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MONOTONICITY AND CONVEXITY RESULTS FOR FUNCTIONS
INVOLVING THE GAMMA FUNCTION

FENG QI AND CHAO-PING CHEN

ABSTRACT. The function is strictly decreasing and strictly logarithmically

[Cz+D)]'/=
Va+1
cally concave in (0, 00). Several inequalities are obtained and some new proofs for the

monotonicity of the funtion z"[I'(z 4+ 1)]*/% on (0, c0) are given for r & (0, 1).

[C(z+1)]/®
x+1

convex in (0,00). The function is strictly increasing and strictly logarithmi-

1. INTRODUCTION

In [19], H. Minc and L. Sathre proved that, if n is a positive integer and ¢(n) = (n!)*/™,
then
1 1
1<¢(n+ )<n+ ’ (1)
p(n) n
which can be rearranged as
[C(1 4 n)]* < [[(2+n)] 7 (2)

and

T(1+n)% _ [[(2+n)]=1
T+nlF D@+ )= "
n n+1
where T'(x) denotes the well known gamma function usually defined by

I'(z) = /OOO e tt*ldt (4)

for Re(z) > 0.
In [2, 18], H. Alzer and J.S. Martins refined the right inequality in (1) and showed that,
if n is a positive integer, then, for all positive real numbers r, we have

n n4+1 1/r n

n!

n 1 1
— )" )" _— 5
e e Y CEaY] ®

Both bounds in (5) are the best possible.
There have been many extensions and generalizations of the inequalities in (5), please
refer to [4, 6, 17, 20, 21, 30, 31, 38, 41] and the references therein.
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The inequalities in (1) were refined and generalized in [13,
inequalities were obtained:

n 1/n n4m 1/(n+m
ntk+l lif N\ +H+k, /! )< [ n+tk -
_nrRTE i i _nTr
n+m+k+1 “Von+m+k’

i=k+1 i=k+1

, 34, 35, 30] and the following

where k is a nonnegative integer, n and m are natural numbers. For n = m = 1, the equality
in (6) is valid.
Inequality (6) is equivalent to

D(ntk+1) | /"
n+k+1 < T(k+1) < | n+k 7)
n+m-+k+1 (F(n+m+k+1))1/("+m)_ n+m+k’

T(k+1)

which can be rewritten as

(F(n+m+k+1))1/(”+m) (F(n+k+1))1/”
T(k+1) I(k+1)

: (8)

n+m+k+1 n+k+1
(F(n+m+k+1))1/(n+m) (F(n+k+1))1/n
T(k+1) > T(k+1) ()
vn+m+k vn+k
In [14, 25], the inequalities in (6) were generalized and the following inequalities on the

ratio for the geometric means of a positive arithmetic sequence for any nonnegative integer
k and natural numbers n and m, were obtained:

n+k . %
a(ntk+1)+b _ [Hi:k-i-l(aZer)} <\/ a(n+k)+b
aln+m+k+1)+b et , = \an+m+k)+b’
{Hi:k_ﬁk(az + b)} ’

where a is a positive constant and b a nonnegative integer. For m = n = 1, the equality in
(10) is valid.

In [32, 33], the following related results were obtained: Let f be a positive function such
that z[f(z + 1)/ f(z)—1] is increasing on [1, 00), then the sequence { 3/, f(i)/f(n + 1)}:021
is decreasing. If f is a logarithmically concave and positive function defined on [1, 00), then
the sequence { {/TT\_, f(i)//f(n) }Oo is increasing. As consequences of these monotonic-

n=1

ities, the lower and upper bounds for the ratio { H?:kkH f(z)/ "*T/H?:kkjlm f(i) of the

oo
. n k . . . ..
geometric mean sequence { H?Ik Y (z)} are obtained, where k is a nonnegative in-
n=1

(10)

teger and m a natural number.

In [15], the following monotonicity results for the gamma function were established: The
function [I'(1+2)]* decreases with > 0 and z[I'(14-1)]” increases with > 0, recovering the
inequalities in (1) which refer to integer values of n. These are equivalent to the function

1
[[(1 + )]+ being increasing and M being decreasing on (0,00), respectively. In

addition, it was proved that the function #'~7[['(1 + 2)7] decreases for 0 < z < 1, where
1
v = 0.57721566490153286 - - - denotes the Euler’s constant, which is equivalent to [1“(9611%)]1
being increasing on (1, 00).
In [13], the following monotonicity result was obtained: The function

[C(z+y+1)/T(y+1)]/"
r+y+1

(11)
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is decreasing in x > 1 for fixed y > 0. Then, for positive real numbers x and y, we have
r+y+1 _ [Pl+y+1)/Ty+ 1))/
r+y+2 " [[(z+y+2)/T(y+ 1)/ @D

Inequality (12) extends and generalizes inequality (6), since I'(n + 1) = nl.
In [13, 14, 34], the authors, F. Qi and B.-N. Guo, proposed the following

(12)

Open Problem 1. For positive real numbers x and y, we have

[C(z+y+1)/T(y+ D' z+y
[[(z 4y +2)/T(y + 1)]1/@+) = \/;v (13)

where T denotes the gamma function. If x =1 and y = 0, the equality in (13) holds.

Open Problem 2. For any positive real number z, define z! = z(z — 1)---{z}, where
{z} =2z — [z — 1], and [z] denotes the Gauss function whose value is the largest integer not
more than z. Let x > 0 and y > 0 be real numbers, then

1
T+ (14)
x+y+1 L{/Ty x+y

Equality holds in the right hand side of (14) when z =y = 1.

Hence the inequalities in (13) and (14) are equivalent to the following monotonicity results
in some sense for z > 1, which are obtained in [5] by Ch.-P. Chen and F. Qi: The function

[C(z+1)]"" [L(z+D)]"*"
r+1 NG

is strictly decreasing on [1,00), the function is strictly increasing on

[L(z+D)]"*"
z+1

[2,00), and the function is strictly incresing on [1, 00), respectively.

Remark 1. Note that the function W is a special case of the one defined by (11).

The results in [5] partially solve the two open problems above.

Remark 2. In recent years, many monotonicity results and inequalities involving the gamma

function and incomplete gamma functions have been established, please refer to [3, 9, 10,
, 28, 29, 35, 37] and some references therein.

In this paper, we will obtain the following monotonocity and convexity results for func-
1)1/ s 1)1/®
7[“"?3] and BV 4y (0, 00)

tions NCny

Jx
Theorem 1. The function f(z) = % is strictly decreasing and strictly logarithmi-

cally convex in (0,00). Moreover, we have lim,_,o f(x) = 1/€7 and lim, .o f(x) = 1/e,
where v = 0.577215664901 - - - denotes the Fuler’s constant.

Theorem 2. The function g(xz) = % is strictly increasing and strictly logarithmi-
cally concave in (0,00).
Corollary 1. Let 0 < x < y, then we have
v+l _[D(z+ ]/ _ \/m (15)
y+1 ~ [Cy+ 1) y+1
Corollary 2. Lety > 0, then we have
e < 1 < e’
y+1 " y+1v - Vy+T

Theorem 3. Let x > 1, then

>(1+31;> >m>2, (17)

where T'(x) denotes the gamma function.
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Remark 3. The monotonicity property of f in Theorem 1 was already proved in 1989 by J.
Sandor [40]. In this paper, we provide another proof.
A survey with many references can be found in the article [12] by W. Gautschi.

2. PRELIMINARIES

In this section, we present some useful formulas related to the derivatives of the logarithm
of the gamma function.
In [12, pp. 103-105], the following formula was given:

I'(z2) et — et R
= — —  dt= —dt 18
T(z) 7 /0 1ot /0 1-t " (18)
where v = 0.57721566 - - - denotes the Euler’s constant. See [12, p. 94]. Formula (18) can
be used to calculate I"(k) for k € N. We call ¢(z) = * () the digamma or psi function. See

I'(z)
[3, p. 71].
It is well known that the Bernoulli numbers B,, are generally defined [412, p. 1] by
1 11 t2n
- - '——B,. 19
et71+2 t (=1) (2n)! (19)
n=1
In particular, we have the following
1 1 1
Bi=-=, By=—, B3=—
1 6 ) 2 30 3 3 427
In [42, p. 45], the following summation formula is given
i (_1)71, - 7T2k+1Ek (20)
L (2n 4 1)2RF1 T 22k42(2)!

for nonnegative integer k, where E}, denotes Euler’s number, which implies

oo

B, = (22(7??2; 3 ml% neN. (21)

The formula (21) can also be found in [1, Chapter 23] or in [7, p. 1237].

Lemma 1. For a real number x > 0 and natural number m, we have

1 1 S n—1 B” 1
In(2) = 5 In(2) + (x - 5) -z + Y (1) T
n=1 (22)
Berl 1
_1)™0, . . 0<6;, <1
(=07 @m+1)@m+2) zzmrl DSOS
d 1 & B, 1
() =Inz— — —1)"=="
dz (z) =Inz 2x+z( ) 2n  x2n
n=1 (23)
B 1
_1)ym+1 mil 0<fhy<1
+(=1) omt2 gemiz USRS
d? 11 = B
—IT(@)==+-5+> ()"
2 2 2n+1
da 2% v (24)
m Bm+1
+ (=)0 S, 0< 63 <1,
3 11 & , B,
Tl =—— — 5+ > (-)"@n+1) 57 25)
n=1
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Remark 4. The formulas and their proofs in Lemma 1 are well-known and can be found in
many textbooks on Analysis; see, for instance, [1 1, Sections 54 and Section 541].

3. PROOFS OF THEOREMS

Proof of Theorem 1. Taking the logarithm and straightforward calculation gives

In f(z) = %lnI‘(:c +1) —In(z + 1), (26)

d 1 1d 1
alnf(ac) = fﬁlnlﬂ(x+ 1)+ Ealnf(er 1) — -1

d? 1 d
@lnf(x) =3 2InT(x + 1) — QxEIHF(x—F 1)

d? a’ ¢(x)
2 A
+x P lnF(x+1)+(m+1)2 =5

1. Differentiating with respect to « on both sides of (26) and rearranging leads to

/ 2
o ' (x) d x
=—Inl'(xz+1 — InT 1) —
nl(z )—l—xdxn (x+1) pea

and, using (24),

<x2f,($)) :xd722111r($+1)71+ 1
x

f(x) d (z+1)?
1 1 1 1
<”“"[x+1 Toar e Y eerr] T @
_ 322 + 22
S 6(z+1)3
<0,

therefore the function 7(x) £ 2 J;I((;)) is strictly decreasing in (0,00), 7(z) < 7(0) = 0, and

then f/(z) < 0, hence f(z) is strictly decreasing in (0, 00).

2. Differentiating ¢(z) directly and using formula (25), we have that

3 2
¢ (z) = ﬁ%lnr(ﬁ 1) + W

:2[_ I 1 59432] z?(z + 3)

(z+1)? (@+1)?* 20@+D* (@+1)°] (@+1)°
5 1 1 1 2?(x + 3) (28)

>x[_(x+1)2_(:c+1)3_2(x+1)4} (@+1)°

2?2z +1)

2w+ 1)4

>0

for > 0, so the function ¢(z) is strictly increasing in (0, 00), and then ¢(z) > ¢(0) = 0.
Hence % In f(x) > 0, and the function f(x) is strictly logarithmic convex in (0, c0).
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3. Using (22), we have

11 1 0
In f(z) = . [2 In(27) + (ac + ) In(x+1)—(z+1)+ m —In(z+1)
In(27) n In(z+1) z+1 n 01
2 2z x 12z(x + 1)
——1 asz — o0.
It is easy to see that
InT(z+1) . I(x+1) ,
fimy In f(z) = limy == = Iy 7 —4y =T =7
The proof of Theorem 1 is complete. O
Proof of Theorem 2. Taking the logarithm and a simple calculation yields
1 1
Ing(z)=—-InT(z+1) — 3 In(zx + 1), (29)
x
d 1 1 d 1
—1 =——1InT )4+ —+-—1InT 1) — ——
dz ng(z) 20 (@ + )+x dz (@+1) 2(x +1)’
d? 1 d
d—lng( x) = e 2lnF(a:+1)—2x£1nF(x—|—l)
d? 28
2_—_InT 1 _
+at s n (x+1)+ 172
A p(x)
=

Differentiating with respect to x on both sides of (29) and rearranging leads to

29 (2) d a?
=—InT 1 — InT 1) — —
x ) nl(x + )+xdx nl(x+1) ey (30)
and, using (24),
@)\ & 1
s InT 1 —
(x g(x) ) Tdaz (w+1) - 2 + 2(x +1)2
R
x—i—l) 2 2(z+1)?
N 2(3:—|— 1)
>0,

therefore the function &(x) £ xQ% is strictly increasing in (0, 00), £(z) > £(0) = 0, and
then ¢'(x) > 0; hence g(x) is strictly increasing in (0, 00).
A simple computation and considering formula (25) gives us

3 2
w(z) = x2% InT(z+1)+ m
B 1 1 1 5048y ]  a2(x +3)
- {_(x+1)2_(x+1)3_2(x+1)4 (x+1)6] 2(x + 1)3
9 1 1 1 1 2?(x + 3)
s {_(x+1)2 - (x+1)3_2(m‘+1)4+6(m+1)6} 2z + 1)

:M[‘g‘ujnz}
< 0.
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Therefore pu(x) is strictly decreasing in (0, 00), and p(z) < p(0) =0, and then % Ing(x) <
0. Thus g(x) is strictly logarithmically concave in (0, 00).
The proof of Theorem 2 is complete. O

Proof of Theorem 3. The inequality (17) can be rewritten as

h(z) 2 (z2? —z)In(z + 1)+ InT(z +1) — 2% Inz > 0. (31)
From inequality In(1 + %) > Qﬁﬁ for x > 0 and inequality (23), simple computation
reveals that

-1
h'(z) = (2x — 1)In(x + 1) + % + %lnl‘(m—i— 1)—2zlnz -z

4z 1 1 2
> opy1 et D+ e+ ) - gy - ety | T2 o
B 1222 + 4z — 7

12+ 1)2(22 4+ 1)

> 0.

Thus h(x) is strictly increasing in (1,00), and then h(x) > h(1) > 0. Inequality (17)
follows. O

4. APPENDIX

In this section, we will give some new proofs for the monotonicity of the funtion 2" [I'(x 4+
1)]= on (0,00) for & (0,1).

Theorem 4. The function G(x) = [[(z + 1)]= is strictly increasing in (0, 00).

The first new proof. Taking the logarithm and differentiating on G(z) leads to

21 © —u x| d 00
zG(z) =z Jo :; el fln/ e “u” du & H(x),
G(z) fo e vu® du 0

and

H'(z)=x l(fooo e tur(tnw)du) (Jo~e"u* du) = (Jo~ e ln“d“)j .

(i e du)’

By Cauchy-Schwarz-Buniakowski’s inequality, we have

(/OOO e "u®(Inu)? du> (/Ooo e u® du)

> ( /0 Oo[e—uux(lnu)Q]%[e—uux]% du)2 (32)

[e’e) 2
= (/ e "u” lnudu> .
0

Therefore, for z > 0, we have H'(x) > 0, and H(x) is increasing. Since H(0) = 0, we have
H(z) > 0 which implies G'(z) > 0, and then G(z) is increasing. O

Second new proof. Define W (t) = [ e "u’ du for ¢ > 0. Then

1T
lnG(x)—E/O WD dt, z>0.
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In [26], the following well known fact was restated: If F(¢) is an increasing integrable
function on an interval I C R, then the arithmetic mean G(r, s) of function F(t),

1 S
Gr.s) — — /T}'(t)dt, r # s,

s—r
F(r), r =3,

(33)

is also increasing with both r and s on I. If F is a twice-differentiable convex function, then
the function G(r, s) is also convex with both r and s on I.
, /
Thus, it is sufficient to prove (VV[‘/,((E))) > (. Straightforward computation yields

d (W’(t)) _Wrw) - (W)

dt \ W(t) (W(®)]? ’
The inequality (32) means W” ()W (t) > [W(¢)]?. Hence (VVI[/,,((;)))/ > 0. The proof is com-
plete. O
Remark 5. Notice that another proofs were established in [27], since we can regard [D(1+7)]

for r > 0 as a special case of the generalized weighted mean values defined and researched
in [22, 23, 39] and references therein.

Theorem 5. The function q(x) = " [I'(z + 1)]% for @ > 0 is strictly increasing for r > 0
and strictly decreasing for r < —1, respectively.

Proof. Taking the logarithm and differentiating directly yields

/
d
2 (;((;:)) =re—Inl(z+1)+ e InT(z+1) £ p(x),
d2
p(zr)=r+ T3 InT(z +1).
Using (24) and taking m = 0 or m = 1, we have

222 + 3z fox .
(z) = , 0<6y<1, 34
P =t sy T e 2 (34)

623 + 1522 4 10z O -
'(z) = 2 - , 0<6;<1. 35
P =t e 30(z + 1) 3 (85)

From (34), it is easy see that p’(z) > 0 for r > 0, and p(z) is strictly increasing in (0, 00).
Hence p(x) > p(0) = 0, and then ¢’(x) > 0 which implies that g(z) is strictly increasing in
(0, 00) for r > 0.
It is clear that 62% 4 150 4.8
z° + lox + 3x

0< sy <! (36)
for & > 0. Therefore, from (35) and (36), we obtain p’(z) < 0 for » < —1. Thus, p(z) is
strictly decreasing in (0,00). Hence, we have p(z) < p(0) = 0, further, ¢’(x) < 0 which
means that g(x) is strictly decreasing in (0, 00) for r < —1. The proof is complete. O

5. AN OPEN PROBLEM

To close, the first author would like to pose the following open problem.

Open Problem 3. Discuss the monotonicity and convexity of the following function
D +y+1)/T(y + D]V
(@ + ay+ )7
with respect to x > 0 and y > 0, wherea >0, b>0, a > 0, and § > 0.

(37)



(1]

S

(10]
(11]

(12]

[13)
[14]
[15]
[16]
17)
18]
[19]
[20]
[21]
[22]
23]

[24]

[25]

Monotonicity and convexity for functions involving gamma function 35

REFERENCES

M. Abramowitz and I. A. Stegun (Eds), Handbook of Mathematical Functions with Formulas, Graphs,
and Mathematical Tables, National Bureau of Standards, Applied Mathematics Series 55, 4th printing,
with corrections, Washington, 1965.

H. Alzer, On an inequality of H. Minc and L. Sathre, J. Math. Anal. Appl. 179 (1993), 396-402.

P. S. Bullen, A Dictionary of Inequalities, Pitman Monographs and Surveys in Pure and Applied
Mathematics 97, Addison Wesley Longman Limited, 1998.

T. H. Chan, P. Gao and F. Qi, On a generalization of Martins’ inequality, Monatsh. Math. 138
(2003), no. 3, 179-187. RGMIA Res. Rep. Coll. 4 (2001), no. 1, Art. 12, 93-101. Available online at
http://rgmia.vu.edu.au/v4nl.html.

Ch.-P. Chen and F. Qi, Monotonicity results for the gamma function, J. Inequal. Pure Appl. Math.
3 (2003), no. 2, Art. 44. Available online at http://jipam.vu.edu.au/article.php?sid=282. RGMIA
Res. Rep. Coll. 5 (2002), suppl., Art. 16. Available online at http://rgmia.vu.edu.au/v5(E) .html.
Ch.-P. Chen, F. Qi, P. Cerone, and S. S. Dragomir, Monotonicity of sequences involving convex and
concave functions, Math. Inequal. Appl. 6 (2003), no. 2, 229-239. RGMIA Res. Rep. Coll. 5 (2002),
no. 1, Art. 1, 3-13. Available online at http://rgmia.vu.edu.au/v5nl.html.

Lj. Dedié, C. E. M. Pearce, and J. Pecarié, Hadamard and Dragomir-Agarwal inequalities, higher-order
convezity and the Euler formula, J. Korea Math. Soc. 38 (2001), no. 6, 1235-1243.

S. S. Dragomir, R. P. Agarwal, and N. S. Barnett, Inequalities for Beta and Gamma functions via some
classical and new integral inequalities, J. Inequal. Appl. 5 (2000), 103-165.

A. Elbert and A. Laforgia, An inequality for the product of two integrals relating to the incomplete
gamma function, J. Inequal. Appl. 5 (2000), 39-51.

N. Elezovié¢, C. Giordano and J. Pecarié, The best bounds in Gautschi’s inequality, Math. Inequal. Appl.
3 (2000), no. 2, 239-252.

G. M. von Fichtenholz, Differential- und Integralrechnung, Vol. I, Berlin, VEB Deutscher Verlag der
Wissenschaften, 1964. (German)

W. Gautschi, The incomplete gamma functions since Tricomi, Tricomi’s ideas and contemporary ap-
plied mathematics, Proceedings of the International Conference Held on the Occasion of the 100th
Anniversary of the Birth of Francesco G. Tricomi, Rome, Italy, November 28-29 and Turin, Italy, De-
cember 1-2, 1997. Rome: Accademia Nazionale dei Lincei, Atti Convegni Lincei. 147 (1998), 203-237.
B.-N. Guo and F. Qi, Inequalities and monotonicity for the ratio of gamma functions, Taiwanese J.
Math. 7 (2003), no. 2, 239-247.

B.-N. Guo and F. Qi, Inequalities and monotonicity of the ratio for the geometric means of a positive
arithmetic sequence with arbitrary difference, Tamkang. J. Math. 34 (2003), no. 3, 261-270.

D. Kershaw and A. Laforgia, Monotonicity results for the gamma function, Atti Accad. Sci. Torino Cl.
Sci. Fis. Mat. Natur. 119 (1985), 127-133.

J.-Ch. Kuang, Chdngyong Budéngshi (Applied Inequalities), 2nd ed., Hunan Education Press, Changsha
City, China, 1993. (Chinese)

J.-Ch. Kuang, Some extensions and refinements of Minc-Sathre inequality, Math. Gaz. 83 (1999),
123-127.

J. S. Martins, Arithmetic and geometric means, an applications to Lorentz sequence spaces, Math
Nachr. 139 (1988), 281-288.

H. Minc and L. Sathre, Some inequalities involving (r!)}/", Proc. Edinburgh Math. Soc. 14 (1964/65),
41-46.

F. Qi, An algebraic inequality, J. Inequal. Pure Appl. Math. 2 (2001), no. 1, Art. 13. Available online
at http://jipam.vu.edu.au/article.php?sid=129. RGMIA Res. Rep. Coll. 2 (1999), no. 1, Art. 8,
81-83. Available online at http://rgmia.vu.edu.au/v2nl.html.

F. Qi, Generalization of H. Alzer’s inequality, J. Math. Anal. Appl. 240 (1999), 294-297.

F. Qi, Generalized abstracted mean wvalues, J. Inequal. Pure Appl. Math. 1 (2000), no. 1, Art. 4.
Available online at http://jipam.vu.edu.au/article.php?sid=97. RGMIA Res. Rep. Coll. 2 (1999),
no. 5, Art. 4, 633-642. Available online at http://rgmia.vu.edu.au/v2n5.html.

F. Qi, Generalized weighted mean values with two parameters, R. Soc. Lond. Proc. Ser. A Math. Phys.
Eng. Sci. 454 (1998), no. 1978, 2723-2732.

F. Qi, Inequalities and monotonicity of sequences involving %/ (n + k)!/k!, Soochow J. Math. 29 (2004),
no. 4, 353-361. RGMIA Res. Rep. Coll. 2 (1999), no. 5, Art. 8, 685-692. Available online at http:
//rgmia.vu.edu.au/v2n5.html.

F. Qi, Inequalities and monotonicity of the ratio for the geometric means of a positive arithmetic
sequence with unit difference, Austral. Math. Soc. Gaz. 30 (2003), no. 3, 142-147. Internat. J. Math.
Edu. Sci. Tech. 34 (2003), no. 4, 601-607. RGMIA Res. Rep. Coll. 6 (2003), suppl., Art. 2. Available
online at http://rgmia.vu.edu.au/v6(E) .html.


http://rgmia.vu.edu.au/v4n1.html
http://jipam.vu.edu.au/article.php?sid=282
http://rgmia.vu.edu.au/v5(E).html
http://rgmia.vu.edu.au/v5n1.html
http://jipam.vu.edu.au/article.php?sid=129
http://rgmia.vu.edu.au/v2n1.html
http://jipam.vu.edu.au/article.php?sid=97
http://rgmia.vu.edu.au/v2n5.html
http://rgmia.vu.edu.au/v2n5.html
http://rgmia.vu.edu.au/v2n5.html
http://rgmia.vu.edu.au/v6(E).html

36

[26]

27]

(28]

29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]
(38]
39]
[40]

[41]

[42]

Ma

Feng Qi, Chao-Ping Chen

F. Qi, Logarithmic convezity of extended mean values, Proc. Amer. Math. Soc. 130 (2002), no. 6,
1787-1796.

F. Qi, Monotonicity results and inequalities for the gamma and incomplete gamma functions, Math.
Inequal. Appl. 5 (2002), no. 1, 61-67. RGMIA Res. Rep. Coll. 2 (1999), no. 7, Art. 7, 1027-1034.
Available online at http://rgmia.vu.edu.au/v2n7.html.

F. Qi, The extended mean values: definition, properties, monotonicities, comparison, convexities, gen-
eralizations, and applications, Cubo Mat. Educ. 5 (2003), no. 3, 63-90. RGMIA Res. Rep. Coll. 5
(2002), no. 1, Art. 5, 57—-80. Available online at http://rgmia.vu.edu.au/v5nl.html.

F. Qi, L.-H. Cui, and S.-L. Xu, Some inequalities constructed by T'chebysheff’s integral inequality, Math.
Inequal. Appl. 2 (1999), no. 4, 517-528.

F. Qi and B.-N. Guo, An inequality between ratio of the extended logarithmic means and ratio of the
exponential means, Taiwanese J. Math. 7 (2003), no. 2, 229-237. RGMIA Res. Rep. Coll. 4 (2001),
no. 1, Art. 8, 55-61. Available online at http://rgmia.vu.edu.au/v4nl.html.

F. Qi and B.-N. Guo, Monotonicity of sequences involving convez function and sequence, RGMIA Res.
Rep. Coll. 3 (2000), no. 2, Art. 14, 321-329. Available online at http://rgmia.vu.edu.au/v3n2.html.
F. Qi and B.-N. Guo, Monotonicity of sequences involving geometric means of positive sequences with
logarithmical convezity, RGMIA Res. Rep. Coll. 5 (2002), no. 3, Art. 10, 497-507. Available online at
http://rgmia.vu.edu.au/v5n3.html.

F. Qi and B.-N. Guo, Monotonicity of sequences involving geometric mean of positive sequences, Non-
linear Funct. Anal. Appl. 8 (2003), no. 4, 507-518.

F. Qi and B.-N. Guo, Some inequalities involving the geometric mean of natural numbers and the
ratio of gamma functions, RGMIA Res. Rep. Coll. 4 (2001), no. 1, Art. 6, 41-48. Available online at
http://rgmia.vu.edu.au/v4nl.html.

F. Qi and S.-L. Guo, Inequalities for the incomplete gamma and related functions, Math. Inequal. Appl.
2 (1999), no. 1, 47-53.

F. Qi and Q.-M. Luo, Generalization of H. Minc and J. Sathre’s inequality, Tamkang J. Math. 31
(2000), no. 2, 145-148. RGMIA Res. Rep. Coll. 2 (1999), no. 6, Art. 14, 909-912. Available online at
http://rgmia.vu.edu.au/v2n6.html.

F. Qi and J.-Q. Mei, Some inequalities for the incomplete gamma and related functions, Z. Anal.
Anwendungen 18 (1999), no. 3, 793-799.

F. Qi and N. Towghi, Inequalities for the ratios of the mean values of functions, Nonlinear Funct. Anal.
Appl. 9 (2004), no. 1, 15-23.

F. Qi and Sh.-Q. Zhang, Note on monotonicity of generalized weighted mean wvalues, R. Soc. Lond.
Proc. Ser. A Math. Phys. Eng. Sci. 455 (1999), no. 1989, 3259-3260.

J. Séndor, Sur la function gamma, Publ. Cent. Rech. Math. Pures, Sr. I 21 (1989), 4-7. (French)

N. Towghi and F. Qi, An inequality for the ratios of the arithmetic means of functions with a positive
parameter, RGMIA Res. Rep. Coll. 4 (2001), no. 2, Art. 15, 305-309. Available online at http://rgnia.
vu.edu.au/v4n2.html.

Zh.-X. Wang and D.-R. Guo, Tésha Hdnsht Gailun (Introduction to Special Function), The Series of
Advanced Physics of Peking University, Peking University Press, Beijing, China, 2000. (Chinese)

(F. Qi) DEPARTMENT OF APPLIED MATHEMATICS AND INFORMATICS, RESEARCH INSTITUTE OF APPLIED
THEMATICS, HENAN POLYTECHNIC UNIVERSITY, JiA0ZUO CITY, HENAN 454003, CHINA

E-mail address: qifeng@hpu.edu.cn, fengqi618@member.ams.org

URL: http://rgmia.vu.edu.au/qi.html

(Ch.-P. Chen) DEPARTMENT OF APPLIED MATHEMATICS AND INFORMATICS, RESEARCH INSTITUTE OF

APPLIED MATHEMATICS, HENAN POLYTECHNIC UNIVERSITY, J1A0ZUO CITY, HENAN 454003, CHINA

E-mail address: chenchaoping@hpu.edu.cn, chenchaoping@sohu.com


http://rgmia.vu.edu.au/v2n7.html
http://rgmia.vu.edu.au/v5n1.html
http://rgmia.vu.edu.au/v4n1.html
http://rgmia.vu.edu.au/v3n2.html
http://rgmia.vu.edu.au/v5n3.html
http://rgmia.vu.edu.au/v4n1.html
http://rgmia.vu.edu.au/v2n6.html
http://rgmia.vu.edu.au/v4n2.html
http://rgmia.vu.edu.au/v4n2.html
mailto: F. Qi <qifeng@hpu.edu.cn>
mailto: F. Qi <fengqi618@member.ams.org>
http://rgmia.vu.edu.au/qi.html
mailto: Ch.-P. Chen <chenchaoping@hpu.edu.cn>
mailto: Ch.-P. Chen <chenchaoping@sohu.com>

