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Abstract Here the discrete Csiszar’s f-Divergence or discrete Csiszar’s Discrimination,
the most general distance among discrete probability measures, is established as the most
general measure of Dependence between two discrete random variables which is a very im-
portant matter of stochastics. Many discrete estimates of it are given, leading to optimal or
nearly optimal discrete probabilistic inequalities. That is we are comparing and connecting
this general discrete measure of dependence to known other specific discrete entities by in-
volving basic parameters of our setting. This article is an expository and survey one where
we apply the author’s earlier continuous case results on Csiszar’s distance, especially about
dependence.
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1. Basics

The basic general background here has as follows.

Let f by a convex function from (0,4o00) into R which is strictly convex at 1 with
f)y=o.

Let (2, A, A\) be a measure space, where \ is a finite or a o-finite measure on (2, A).
Let u1, po be two probability measures on (£2, A) such that p; < A, pe < X (absolutely
continuous), e.g. A = u1 + la.

Denote by p = du%, q= % the (densities) Radon—Nikodym derivatives of p1, g with
respect to A. Typically we assume that

0<a<Z<b ae onQanda<1<b.
q

The quantity
Cylpnans) = [ ato)s (%) aA(x), W

was introduced by I. Csiszar in 1967, see [12], and is called f-divergence of the probability
measures 1 and po.

By Lemma 1.1 of [12], the integral (1) is well-defined and T'¢ (1, p2) > 0 with equality
only when p; = ps. Furthermore by [12], [6] T'f (g1, 12) does not depend on the choice of
A. The concept of f-divergence was introduced first in [11] as a generalization of Kullback’s
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“information for discrimination” or I-divergence (generalized entropy) [15], [16], and of
Rényi’s “information gain” (I-divergence) of order « [18]. In fact the I-divergence of order
1 equals

I‘u log, u(ﬂlla NJQ)

The choice f(u) = (u — 1)? produces again a known measure of difference of distributions
that is called y2-divergence. Of course the total variation distance

1 — pia] = / Ip(x) — ()| dA(x)

is equal to I'|,_1| (1, p2). Here by assuming f(1) = 0 we can consider I'y(j1, po) the f-
divergence as a measure of the difference between the probability measures 1, ps.

This is an expository, survey and applications article where we apply to the discrete case
a large variety of interesting results of the above continuous case coming from the author’s
earlier but recent papers [5], [6], [7], [8], [9]. Namely here we present a complete study of
discrete Csiszar’s f-divergence as a measure of dependence of two discrete random variables.

Throughout this article we use the following.

Let again f be a convex function from (0, +00) into R which is strictly convex at 1 with
fa)y=o.

Let the probability space (2, P) and X, Y be discrete random variables from  into
R such that their ranges Rx = {z1,22,...}, Ry = {y1, %2, ...}, respectively, are finite or
countable subsets of R.

Let the probability functions of X and Y be

pi=plr;)) =P X =), i=12,...,

respectively. Without loss of generality we assume that all p;,q; > 0,4,5 =1,2,....

Consider the probability distributions pxy and px X gy on Rx X Ry, where uxy, ptx,
wy stand for the joint probability distribution of X and Y and their marginal distributions,
respectively, while ux x py is the product probability distribution of X and Y. Here puxy
is uniquely determined by the double sequence

tij :t(xivyj):P(X:xiayzyj):UXY({(xivyj)})’ iaj:1a27"'a (3)

which ¢ is the probability function of (X,Y).

Again without loss of generality we assume that ¢;; > 0 for all 4,5 = 1,2,.... Clearly
also here px, py are uniquely determined by p; = px({z:}), ¢; = py({y;}), respectively,
1,7 =1,2,.... It is obvious that the product probability distribution px X py has associated
probability function pgq.

In this article we assume that

27 ..
0<a< 2 <b, alli,j=1,2,... anda<1<b, (4)
Ppiq;

where a, b are fixed.

Let P be the set of all subsets of R x x Ry. We define A to be a finite or o-finite measure
on (Rx X Ry, P) such that A({(z;,y:)}) =1, forall i,5 =1,2,.... We notice that pxy and
ix X py are discrete probability measures on (Rx x Ry, P) and are absolutely continuous
(<) with respect to \.

By applying (1) we obtain the special case

o}

Lplpxy, px X py) = ZZPiqu ( tij_) : (5)

i=1 j=1 Pid;




A General Discrete Measure of Dependence 39

This is the discrete Csiszar’s distance or f-divergence between pxy and pux X py. The
random variables X, Y are the less dependent the closer the distributions pxy and pux X py
are, thus I'y(puxy, ux X pry) can be considered as a measure of dependence of X and Y, see
also [17], [12], [9].

From the above derives that I'f(pxy, tx X py) > 0 with equality only when pxy =
Ux X py, i.e. when X,Y are independent discrete random variables. As related references
see here [11], [12], [13], [14], [15], [16], [17], [18], [5], [6], [7], [8], [9]-

For f(u) = ulog, u we obtain the mutual information of X and Y,

I(X,)Y) = I(pxy | nx X py) = Culog, u(fixy, px X py),

see [12]. For f(u) = (u — 1)? we get the mean square contingency:

©*(X,Y) =T ()2 (pxy, ix X py),

see [12].

In Information Theory and Statistics many various divergences are used which are special
cases of the above I'y divergence. I'y has many applications also in Anthropology, Genetics,
Finance, Economics, Political Science, Biology, Approximation of Probability Distributions,
Signal Processing and Pattern Recognition.

In the next the proofs of all formulated and presented results are based a lot on this
Section 1 especially on the transfer from the continuous to the discrete case.

2. Results

Part I. Here we apply results from [5], [9]. We present the following
Theorem 1. Let f € C([a,b]). Then

Ly(pxy, px X py) < )| Mloo,fa.b) ZZ [tij — pigjl | - (6)

i=1 j=1

Inequality (6) is sharp. The optimal function is f*(y) = |y —1|*, a > 1 under the condition,
either

i)

max(b—1,1—a) <1 and C := sup (pig;) < +00, (7)
ijEN
or
i)
tij —pig;| < pig; <1, alli,j=1,2,.... (8)
Proof. Based on Theorem 1 of [5] and Theorem 1 of [9]. O

Next we give the more general

Theorem 2. Let f € C"([a,b]), n € N, such that f*) (1) =0, k =0,2,3,...,n. Then

||f(n+1) ||00, a,b o —-_n_—n n
Lplpxy, px X py) < Tl)'[] ZZE q; "ty — pags "] - (9)
: i=1 j=1

Inequality (9) is sharp. The optimal function is f(y) := |y—1|""*, a > 1 under the condition
(i) or (ii) of Theorem 1.
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Proof. As in Theorems 2 of [5], [9], respectively. O
As a special case we have

Corollary 1 (to Theorem 2). Let f € C*([a,b]). Then

||f Hoo [a,b]
Ti(pxy, px x py) < Zzpz q] tiy —pig;)? | - (10)

=1 j=1
Inequality (10) is sharp. The optimal function is f(y) = |y — 1|, o > 1 under the
condition (i) or (ii) of Theorem 1.
Proof. By Corollaries 1 of [5] and [9)]. O
Next we connect Csiszar’s f-divergence to the usual first modulus of continuity ws.

Theorem 3. Suppose that

0<h:=|YY |tij —pigj] | <min(l—a,b-1). (11)
i=1 j=1
Then
Ly(pxy, px x py) < wi(f,h). (12)
Inequality (12) is sharp, i.e. attained by
(@) =z —1].
Proof. By Theorems 3 of [5] and [9]. O

Part II. Here we apply results from [6] and [9]. But first we need to give some basic
background from [10], [2]. Let v > 0, n:=[v] and a =v —n (0 < o < 1). Let x,z¢ €
[a,b] C R such that z > zg, where zg is fixed and f € C([a,b]) and define

N = 1 | w8 f(s)ds, wo<a<h (13)

the generalized Riemann—Liouville integral, where I" stands for the gamma function.
We define the subspace

C% ([a,b]) = {f € C™([a,b]) : J{° o f™) € C*([wo, b))} (14)

For f € C ([a,b]) we define the generalized v-fractional derivative of f over [zg,b] as

v ZTo n d
DY f=DJie f™ <D = dm) . (15)

We present the following
Theorem 4. Let a <b, 1 <v <2, f € C¥%([a,b]). Then

||DZfHoo[ab] S 1—
Fluxy, px X py) < T(v+1) i§j=1(p ;)" (tij — apiq;) (16)
Proof. It follows from Theorem 2 of [6] and Theorem 4 of [9]. O

The counterpart of the previous result comes next.
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Theorem 5. Let a < b, v > 2, n:= [v], f € C¥([a,b]), fP(a) =0,i=0,1,...,n — 1.
Then
1Dg flloo bl | -
r < 1aJ lloo,[a,b] ) (L — apigi)” | 17
sy px ) < RO ”zzjl(p 4;)' ™" (ti; — apig;) (17)
Proof. By Theorem 3 of [6] and Theorem 5 of [9]. O

Next we given an Lg estimate.

Theorem 6. Leta < b, v > 1, n:=[v], f € C¥([a,b]), fD(a)=0,i=0,1,...,n—1 and
letd7ﬁ>1:é+%:1. Then

D% flla.a.b] = 91 141
r < o E i) B (b —apigy)” T TP . (18
f(/j’XY7/“LX X IU‘Y) = F(I/)(ﬂ(l/ — 1) ¥ 1)1/ﬁ ij:1(p QJ) ( J ap q]) ( )
Proof. Based on Theorem 4 of [6] and Theorem 6 of [9]. O

It follows an L., estimate.

Theorem 7. Leta < b, v > 1, n:= [], f € C¥([a,b]), fP(a) =0,i=0,1,...,n — 1.
Then

1D fll1a) | —y v
Ff(MXY7MX X MY) < T[] Z (piq]‘)Q (tij — apiqj) L], (19)
ij=1
Proof. Based on Theorem 5 of [6] and Theorem 7 of [9]. a

‘We continue with

Theorem 8. Let f € C*([a,b]), a <b. Then

Ly(uxy, px X py) <7/ f(z)dz — Zf (pij><w—tij) - (20)

i,j=1

Proof. Based on Theorem 6 of [6] and Theorem 8 of [9]. O

Furthermore we get

Theorem 9. Let n odd and f € C"'([a,b]), a < b, such that f**1) >0 (< 0). Then

Ff(MX% px X fy)

_Z;(z—kl

(3

( ()
k=0 \¢=1 j=1 Ped;

- (peg;)" (bpegs — tey) ) (apeg; — tw)'“)] : (21)

Proof. Based on Theorem 7 of [6] and Theorem 9 of [9]. O

Part ITI. Here we apply results from [7] and [9].
We start with

41
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Theorem 10. Let f,g € C*([a,b]) where f as in this article, g’ # 0 over [a,b]. Then

f/ i tii
Ly(pxy, px x py) < ’ = Z pigj|9{ —= ) —9(1)| | - (22)
9" oo, [a,b] ij=1 Digq;
Proof. Based on Theorem 1 of [7] and Theorem 10 of [9]. O
We give
Examples 1 (to Theorem 10).
1) Let g(z) = 2. Then
T < 24 Oopiqjt,,, . 23
f(,uXYnuX x py) < ||z f Hoo,[a,b] Z ‘- | ij p1QJ| . (23)
ij=1 "
2) Let g(z) = €®. Then
Cplpxys px X py) < [le7 f oo fa,b) Z pig;|e" /P —e| | . (24)
ij=1
3) Let g(x) = e~®. Then
Dr(uxy, px X py) < 1€ f lloofan) Z pin|€7tij/piqj —e ' . (25)
ij=1

4) Let g(z) = lnz. Then

oo
t,.
E v ) < o f losgony | 3 piay (2] ). (20
= Pid;
5) Let g(z) = xInx, with a > e~1. Then
Cplpxy, px X py) < H r 3 tij 1H< Liy )‘ - (27)
l1+Inx oo,fab] \ i g1 Diqj
6) Let g(x) = v/z. Then
U (pxy, px X py) < 2AVE o, | D VPG| Vb5 — vPids| | - (28)
ij=1
7) Let g(z) = 2%, a > 1. Then
1| f -
Uplpxy, px X py) < o |l pa—1 Z (Pigy) 155 — (pigy)” | - (29)
00,[a,b] \ 4,j=1

Next we give
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Theorem 11. Let f € C'([a,b]), a < b. Then

Ff(,uxy, px X fy)

sy l(a 5 (,.Z )] oo

i,j=1

Proof. By Theorem 2 of [7] and Theorem 11 of [9]. O
It follows

Theorem 12. Let f € C?)([a,b]), a <b. Then

Cypxy, x X py)

- (1) (-25)

tij a+b\\2 2
(b — a)2 " (pzt; ( 2 )) 1 1
< by 2 77 _ _ 1
> D) IIf Hoo,[a,b] ljzjlpz% b—a)? + 1 + 12 (31)
Proof. Based on (33) of [7] and Theorem 12 of [9]. O

Working more generally we have

Theorem 13. Let f € C'([a,b]) and g € C([a,b]) of bounded variation, g(a) # g(b). Then

b
T (xy s fx X piy) — m £(s)dg(s)
b .
< 1" oo fay { Z Pidj / (g(li;),g(s}) d5> } , (32)
where
o) o)
9(b) —g(a)’ ’
P(g(2),9(s)) = (5)— oib) (33)
g\s)—g
g0 —gla) =0
Proof. By Theorem 5 of [7] and Theorem 13 of [9]. O
We give

Examples 2 (to Theorem 13). Let f € C'([a,b]) and g(x) = €®, Inz, \/z, 2% a > 1; 2 > 0.
Then by (71)—(74) of [7] and (30)—(33) of [9] we obtain
1)

)e’ds

Cypuxy, x X py)

’ s}
< 1=t {2 S pgge /P — (2= a) + (b - ”} Y

,j=1
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Ty(pxy, px X py) ( ()) /f
< 1 Nloofant] (m(i)) { (721%1 ( )) —1n(ab)+(a+b—2)}, (35)

3)
b
Uy(pxy, px xuy)—%ﬁl_\/a)/ f\ﬁ?d
U Noctoy J4 (S |, @240 o
< b — v/a) {3 (g_:l(pzqg) ty] )+ 3 (Va+Vb)y, (36)
4) (a>1)
Ly(pxy, px x py) / f(s)s*ds
= Moo o
B (b"—aab{a—kl (Z Pit;) tij+)
+ <ai1>(aa+l+ba+l)_(aa+ba)} (37)

We continue with

Theorem 14. Let f € C®)([a,b]), g € C([a,b]) and of bounded variation, g(a) # g(b).
Then

Ty(pxy, px x py) / f(s)dg(s (/ f'(s1)dg(s1 )
e </;P m,g@) "

ig=1
g|fwwme 1(m%< ((M%>Q@O\P@@»ma»ua@>)}w&

Proof. Apply (79) of [7] and Theorem 14 of [9]. O
Remark 1. Next we define

s—a, s€la,z]

P(z5) := {s - b: s € (z,, b]7 (39)

Let f € C'([a,b]). Then by (25) of [7] we get the representation

b
Tplpxy, px X py) = ﬁ (/ f(S)d5+R1> ;
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where according to (26) of [7] and (36) of [9] we have

Ry = i Pit; ( /a ? e (pt;j , S) f’(s)d3> . (40)

i,j=1

Let again f € C*([a,b]), g € C([a,b]) and of bounded variation, g(a) # g(b). Then by (47)
of [7] we get the representation

1 b
E i i) = st [ ()t + R (41)

where by (48) of [7] and (38) of [9] we obtain

Ry = i pig; </;P (9 (;:;j)ﬂ(s)> f’(S)d8> : (42)

i,j=1

Let &, 8> 1: £ + 4 = 1, then by (89) of [7] and (39) of [9] we have

<qug )Hﬁ[a b]) , )

3,j=1

|R1| < Hf/”&,[a,b] (Z Diq;

and by (90) of [7] and (40) of [9] we get

|R1| < ||f/||1,[ab (Z Piq;

i,j=1

r()),)

Furthermore by (95), (96) of [7] and (41), (42) of [9] we find

Ral < 1F e o ZM%F@(ﬂ)NQ\ , (45)
- Pidj Blab]

1,7=1
P(o(25).00) (46)
pig; ’ 00,]a,b] ’
Remark 2. Let a < b.
(i) Here by (105) of [7] and (43) of [9] we obtain

(Z Ppig; max (p @ a,b— tlj)) , f€ Cl([avbD (47)

and

IRal < If' M1 an) (Z Did;

ij=1

R1| <

Diq;
(ii) Let g be strictly increasing and continuous over [a, b], e.g., g(z) = €%, Inz, \/z, z¢

with o > 1, and = > 0 whenever is needed. Also f € C'([a,b]). Then by (106) of [7] and
(44) of [9] we find

|Rd@g““mﬂ (}:ZMEHMX( (;;)-—gmmgw>—g(;;))>. (18

i,7=1

45
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In particular via (107)—(110) of [7] and (45)—(48) of [9] we obtain

1)
£ ”1 [a,b] i5/Piq; tij/piq
R < et (5% ot o 0|
- ¢ 1,7=1
2)
/ t::

Ryl < —— =02 iq; max | In —Ina,lInb—1In ”)) ; 50
[Ral (Inb—Ina) le% ( (pij) (piqj' 0)

3)

ti; ti;
|R4‘ < ||f ||1 ab Z pzq] max J \/a,\/l;_ g , (51)
= Pig Pig;

and finally for av > 1 we obtain

4)
||f ||1 o] £ £y
Ry < ———= Piqj max —a® b — J . (52)
- ”21 ! (i qJ) (Pig;)”
At last
iii) Let &, 8 > 1 such that 1 + % =1, then by (115) of [7] and (49) of [9] we have
= tij — apiqj) T + (bpigs — tij)° !
Ryl < f/ ala <l ( J J J J . 53
Rl < 1f 1 0.0 Ez:l <\/ B+ Dpia; (53)

Part IV. Here we apply results from [8] and [9].
We start with

Theorem 15. Let a < b, f € C™([a,b]), n > 1 with |f™ (s) — f)(1)| be a conver function
ins. Let 0 < h <min(l —a,b—1) be fized. Then

SUAROIES 1—k k
Ii(pxy,px X py) < E T E (pigj)" " (ti; — pig;)
k=2 ij=1
wi(fM,h) [ & - +1
+ (n—i—l)!h 7;:1(17 QJ) | J pQJ| ( )

Here wy is the usual first modulus of continuity. If f*)(1) =0, k =2,...,n, then

Lplpxy, px x py) < m Z (piaj) " Itis — pigs1" | - (55)

ij=1
Inequalities (54) and (55) when n is even are attained by

s |s — 1|7+t

f(s) = a<s<b. (56)

(n+1)! 7 -

Proof. Apply Theorem 1 of [8] and Theorem 15 of [9]. O
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We continue with the general

Theorem 16. Let f € C™([a,b]), n > 1. Assume that wi(f"™,8) < w, where 0 < § < b—a,
w > 0. Let x € R and denote by

() = /O . H st, (57)

where [-] is the ceiling of the number. Then

~ PO < -
Ty(pxy, px < py) < B > (pigj)' F(ti; — pigy)*
k=2 i,j=1
- tij — pig;
+w | Y pigion ( : J) : (58)
5 pig;

Inequality (58) is sharp, namely it is attained by the function

fa(s) i=wenp(s—1), a<s<b, (59)
when n is even.

Proof. Based on Theorem 2 of [8] and Theorem 16 of [9]. O
It follows

Corollary 2 (to Theorem 16). It holds (0 < § <b— a)

Dyp(pxy, px X py) < % > (wig)' F iy — pigy)*
k=2 ’ i,j=1
n 1 - —n n
+wi(f¢ )75){(71-1-1)'5 > (pigy) "Ity — pig ™t
’ i,j=1
+ 1 i( ) "t — pigi|™
onl piq; ij — Piqj
ij=1
5 c- 2— -1
YA iq;)” "ty — pig|" ;
+ 8(n—1)! ”221(17 aj) tij — pig;] } (60)
and
"R © 3
Ly(uxy, px X py) < Z % Z (pig)' " (ti; — pig;)*
k=2 ' ij=1
(n) 1 — 1-n n
+ w1 (f",6) ] > 0igy)' "Ity — pigs]
" \dg=1
1 o0
+ nl(n+1)0 i§:21(p ;)" [ti; — pig;] } (61)
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In particular we have

1 & _
Pplpxy, px x py) < wl(fl’é){% > (pigy) M (ti; — pig)?
ij=1
1 < )
+3 Z tij — pigz| | + 8}7 (62)
1,7=1
and
r (MXY>/~LX X MY) <W1 f 5 { Z |t’Lj quy
,j=1
1 [ _
t 55 > (pigy) " (ti; — pig)” } (63)
i,j=1
Proof. By Corollary 1 of [8] and Corollary 2 of [9)]. O

Also we have

Corollary 3 (to Theorem 16). Assume here that f™ is of Lipschitz type of order a,
O0<a<l, e

wi(f™,6) < K§*, K >0, (64)
for any 0 < § <b—a. Then
nlf(k) S (0o k(o )h
Ff(ﬂXY?NX X /J'Y Z Z (quj) (tw - szJ)
k=2 ij=1
K - —n—« n+ao
o D i) [tij — pias|"T | - (65)

ﬁ (a+1) \ij=1

When n is even (65) is attained by f*(z) = clz — 1|, where ¢ := K/([] (a +1)) > 0.
i=1
Proof. Application of Corollary 2 of [8] and Corollary 3 of [9]. O

Next comes

Corollary 4 (to Theorem 16). Assume that

(o9}

b—a> | > (pg) 't} | —1>0. (66)
i,j=1
Then

o0 3 o0 1
Ty(puxy, px % py) Swi | f', (Z (pigs) '3 — 1) (Z |ti; —piqj|> +5¢- (67)

i,j=1 i,j=1

Proof. Application of Corollary 3 of [8] and Corollary 4 of [9]. O



A General Discrete Measure of Dependence

Corollary 5 (to Theorem 16). Assume that

ij=1
Then
Uy(pxy, px % py) <wr [ f Z Itij — pig;l Z Itij — pigj| | + 5
i,j=1 i,j=1
3 R
< 5(17 —a)wr | f '21 ti; —pigsl | | - (69)
i,j=
Proof. Application of Corollary 5 of [8] and Corollary 5 of [9]. O
We present
Proposition 1. Let f € C([a,b]).
i) Assume that
Z |tij — pij‘ > 0. (70)
ij=1
Then
Lylpxy, px X py) < 2w | f, Z [tij — pig;] : (71)
ij=1
ii) Let r > 0 and
b—a>r Z |tij _pij| > 0. (72)
ij=1
Then
1 (oo}
Lylpxy, px X py) < (1 + r) wy | for Z tij —pig;| | |- (73)
ij=1
Proof. By Propositions 1 of [8] and [9]. O

Also we give

Proposition 2. Let f be a Lipschitz function of order a, 0 < o < 1, i.e. there exists K > 0
such that

[f(@) = fW)l < K|z —y|%,  allz,y € [a,b]. (74)
Then
o0
Tp(pxy, px x py) <K | D (pigy)'~|ti; — pigs|™ | - (75)
ij=1
Proof. By Propositions 2 of [8] and [9]. O

Next we present some alternative type of results. We start with

Theorem 17. Let f € C""1([a,b]), n € N, then we get the representation

n—1 o'}

—_1)k tii B

Ly(uxy, px X py) = 5 (](€+)1), E f(k+1)<lj'>(pz‘%') F(tij — pigy)* T | + 42, (76)
k=0 " \ig=1 piq

49
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where

tij

1) > (Pi(Ij)
%:( 1) S (pigs) /1 s = 1) D (5)ds

ij=1
Proof. By Theorem 12 of [8] and Theorem 17 of [9)].
Next we estimate 1. We give
Theorem 18. Let f € C"!([a,b]), n € N. Then

1 D oo ot [ o

By =
! (n+1)!

ij=1

||f(n+1)||1, a,b > _
By = | 3 (pigy)!

n! “
[th2] < min of Li=1

1
andfor@,ﬁ>1:5+

nl(nB + 1)1/58 =

Also it holds

n—1
Lplpxy, px x py) < Z k:—i—l kaﬂ( >

Diq;

+ InlIl(Bl, BQ, Bg)

Proof. See Theorem 13 of [8] and Theorem 18 of [9)].
We have

Corollary 6 (to Theorem 18). Case of n = 1. It holds

4,j=1

|th2] < min of Li=1

1" afas) | ~ 1
Byy = oo | D (migy) Pty -
B+DYP\ 5=
Also it holds
Lp(pxy, px X py) Z f (

1,j=1

Z (Pigs) "tis — pags " ],

@
I

£ lafab) [ e
By = SIS igy) 0t -

>(pqu) F(tij — pigy)* !

1" llooufat) [ < -
By = s Z (pigj) " ti; —

o0
Bo1 = |1f"ll1,a] Z [ti; — pigs| |,

1
and for a, B >1,— + —
a

) (tij — pigj)| + min(By 1, Ba,1, B3 1).

(78)

(79)

(81)
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Proof. See Corollary 8 of [8] and Corollary 6 of [9]. O
We further present

Theorem 19. Let f € C""Y([a,b]), n € N, then we get the representation

n

—1 _1N\k 0 B
Dy(pxy,mx X py) =) (; Jrl)l)! > f (t”> (pia;) ™" (ti; — pig;)* "

k=0

=1 bigq;
¢ ED" ) [ S (ugy) "t - pig) | o, (82)
(n+1)! e J J J ’
where
g = Z Pig;¥3 ( . > ; (83)
= Pid;

with 1y g
wale) = S [ =) () = £ () s (34)
Proof. Based on Theorem 14 of [8] and Theorem 19 of [9]. a

Next we present estimations of 4.

Theorem 20. Let f € C"1([a,b]), n € N, and

1 > e

(n+2) i;I(P aj) tij — pig;] = a (85)

Then (82) is again valid and
|tha] < Loy g+, i (pig;) " [tij — pig;["*?
~ nl "(n+2) ) B R
1 (o]
0T — pags [T

1+ m ijzz:l(pij) |tij — pid;] : (86)

Proof. By Theorem 15 of [8] and Theorem 20 of [9)]. O

Also we have

Theorem 21. Let f € C""'([a,b]), n €N, and |f"+V)(s) — fH1(1)| is convex in s and

1 = —n— n :
0< nl(n +2) Z_;(mqﬂ Ytij — pigs|"T? | < min(1 —a,b—1). (87)

Then (82) is again valid and

n 1 = —n— n
sl <wy | FOFY, Wln+2) Z (pigs) " Mty — pigs1" T2 | | - (88)
’ i,j=1
The last (88) is attained by
R s—1 n+2
f(s) = ((n+)2)' , a<s<b (89)

o1
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when n s even.

Proof. By Theorem 16 of [8] and Theorem 21 of [9]. O

When n = 1 we obtain

Corollary 7 (to Theorem 20). Let f € C?([a,b]) and

1 [ — _
0<g > i)ty —pigs® | <b—a. (90)
ij=1
Then
Tp(pxy, px < py) = y_ f <]) (tij — pigs)
S \pigg
" > 3
- fT() Z (pigj) " (tig — pigj)? | + tan, (91)
ij=1
where
> Lo
?
Yagi= ) pz-qug,l( . ) (92)
= Pid;
with N
vaale)i= = [ (5= D) = (D), € fab] (95)
1
Furthermore it holds
1 [« 1 =
[han| <wri | f7, 3 Z (Pigs) " Iti; — pigy]® B Z (pigy) "5 | +1 . (99)
ij=1 ij=1
Proof. See Corollary 9 of [8] and Corollary 7 of [9]. O

Also we have

Corollary 8 (to Theorem 21). Let f € C%([a,b]), and |fP)(s) — fP)(1)| is convex in s and

1 [ _ :
0< 3 Z (pig;) 3|ti; — pig;)* | < min(1 —a,b—1). (95)
ij=1

Then again (91) is true and

oo

1 -
[an| <wri | f7, 3 igl(Pin) Ity —pigi* ] | - (96)
Proof. See Corollary 10 of [8] and Corollary 8 of [9]. a

The last main result follows.

Theorem 22. Let f € C""Y([a,b]), n € N. Additionally assume that

|fOHD (@) = fY ()] < Ko —y)*, (97)
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K>0,0<a<]l,alzy€a,bd with (r—1)(y—1)>0. Then

Diq;

Cplpxy, px X py) Z k—i—l Z fHD ( o >(qug) k(tij *pz'%‘)k“
k=0

+ EU o0y (S (ig) "t — g™ | +a (98)

(n+1)! it
Here we find that
K - —n—a n+a+1
4] < m ..Zl(piqj) |tij _pin| . (99)
1,)]=
Inequality (99) is attained when n is even by
f*(z) = éx— 1"t g€ [a, b] (100)
where i
ii= — . (101)
I[T(n+a+1-j)
7=0
Proof. By Theorem 17 of [8] and Theorem 22 of [9)]. O

Finally we give

Corollary 9 (to Theorem 22). Let f € C?([a,b]). Additionally assume that
[f(@) = "Wl < Kle —y|®, K>0,0<a<l, (102)

all z,y € [a,b] with (x —1)(y — 1) > 0. Then

Uy (pxy, px X py) = Zf (p ) (ti — pigj)
1 .7

i,j=1
- fT(l) > (pigy) Mty — pigg)? | + Yan. (103)
=1
Here
Z Pigi Y3 < _ ) (104)
i,j=1 Pidj
with .
daale) = = [ 6= D06 = 1 W)s, @ efand] (105)
It holds that
K o0
[han] < D) iél(pin)717a|tij —pigi|*t? ] . (106)

Proof. See Corollary 11 of [8] and Corollary 9 of [9]. O
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