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Abstract In this study we introduce more general Chen—Yamamoto-type conditions to
generate a Newton-like method which converges to a locally unique solution of a nonlinear
equation in a Banach space containing a non-differentiable term. Using new and precise
majorizing sequences we provide local and semilocal results, under different sufficient con-
vergence conditions than before. In some cases our semilocal convergence conditions are
weaker than before and the error bounds on the distances more precise, whereas in the local
case we can obtain a larger convergence radius. Finally in the general case our results can
be reduced to earlier ones.
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1. Introduction In this study we are concerned with the problem of approximating a
locally unique solution z* of the nonlinear equation

Fz) + G(z) =0, (1)

where F, G are operators defined on a closed ball U(z, R) (R > 0), which is a subset of a
Banach space X with values in a Banach space Y. F is Fréchet-differentiable on U(z, R),
while the differentiability of operator G is not assumed.

A large number of problems in applied mathematics and also in engineering are solved
by finding the solutions of certain equations. For example, dynamic systems are mathemat-
ically modeled by difference or differential equations, and their solutions usually represent
the states of the systems. The unknowns of engineering equations can be functions (differ-
ence, differential, and integral equations), vectors (systems of linear or nonlinear algebraic
equations), or real or complex numbers (single algebraic equations with single unknowns).
Except in special cases, the most commonly used solution methods are iterative — when
starting from one or several initial approximations a sequence is constructed that converges
to a solution of the equation. Iteration methods are also applied for solving optimization
problems. In such cases, the iteration sequences converge to an optimal solution of the
problem at hand. Since all of these methods have the same recursive structure, they can be
introduced and discussed in a general framework.
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We use the Newton-like method

Yo € Uz, R), Ynt1 = yn — A(yn) "' [F(yn) + G(yn)] (n>0) (2)

to generate a sequence converging to x*. Here, A(y) € L(X,Y), the space of bounded linear
operators from X into Y. Sufficient convergence conditions as well as convergence domains
have been given in [5] under assumptions that generalize earlier ones [6]-[16]. We provide
local and semilocal convergence results for method (2) under more general conditions. It
turns out that this way we have a greater flexibility in the choice of “majorizing” func-
tions/sequences, which in turn can lead to more precise error bounds and weaker sufficient
convergence conditions. Finally in the local case we provide a larger convergence radius
than before. This observation is important in computational mathematics [1]-[4], [7], [15].

2. Semilocal Convergence of Newton-Like Methods

We assume from now on A(z)7t for some fixed z € X, R > 0 exists, and for any
z,yeU(z,r)={ve X ||v—z| <r} CU(z R):

IA() " [A) = AR < wolllx — =]) +0, (3)
IAG)THF (@ + ty — 2) =A@l < w(lle —z|| + tly - ])
—wi(|lz = z|) + ¢ t €10,1], (4)
A=) G(@) = G < wa(r)]l —yll, ()
where, w(r +t) — wi(r), t > 0, wo(r) and wy(r) are monotonically increasing functions
n [0, R] with w(0) = wg(0 ) wz(0) = w1(0) = 0, and constants b, ¢ are non-negative
parameters.

With the above choices, we show a result concerning the convergence of majorizing
sequences:

Theorem 1. Assume:
there existn >0,b>0,¢c>0, 0 €[0,2), ro € [0,r], r € [0, R] such that:

1
hs = 2/ w(rg + 6n)dl — 2w (ro) + 2wa(rg + n) + 2¢ + 5b + dwo(ro + 1) < 6, (6)
0

9 5 n+1
wWo lﬂs (1 — (2> > + To
2n

—_— <
g5 TTO=T (8)

and for alln > 0:

+b<1, (7)

+ dwy | ——

i) )
ran 2 (1 (8) ) )
[

5 n+1
1_<> >+r0 +2c+ 6b < 6. 9)




A Convergence Analysis and Applications of Newton-Like Methods 15

Then, iteration {t,} (n > 0) given by

to = 10, ti=ro+mn, tpyo=1np1 (10)
n fol{w[tn + e(tn+1 - tn)]d9 — wq (tn) + C}(tn+1 — tn> + f::Jrl w2(9)d9
1-b— wo(tn_H)

is non-decreasing, bounded above by

and converges to some t* such that
0 <t <. (12)
Moreover, the following error bounds hold for all n > 0:

(S 5 n+1
O S tn+2 - tn+1 S §(t7L+1 - tn) S <2> n. (13)

Proof. We must show:

1
2/ w[tk + 0t — tk)]de — 2w1(tk) + 2wa(tg41) + 2¢ + 0b
0

+ 5U}0(tk+1) S 5, (14)
0 < tprr — by (15)
and
wo(tks1) +b <1 (16)
for all £ > 0.

Estimate (13) can then follow immediately from (14), (15) and (16). Using induction
on the integer k, we get for k =0

1
2/ ’LU[to + 0(t1 - to)]d9 - 2w1(t1) + 2w2(t1) + 2c+ ob + 5w0(t1) S (5,
0

’LU()(tl) +b= wo(’l“o +’I7) +b<1
by the initial conditions. But (10) gives

1)
0<t—t < i(tl_to)-

Assume (14)—(16) hold for all k¥ < n + 1. Using (6)—(10) we obtain in turn

2 /01 W[tk41 + O0(tht2 — tr1)]dd — 2w1 (trr1) + 2wa(tir1) + 2¢ + 0b + Swo(tet1)
<ol 2 (1 (5) ) oo (3) o] w

— 2wy [22775 (1 - (g)kH) +7ro| + 2we [22775 (1 - (g)kH) + 1o

+ 2046+ o [;5 (1 _ (g)’““) n

< 4 (by (9)).

+ 2¢ + db
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Moreover, we must show
te <t (17)

But we have:
) 246
to =19 <t™, ti=ro+n<t" and t2§7"0+77+§n:7"0+%77§t**-

Assume (17) holds for all £ < n + 1. It follows from (10), (14)—(16):

1) 1) 1)
thve < tpy1 + i(thrl —tg) <tp+ 5(?51@ —tp—1) + §(tk+1 —ti)

5 5\ 2 5\ R
< < Z Z g
< T0+77+277+<2> n+ +<2) n
k+2
1-(3) 2
< -2 g« L =,
< 1o+ 1_g 77f7"0+2_(S

Hence, sequence {t,} (n > 0) is bounded above by t**. Furthermore, sequence {t,,} (n > 0)
is monotonically increasing by (24) and as such it converges to some ¢* satisfying (12).
That completes the proof of Theorem 1. O

We provide the main result on the semilocal convergence of Newton-like methods using
majorizing sequence (10).

Theorem 2. Assume:
hypotheses of Theorem 1 hold, and there exists

yo € U(z,7), r€l0,R] (18)

such that:
1A(y0) ' [F (o) + G(wo)ll <. (19)

Then, sequence {yn} (n > 0) generated by Newton-like method (2) is well defined, re-
mains in U(z,t*) for alln > 0, and converges to a solution =* of equation F(z)+ G(z) = 0.
Moreover the following error bounds hold for all n > 0:

Hyn+1 —Ynll <tngr —ty (20)

and
lyn — 2| < ° —tn. (21)

Furthermore the solution x* is unique in U(z,t*) if
1
/ [w(t™ + 2tt™) — wy (t%)]dt + wa (3t") + we(t*) + b+ ¢ < 1, (22)
0
and in U(z, Ry) for Rg > t* if

/1[w(t* + t(t* + Ro)) — wy (£9)]dt 4+ wa (26" + Ro) + wo(t*) + b+ ¢ < 1, (23)
0

and
RO <r. (24)

Proof. We must show estimates (20) and (21). For n = 0, (20) is obvious, since

ly1 = yoll = [ A(y0) " [F(y0) + G (yo)]ll < n =t — to.
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Suppose (20) holds for all n = 0,1,...,k + 1; this implies in particular

lye+1 — yell + llye — ye—1ll + -+ lyr — voll + llyo — z|
(thgr —ti) + (b —tp—1) + -+ (L1 —to) + 10 = tpy1 < 17

lyre1 — 2| <
<

That is yr41 € U(z,t*). We show (20) holds for n = k + 2. Using (3) and (7) we get

1A(2) " [A(yrr1) — A)]] wo(llyk+1 —2[) +b

<
< wo(tgsr) +0
2 5 k+1
< wo [2_"5 (1_<2) +7

It follows from (25) and the Banach Lemma on invertible operators [8] that A(yx4+1) " exists
and

+b<1. (25

[1—b—wo(llgrsr — 2] 7" < [1—b—wolters)] ™
[1—b—wo(R)] ™" = by. (26)

[A(r+1) AR <
<

Using (2), (4), (5), (10) we obtain in turn

lyrt2 — yrsall = [AWr+1) " TF (yk41) + Glyrr)]|

< NA@Wrt1) AR ITAGZ) " HF (yk41) + Gyrtr)

— A(yr) W1 — yk) — Fye) — G(yi) |

{fy IAG) ™ [F (i + t(ynsr — w) — Awi)lllynss — welldt + [ A2) 7 [G(yasr — Gl
1=b—wo(llys+1 — zl)

- Jo s = 20+ tlyeer — vell) = wi(lye — 2Dy — welldt + el — well + [ wa(t)dt

- 1—b—wo(tk+1 — to)

_ Jo {wl(te) + tltrer — t)] = wi () Htwsr — te)dt + cltier — te) + [ wa(t)dt

- 1—b—wo(tet1)

= tht2 — tht1, @7)

which shows (20) for all n > 0.
Note also that

lyk+2 — 2|l < vkt — Yl + lyer1 — 2] < thgo — thg1 + thgr = togo < ¢

That is, ygr2 € U(z,t*).
It follows from (27) that {y.} ( 0) is a Cauchy sequence in a Banach space X, and

nz
as such it converges to some z* € U(z,t*) (since U(z,t*) is a closed set). As in (27) we have

[ysv2 = 1l < bollA2) " F (Ynr1) + Gyrr )]l < ballynsr — yrll (28)
where,
by = boby (29)
and .
by = /w (R + tn)dt — w(R) + wa(R) + ¢ (30)

By letting k — oo in (28), using (26), and the continuity of operators F', G we get

bol|A(2) ™ (F (") + G(a"))] = 0,
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from which we obtain F(z*) 4+ G(z*) = 0 (since by > 0). Estimate (21) follows from (20) by
using standard majorization techniques [4], [8].

To show uniqueness in U(z,t*), let y* be a solution of equation (1) in U(z,t*). Then as
in (27) we get in turn

1
19" = yrsall < IIA(yk)lA(Z)II{/O AR (ye + t(y™ — yr) — Alye)]l|dt

AR (Gl G(y*»n}

1 . .
Jo lwllye — 2l + tlly* — yk‘ll) _‘w‘l(Uyk ; 2[DHly™ — yeldt
tellyt — il + fl|yk—z|+|y =yl wo(t)dt

ly—2
- 1 —b—’wo(t*)
[ w((1 4 26)87) — wy (E)]dt + ¢+ wa (3t7)
< =0 e ——r ly" — el
< |ly" —yxll = 0 as k — oo (by (22)). (31)

That is y* = z*. If y* € U(z, Rp) then as in (31) we obtain

[y [w(t* + t(t* + Ro)) — wi(t*)]dt + ¢ + wa(2t* + Ro)

* < *
Iy = vl < T ly” — il
< y* —wkll = 0 as k — oo (by (23)). (32)
Hence, again we get y* = x*.
That completes the proof of Theorem 2. d

Remark 1. Condition (9) (similarly for (7)) can be replaced by the stronger but easier to

check
1
2n 06 2n 2n
2 — 4+ — df — 2 — 2 —
/Ow{2—5+2"+7“°} w1<2_6—|—r0)+ w2(2—5+”’

+ Suwg (22775 + r0> +2c+ 6b < 6. (33)
Note that conditions of the form (6)—(9) are Newton—Kantorovich-type hypotheses (see also
(71)) which are always present in the study of sufficient convergence conditions of Newton-
like methods [2], [4], [5], [6], [11]-]16].

In order for us to compare with earlier results as in [5, p. 40], we assume that A(z)~!
exists and for any z,y € U(z,7) CU(z, R), 0 < ||A(2) "L [F(2) + G(2)]|| <7,

IA(z) " (A(2) = A < @o(llz — 2]) +b, (34)
[AG) T F (@ +ty —2) =A@l < @(lle — 2] +tlly — =[])
—wo(llz - z[l) +e t<[0,1] (35)

and (5) hold, where w(r + t) — wWo(r), t > 0 are monotonically increasing functions with
w(0) = wWo(0) = w2(0) = 0, Wo(r) is differentiable, wy(r) > 0 at every point of [0, R], (n > 0
given by (18)) and parameters b, € satisfy

b>0, ¢>0 and b+c<1. (36)
As in [5] set

op(r) = n—r+ /07“ w(t)dt, (37)
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o) = /Orwg(t)du (38)
x(r) = o(r)+¢(r)+ (b+E)r (39)

Denote the minimal value of x(r) in [0, R] by x*, and the minimal point by r*. If x(R) < 0,
denote the unique zero of x by r§ € (0,7*]. Define scalar sequence {r,} (n > 0) by

U(TTL) (n

ro €[0,R], rp+1=7rn+ o) >0), (40)
where,
u(r) = x(r) —a* (41)
and B
g(r) =1—wy(r) —b. (42)

We the above notation they showed:

Theorem 3. Suppose that x(R) < 0. Then equation (1) has a solution z* € U(z,78), which
1S unique in

~ [ U(R) ifx(R)<Oorx(R)=0andr}=R
U= { U(z, R) if i(R) =0 anécra‘ < R. ’ (43)
Let
D= (J {y e Ulz,r) | Al F(y) + Gl < ZE:)} : (44)

rel0,r*)
Then, for any yo € D, sequence {yn} (n > 0) generated by Newton-like method (2) is well
defined, remains in U(z,r*) and satisfies

”ynJrl - yn” < Tnt1l — Tn, (45)

and
g — 2l < = . (46)

provided that ro is chosen in (40) so that ro € R, where for y € D

Ry = {r e [0,7) | |Aly) " (F(y) + Gy)| < SEZ;’ ly — 2| < r} 7 (47)

or if we compute x1 using (28) and set yg = x1.

Remark 2. (a) Conditions (3), (4) are more general than (34), (35), respectively, since we
can simply choose:

wo(r) = Wo(r), w(r) =w(r), we(r) =wi(r), r € [0,R], b=>band c==¢. (48)

(b) Other choices for yo are given by (44) and (47).

(c) Note that the hypotheses on function @y is stronger than the “corresponding” func-
tion ws.

(d) According to Theorem 3, iteration (40) converges to r* (even if ro = 0) not r§.

Remark 3. Our error bounds are finer in many interesting cases. Let us choose:

Then we can show:

19
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Theorem 4. Under the hypotheses of Theorems 2 and 3, further assume:

t1 <7y (50)
Then, the following hold:
t, < 1™ (n>1), (51
tht1 —tn < Tpy1—7n (n>0), (52
t'—t, < r—r, (n>0) (53
and
t* <r*. (54)

Proof. Inequalities (53), (54) follow immediately from (51), (52) respectively. Hence we
must show (51) and (52). By hypothesis (50), inequality (51) holds for n = 1. Using (10)
and (40) we obtain in turn

Jo {wlto + 0(ty — t0)]d0 — wy (to) + cH(ts — to) + [} wa(t)dt

ty—t, =

1 —b—wo(t1)
fol{w[ro +0(r1 —19)]d8 — wi(ro) + c}(r1 —ro) + f;;l wa(t)dt
<
1—b—wp(r)

u(ry) — u(ro) + g(ro)(r1 —ro)
1 —b—wo(Tl —7“0)

u(ry)
= = ’["1 — ’["0_ 55
g(r1) (55)
Assume:
b1 < Tre1 (56)
and
b1 —tp <Thy1 — Tk (57)

hold for all k < n.
Using (10), (40), (56) and (57) we obtain

Jo {wltn + 0(trsr — tx)1d0 — wi(t) + c}Hthgr — t) + [ wa(t)dt

thpo —t =
k+2 — th+1 T—b—wo(trrs)
1 Thtl
0 k k+1 — Tk —wi (T k+1 — Tk - 2
B Jo {wlri +0(r r1)]d0 — wy(rg) + c}(r )+ [ wa(t)dt
]. — b — wo(Tk+1)
_ o u(regr) —u(re) + 90re) (regr — rx)
9(Trt1)
u(r
= ( ]Hl) = Tk+2 — Tk+1-
9(re+1)
That completes the proof of Theorem 4. O

Remark 3. If (50) holds, the proof of Theorem 2 can be used to show (52)—(55) if:

w(r+t)—wi(r) < wr+t)—we(r) (t>0), (58)
b+wo(r) < b+wo(r), rel0,R] (59)

and
c<F@. (60)
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Remark 4. Conditions (7), (9) hold in many interesting cases. Assume:

A(z) = F'(z), G(x)=0, (61)
1F" (20) T [F" () = F'()]]| < tllz —yll, (62)
1F" (o) M [F (x) = F'(wo)][| < boll — aol| (63)
for all z,y € U(z,7), 2 = 9o, and 79 = 0. Then, we can set
b=c=b=¢=0, (64)
wy (7 w(r) =w(r) = wy(r) = fr,
wo(r) = 0, and wo(r)=14lor, r€][0,R] (65)
for some £y > 0, £ > 0 with
b < L. (66)
(Note that Theorem 3 requires ¢ > 0 but not Theorem 2.) That is, we consider the famous
Newton-Kantorovich method [4], [8].
Condition (6) becomes
hs = (L4 6Lg)n < 6. (67)

Case 1. Let us restrict ¢ € [0, 1]. Hypotheses (9) now becomes

L))o o -0

2
2n s\t !
—|1-(= <2

+ 60, 25( <2) < z/o Ondo + 56
or
2 n+1

NI ONE

2—6 2

which is true for all n > 0 by the choice of §. Note also
S\ 20
<—(> >]< °%§2£0ng1.

2 2 —

2-9

It turns out that (67) can be weakened even further. Indeed:

Case 2. It follows from Case 1 that (6), (7), (9) reduce to (67),

2Lom
and )
lod
<
5 5 =0 (69)

respectively provided ¢ € [0, 2).
Condition (67) for § = 1 becomes
(70)

hy = (f—‘rfg)n <1.
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Using (41) and (42) we get
1-vV1—-h

X"=0, rfi=R=r"= 7 (71)
provided that the famous Newton—Kantorovich hypothesis holds [8]:
h=2n<1. (72)
Note that
h<l=h <1 (73)
but not vice versa (unless if ¢, = £).
Moreover f can be arbitrarily large. Indeed:
0
Example 1. Let X =Y =R, g = 0 and define function F on R by
F(z) = cox + ¢1 + cgsine®™”, (74)

where ¢;, i =0, 1,2, 3 are given parameters. It can easily be seen using (74) for ¢ large and
¢y sufficiently small é can be arbitrarily large. That is (67) or (70) may hold but not (71).

Example 2. Let X =Y =R, U(zo, R) = U(v/2,1) and define function F on U by

1 23/2
F(z)=-a— = +.23). 75
@) =52 - (5 + ) (75)
It can easily be seen that
n = .23, ¢=24142136, {y= 1.914213562,
h = 1.1105383 >1 and h; =.995538247 < 1.

That is there is no guarantee that Newton’s method starting at zg converges to x* =

1.614507018 since (72) is violated. However since (70) holds our results guarantee lim z, =
n—oo

x*.
A more interesting example is given by the following:

Example 3. Let X =Y =R, zg = 1, and define
3 1
Flx)=2"—a, Gx)=0, forall ae 0,5 , T €[,2—aq]

The Newton-Kantorovich hypothesis (72) does not hold since

hzg(l—a)@—a)>1 for all a € [0,;)

That is there is no guarantee that Newton’s method (2) converges to the solution z* = ¥/«

of equation F(z) = 0. However (70) holds for all o € [Lg/ﬁ, %) since for lp =3 — a,

hlzé(l—a)[3fa+2(2—a)]§1.

Remark 5. The conclusions of Theorem 3 hold if (35) is replaced by the more general
condition:

1AG) T EF (2 + ty — 2)) — A@)][| < @(|2 — 2l| + tlly — 2])) = D1 (lz — 2]) + 2, (76)
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where function w; and constant ¢y have the properties of wy and ¢ respectively, provided
that

wo(r) <wi(r), rel0,R). (77)
If wy(r) = wo(r) r € [0, R] and ¢ = ¢, condition (76) reduces to (35). Moreover if strict
inequality holds in (77) we obtain more precise error bounds. Indeed, let us denote by {s,}
the sequence using (77). That is {s,} is given by

w(sn) —u(sn—1) + (1 —W1(sSp-1) — b) (S, — Sn—1)
9(sn)

80 =Tg, 81 =T1, Spt1 = Sp = (n>1).

It can easily be seen using induction on n (see also the proof of Theorem 4 that follows)
that

Sso=To = To, S1=T1, (78)

Sntl —Sn < Tpy1—Tn (m2>1), s —s, <r*—r, (n>0), s"= lim s,, (79)

Sn<rn (mM>2) and s* <r*. (80)

Furthermore condition (77) allows us more flexibility in choosing the functions and constants.

As an example, let us consider the Newton-Kantorovich method and assume (61)—(63). Then

we can choose: Wo(r) = bor, W(r) = Wi(r), we(r) =0, r € [0,R] and b=¢=7¢y = 0. We
have:

Urn —Tn-1)? U(sp — Sn—1)?

2(1 —Ern_l) 2(1 —fosn_l)

Condition (77) becomes ¢y < ¢, and in case £y < ¢ estimates (79), (80) hold.

Tpal = Tn + and  Sp41 = Sp + (n>1). (81)

3. Local Convergence of Newton-Like Methods

In order to cover the local case, let us assume x* is a simple zero of equation (1), A(x*)~!

exists and for any z,y € U(z*,r) C U(z*, R):
[A@) T A@) =A@ < vollle —2™]) + 6, (82)
[A@") T F (@ +ty —2) =A@l < vz — 27| +tly — =)
—o(lle—2") +v, te[0,1]  (83)

and

|A(z*) "G (@) = G| < va(r) |z — (84)
where, vy, £, v, v1, 7y, v are as wop, b, w, wi, ¢, wy respectively. In order for us to compare
our results with earlier ones we only consider the case 1g = 0, zg = z in (2), and call

the corresponding sequence {z,} instead of {y,}. Then along the lines of (31) but using
(82)—(84) we can show the following local results for Newton-like methods:

Theorem 5. Assume:
there exists a minimal solution o* € [0,7] of equation

f(h) =0, (85)
where,

f(h) :/o [v((1 +t)h) = vi(R)]dt + va(h) + vo(h) + B+~ — 1. (86)

Then, sequence {z,} (n > 0) generated by Newton-like method (28) is well defined, remains
in U(z*,a*) for all n > 0 and converges to x*, provided that xg € U(x*, a*).

23
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Moreover the following error bounds hold for all n > 0

2" = Zn1ll < Py, (87)
where,
1 * * * * Tp—x*
_ Jolo(@ 4+ B)llan —a* 1) = vi(llan — 2" D)t — 2| + vl — o] + f3™ " va()dt
anrl — -
1= 3 —wvo([|en —2*|)
(88)
(n>0).
Remark 6. Note that Theorem 5 can be proved using the weaker conditions
[A(z") T E (z + t(z™ — x)) — A(=)]]]
< U([lz =21 + 1)) = Vil —=*[)) +7, t€[0,1] (89)
and
|A(z*) "G (@) — Ga")]]| < B2 (r) |2 — ¥ (90)

for all x € U(a*,r) C U(z*, R), instead of (83) and (84) respectively, where, v, U1, 7, U are
as v, v1, ¥, and va.

Remark 7. As an application let us again consider Newton’s method: F'(z) = A(x),
G(z) = 0, and assume:
|F" (2*) T F" (2) = F' ()]l < qollz — 27| (91)
and
1F" (") 7 E () = F' ()]l < glle — ] (92)
for all z,y € U(z*,r) C U(x*, R).
Then we can set

ﬂ =7= 07 UQ(T) = 07 UO(T) = qor, U(T’) = '01(7") =qr, T € [O7R] (93)

Using (86) we get
. 2
o = .
290 +¢
Local results were not given in [5]. However Rheinboldt in [13] showed that under only
(92) that the convergence radius is given by

(94)

2
= 95
q1 3q (95)
Since in general
q < ¢, (96)
we conclude
q < a*. (97)
The corresponding error bounds are
||xn+1 - l‘*” S 6n7 (98)
[ -y = (99)

where,
qllzn — 1'*”2

G =
2[1 — qollwn — 2*|]
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e Jn — 2P
ql|lxn — x*
P : 101
M — dllon — o] (101)
That is
6n <65 (n>0). (102)

If strict inequality holds in (96) then (97) and (19) hold as strict inequalities also (see also
Example 4 that follows).

Remark 8. As noted in [1], [4], [7], and [15] the local results obtained here can be used for
projection methods such as Arnoldi’s, the generalized minimum residual method (GMRES),
the generalized conjugate residual method (GCR), for combined Newton/finite-difference
projection methods and in connection with the mesh independence principle in order to
develop the cheapest, and most efficient mesh refinement strategies.

Remark 9. The local results obtained here can also be used to solve equations of the form
F(z) =0, where F’ satisfies the autonomous differential equation [4], [8]:

F'(x) = T(F(2)), (103)
where, T:Y — X is a known continuous operator. Since F'(z*) = T(F(z*)) = T(0), we can
apply the results obtained here without actually knowing the solution * of equation (1).

We complete this section with a numerical example.
Example 4. Let X =Y =R, D =U(z*,R) = U(0,1), G = 0, A(z) = F'(z), and define

function F on D by
F(z)=¢€¢"—1. (104)

Then it can easily be seen that we can set T(x) = = 4+ 1 in (103). Hence we set ¢ = e.
Moreover since z* = 0 we obtain in turn

2 n

/ Ma®) = e —l=gt Pt .%o
x xn—l

and for x € U(0,1), ||F'(z) — F'(«*)|| < (e — 1)||z — z*||. Tht is, g0 = e — 1. Using (94) and
(96) we obtain respectively:
¢ = 245252961

and
o = .254028662.

That is, our convergence radius o* is larger than the corresponding ¢; due to Rheinboldt
[13], and our error bounds (100) finer than (101). This observation is very important in
computational mathematics (see also Remark 8).
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