L + L2+ L 1) i (1— ai)}

i=m+

<C(l—-a,), n>m+1,

which implies that (3.4) holds. The rest of the proof is identical with the proof of
Theorem 3.1 and is omitted. This completes the proof. [ |

Remark 3.1: Theorems 3.1-3.3 unify, improve and generalize the correspondent re-
sults in [1-3].
4. Examples

In this section, we construct two examples to explain Theorems 3.1-3.3.
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Example 4.1: Let X = R, K = [0, 1] and

1 1 1
ap=1-—— f=1——— ~Ap=1—— " n>1
4(n +4)? & nt1 ! Vv2n +1
Define three mappings,, 1,, 13 : K — K by
T (x) S Th(z)=vV1+22—-1, Ty3=sinz, z€kK.

T 2 fsinz’

It is easy to verify tha{T; : i = 1,2, 3} is a finite family of Lipschitz self-mappings on

K with common Lipschitz constadt = 4,0 € F ={z € K : o = Tyx,i = 1,2,3} #

() and (2.1)—(2.3), (3.1) and (3.2) hold. That is, the assumptions of Theorems 3.1-3.3
are fulfilled. It follows from any one of Theorems 3.1-3.3 that for eagle K, there
existsq € K such that the sequencgs, },,>1, {yn }n>1 @and{z, },>1 defined by any one

of the implicit iteration methods (A)-(C) convergedo

Example 4.2: Let X =R, K = [0, 4+00).

1 1 1
n=1—g——=, Oh=1-
“ 3(n?+1) g

Define mappingqd’,7; : K — K by

1
Tix = , T2=§|Sil’13$|, r e K.

Clearly,{T; : i = 1,2} is a finite family of Lipschitz self-mappings aii with common
Lipschitzconstanf. = 1,0 € F = {z € K : x = Tjz,i = 1,2} # () and (2.1)—(2.3),

(3.1) and (3.2) hold. Therefore, the assumptions of Theorems 3.1-3.3 are satisfied.
Consequently, each of Theorems 3.1-3.3 implies that for each K, there exists

¢ € K such that the sequencés,, },>1, {yn}n>1 and{z,},>1 defined by each of the
implicit iteration methods (A)-(C) converge to
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