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Abstract We show that the third order rational difference equation
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where the parameter « and the initial conditions x_5, x_1, x¢ are positive real numbers pos-
sesses unbounded solutions. In addition we show that every bounded solution converges to
a finite limit.
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1 Introduction

We show that the third order rational difference equation

Tyl = %5”’1‘2 n=0,1,... (1)
o

where the parameter o and the initial conditions x_o,x_1, 29 are positive real numbers
possesses unbounded solutions. In addition we show that every bounded solution converges
to a finite limit.

After a thorough search in the literature, to the best of our knowledge, the only rational
difference equations of higher order that have been investigated and it has been shown that
possess unbounded solutions are the following:

a+ Bxy, +yTn-1
n - 5 2071’... . 2
Tt A+ Bz, " @)

o+ YTp—1 +0Tp_2
n == B = 0,1,... 3
Tt A+$nf2 " ( )
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o+ VYTn—1
A+ Bz, + Dzp_o’

Tn+1 = n:O,l,... . (4)

a+ /an + VYLn—1 + 51‘7172

Tpyl = Atz , n=0,1,... . (5)
Toir = a”";n”"‘g, n=01,... (6)
xnﬂz%i"ﬁ, n=0,1,.... (7)
xnﬂz%, n=0,1,.... (8)

Theorem A (See [12],[13], and [15]). Assume that B > 0. Then the following period-two
trichotomy result holds for Eq.(2):

(a) Every solution of Eq.(2) has a finite limit if and only if
v < B+ A
(b) Every solution of Eq.(2) converges to a (not necessarily prime) period-two solution

of Eq.(2) if and only if
v=0+A.

(c) Eq.(2) has unbounded solutions if and only if

v > [+ A

Theorem B (See [1],[9], and [14]). Assume that y+d+A > 0. Then the following period-two
trichotomy result holds for Eq.(3):

(a) Every solution of Eq.(3) has a finite limit if and only if
vy <o+ A
(b) Every solution of Eq.(3) converges to a (not necessarily prime) period-two solution

of Eq.(3) if and only if
y=0+A.

(c) Eq.(3) has unbounded solutions if and only if

v>d+ A
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Theorem C (See [10]). Assume that v + A+ B > 0. Then the following period-two
trichotomy result holds for Eq.(4):

(a) Every solution of Eq.(4) has a finite limit if and only if
v < A.

(b) Every solution of Eq.(4) converges to a (not necessarily prime) period-two solution

of Eq.(4) if and only if
v = A.

(¢) Eq.(4) has unbounded solutions if and only if

v > A.

Theorem D (See [8]). Assume that v > 3+ 0+ A. Then Eq.(5) has unbounded solutions.
More precisely let k be a number such that

O<k<y—-B-0—-A

and let {x, 152 _5 be any solution of Eq.(5) with

—A
x_g,20 € (0,y—A) and v_1 > % .
Then
By + A

lim x9,41 =00 and lim z9, =
n—oo n—oo v — )

Theorem E (See [8]). Assume thaty =040+ A and f+ A > 0. Then every solution of
Eq.(5) converges to a (not necessarily prime ) period-two solution of Eq.(5).

Eq.(6) was investigated in [2] and [11] and it was shown that possesses unbounded
solutions. Indeed, it follows from Eq.(6) that

1

Tn+1

Tpyo — Tp = (T —Tp—2), n=>0.

Therefore, in this case,
ZTop = Tog, N2 0
and so from Eq.(6) we see that

a+ xg 1
+ —Zop_1 — 00 asmn — oQ.
Zo Zo

Toan+1 =
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Theorem G (See [3]). Assume that a > 0. Then the following period-two trichotomy result
holds for Eq.(7):

(a) Every solution of Eq.(7) has a finite limit if
a > 2.

(b) Every solution of Eq.(7) converges to a (not necessarily prime) period-two solution

of Eq.(7) if and only if

a=1.

(c) Eq.(7) has unbounded solutions if

a <1
Theorem H (See [4]). Assume that v > 1. Then Eq.(8) has unbounded solutions.

Theorem I (See [4]). Assume that v =1. Let {x,}>2 _5 be a solution of Eq.(8) such that
T_9,T_1,To € (i,oo) .

Then the solution {z,}5- _5 of Eq.(8) converges to a period-two solution of Eq.(8).

2 The Main Result

The main results are described in the following theorems:

Theorem 2.1. Every solution of Eq.(1) is either unbounded or converges to the unique
positive equilibrium T of Fq,(1).

Theorem 2.2. Let x,, n =0, 1... be a nontrivial oscillatory solution of Eq.(1) such that
sup x, # x;, ¢t =0,1,2,3.
Then the solution x,, is unbounded.

The proofs of Theorems 2.1 and 2.2 are long and tedious. A series of lemmas will be used
for the proofs of the theorems.

Lemma 2.3. Every non oscillatory solution {x,} of Eq.(1) converges to the unique positive
equilibrium of Fq.(1).

Proof. Assume that the solution {z,} is above the positive equilibrium Z of Eq.(1). The
case where the solution is below the positive equilibrium is similar and will be omitted.
We will show that the solution which stays above the equilibrium Z is decreasing. For the
sake of contradiction assume that there exists N such that xny < xn41. Then

a4+ TN o+ TNt

IN4+3 = < <z
TN+1 TN+1

which is a contradiction. The proof is complete. O

Lemma 2.4. The positive and the negative semicycle of every oscillatory solution of Eq.(1)
contains at least one and at most two terms.
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Proof. The proof will be given in the case of a positive semicycle. In the case of a negative
semicycle the proof is similar and will be omitted.

Assume that for some N > 0, it holds that zy_1 < T and xny > Z. In addition assume that
TN+1 > Z. Then

a+Ty_1 a+T _
TN42 = < — =x.
N X

The proof is complete. O

In view of Lemma 2.4 and without loss of generality, when we refer to an oscillatory
solution of Eq.(1), we will assume that the first semicycle of that solution, positive or
negative, will contain at least one and at most two terms.

The following two lemmas which we state without proof will also be useful in the sequel.

Lemma 2.5. Let {x,,} be a solution of Eq.(1). Then the following hold:

Tni1Tn_1 =+ Ty _o,n=0,1,.. (9)
and
Ty — Tp—2
Tp+3 —Tp—1 = —————Tp—1 (10)
Q-+ Tp_2

Lemma 2.6. Let {x,} be a solution of Eq.(1) which is bounded from above. Then the
solution is also bounded from below.

Lemma 2.7. Let {x,} be a positive oscillatory solution of Eq.(1) which is bounded from
above and below. Letly,ls,ls be the limits of three consecutive subsequences Xy, +4, Tn,+5 and
Zn,+6 Of the solution {x,}. These limits cannot all be less than Z. In addition they cannot
all be greater or equal to T, unless they are all equal to .

Proof. Case 1 ly,l5,ls # T. Let 0 < e < min(|ly — Z|, |ls — Z|, |l — Z|). Then there exists N
such that

l47€<1’nN+4<l4+6, l57€<$nN+5<l5+6, 1676<xn1\1+6<16+6-

Suppose for the sake of contradiction that either max(ly,l5,ls) < T, or min(ly,l5,1ls) > Z. Tt
follows that either
Tnytda <Xy Tpyas < Ty Tpyte < T
or
Tontd > Ty, Tuyas > T, Tpyae > T
which in view of Lemma 2.4 yields a contradiction.

Case 2 [, = x. We will show that I5 < T or lg < T or I5 = lg = . There exist subsequences
{Zn, 41}, k=0,1,2,3,4,5,6 such that

lim @y, 45 =1k -
11— 00

Suppose for the sake of contradiction that 5 > & and lg > Z and l5 # T or lg # T. Then it
follows that either

I =g = &
or

l; >
or

liy1 >2

for i = 0,1, 2, which yields a contradiction.
The cases l5 = &, lg = T are similar. The proof is complete. O
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Note that the results of the previous Lemma apply for any three consecutive terms of
any positive oscillatory solution of Eq.(1).

Lemma 2.8. Let {z,} be a solution of Eq.(1) which is bounded from above and below. Let

s = limsup x,, and i = liminf z,,.
n— 00 n—oo

Then it holds that s = T if and only if i = .

Proof. We will give the proof in the case where s = Z. the case where ¢ = ¥ is similar and
will be omitted.
There exist subsequences {2n,+x}, Kk = —3,—2, ... of the solution {z, } such that

Im z,, =t =1<ip = lim 2,41 < T .
1—00 71— 00

In addition {ix} is a solution of Eq.(1) and so

a+i_3 _ a+1
+3>+o

19 =

i_y T

which implies that ¢ = ig = Z. The proof is complete. O
Lemma 2.9. Let {z,}32, be an oscillatory solution of Eq.(1) for which

x4 =maxz;, ¢ =0,1,.... (11)

Then for j = 1,2... it holds that

Tajrak > T > Taj_anys, K=1,2,...5 (12)

Tajya 2 Tajq7 > T4j43 > T (13)

Tajrakta = Tdj—ak+7, Tdj—ak+9 > Tojrak+2, Tajrdktl = Taj—dkre, B =1,2,..5  (14)
Tgj_aky8 > T > Tapy1, K =1,2,...5 (15)

Tgj45 = T2, T5 = Tgjt6, T8j+8 = T3, Tgjt9 = Tg, T = Tgjt7 (16)
Takta 2> Tgjt11-ak, K =2,3,..27 +1 (17)

Tgj—ak+9 = Tak+e, kK =1,2,..2] (18)

Tgj-ak+9 = Takt+2, K =1,2,...j (19)

TRj4+9 = T2, T5 = Tj+10, T8j+13 = T, Tgj+12 = T3, T = Tj+11 (20)
Takts > Tgj—ak+11, k=1,2,...5 (21)

Tgj—ak+13 = Takt6, K =1,2,...5 . (22)

Proof. The proof will be by induction. Assume that j = 1. In view of (11) we have
Ty 2 T8
and in view of (10) we have x3 > z5. In addition

o+ x4 o+ xg
x5 T3

Ty = = X1 .

Also
o+ 3 o+ x4 o+ T3
— =Ty >

Tg - T5 Zs5
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and so
T5 > Tg.
In addition
o+ 1 o+ x4 o+ T3
=42 27 = >
) Ts Ts5
which implies that
T5 > T2
Hence
o+ T5 a—+ xo
rg = = =3
Te Ts5
Furthermore
o+ x3 o+ xg o+ x3
=T42>x11 = >
Te T9 T9
which implies that
Tg > Tg
and so
o+ Ty o+ Tg
rg = = = X7
Ze6 Z9
Furthermore
o+ 1 o+ s o+ x7 o+ 1
—— =4 2T = = =
i) T9 T9 T9
which implies that
T9 Z T .

Also note that since x4 > x3 > x5 and the solution is oscillatory we have that x5 < z. In
addition since x5 > xg we get that xg < Z. Therefore

a—+ 14 a+T _
Tr=—"72 —=2=2
Te X

and since zg > x7 we get that xg > Z. Therefore (12) holds for j = 1. Also

o+ x4 o+ x7

Ts5 = =z = 10
T7 rg
and
o+ g o+ To
T2 = 2 =3
T10 Ts
It also holds that
o+ T3 o+ T19 o+ T3
=T4 2 T15 = 2
Tg Z13 Z13
which implies that 13 > x¢. In addition
o+ s o+ T1g
Ty = > =11 .

Ze x13

Furthermore since zg > T > ¢ and in view of (10) we have x1; > 27 and so (13) holds for
7 =1. Since xg > 11, we have

o+ x7 o+ xg o+ 7
=28 > T11 = >
T10 Tg Zg
and + + + +
a4+ x5 a4+ xg a4+ a4+ x5
—— =28 2 T11 = > >

Te Tg Tg Tg
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which implies that
ZTg > T10, T9 = T6 -

In addition
o+ Tg > o+ Tg

Ti2 = = Z7

Z10 Zg

and so (14) and (15)hold for j = 1. Also since x4 > x15, we have

a+z a+z a+zx a+zx
—|—1_> +12>+7>+1

=24 2 T15 =
xs3 T13 x13 x13

which implies 213 > xo. Also

o+ x4 a—+x11

T5 = =z =T14
T T12
and
o+ 13 a+ T2
16 — = = X3 .
T14 T5
Since x4 > x19, We have
a+ T3 a+T1g  a+ 3
=T4 > T19 = >
X6 17 Zi7
which implies 17 > xg and
a+ x5 -+ T4
Ty = = = Ti15
T6 Ti7
and so (16) holds for j = 1. Since xg > x15
o+ x7 o+ T2 o+ x7
=Ty Z T15 = =z
Z10 13 T13
and
o+ Ty o+ Tio a—+z [
=g > X15 = > >
Ze6 Z13 Z13 Z13
and so
13 = T10, T13 = Tg -
Also
o+ Tg o+ To
T12 = > =11
Z10 Z13
and
a+xg a—+ Ty
Tg = > =114
T11 T12
o+ T3 o+ Tg
T16 = > =7
T14 Z9

which proves (17), (18)and (19) for j = 1. Furthermore since x4 > 19 we have

o+ xq o+ xq a—+x o+ 1
——— =4 > T19 = ¢ > L >
T2 Zi7 Z17 Z17

which implies that 17 > x2. Also

a+ Ty o+ T15
> = T18
Z7 T1i6

Ty =
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and
o+ T17 o+ o
X0 = > =x3 .
18 s
Since x4 > x23, wWe get
o+ T3 a + Tog o+ T3
=Ty > Toz = >
Te T21 T21

and so 21 > rg and
o+ T5 o+ 218
> = Z19
Te 21

g =
which proves (20) for j = 1. The fact that xg > x19 implies

o+ x7 o+ Tig o+ x7
=Tg > T19 = >
Z10 Z17 Zi7

and so x17 > x1¢. Finally
o+ Xg > o+ T14

Ti12 = Z = T15
Z10 17

which proves (21) and (22) for j = 1. The proof of the induction is complete in the case
where j = 1.
Assume that (12), (13), (14), (15), (16), (17), (18), (19), (20), (21), (22) hold for arbitrary
j > 1. We will show that all the above hold for j = j + 1.
In view of (21) for k = j, x4j4+8 > 45411 and since in view of (17) for k = j+1, xaj4+8 > Tajs7
in view of (12) and Lemma (2.5) we conclude that z4j16 < T < x4;4s. In addition and in
view of (10) we get aj48 > Tajt11 > Taj47 > T which proves (13) for j = j + 1.
In view of (13), Z4j44 > %443 > Z and so in view of Lemma (2.5), x4;45 < Z. Also in view
of (15), we have L4548y T4j412, -y LT8j4+4 = T and xg, vy Tgjr1 ST which implies that (12)
hold for j = j + 1 as long as we can show that xg;1s > T .
In view of (21) with k = j—m, m =0,1,...j—1and (17) withk = j—m+1,m=0,1,...j—1
we have

Taj—am+s = Tajram+11, m=0,1,..5—1 (23)

and
T4j—ami8 = Tajrdmir, m=0,1,..5 -1 (24)

respectively. Furthermore it holds that
Tij4amy8 = T 2 Taj—dmes, m=0,1,...5 —1.
Hence

Q.+ Tgj—am+5 Q + Tgj4+4m+8 a+2x

Y

= T4j—4am+8 = T4jram411 =
T45—4m-+6 L4j4+4m-+9 T454+4m-+9

o+ Ty
2 4j—4m~+5

L4j4+4m—+9
which implies that
Taj+am+9 = Taj—am+6, m=0,1,..7 —1. (25)
At this point we claim that
T4j4+4t+8 Z T4j—4t+11 t= O, 1, j -1 (26)

and
Taj_at9 2 Tajraer1o, t=0,1,..9—1. (27)
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For t = 0 the above relations become, z4j48 > 245411 which is true from (21) for k = j, and
Taj+9 > Tajr10. In view of (17) for k = j + 1, we have x4j48 > x4;4+7. Therefore
a+Tyj48 | O+ Tajq7

Tyjr9 = > = Z4j+10
Tdj+11 Taj+8

and so the claim is true for ¢ = 0. Assume that (26) and (27) hold for arbitrary 0 < ¢ < j—2.
In view of of (25) and (27) we have

. O+ Tajpat49
Taj+dt+12 = T4j4a(t4+1)48 = — -
L45+4t+10

o+ Tyj—at+6
> = = Laj—a(t+1)+11 = T4j—4t+7 -
L45—4t+9
Since 1 < t+1 < j—1, we replace in (24) m = t + 1, to get Taj_ar4a > Tajtart+11-
Furthermore

o+ Taj_atta 5 @ + Tajpar+in
Taj—a(t+1)+9 = = = T45+4(t+1)+10
Taj—4t+7 L45+4t+12

and so the claim is true.
At this point it holds that for t =0,1,...5 — 1

Ta4j14t+8 = Taj—4t411, T4j—4t+9 = T4j14t410, Tdjtdt+9 = Taj—4¢46 -
It is also true that for t =0,1,...5 — 1

‘ _ ot Tajraro Ot Tajoage
T4j44t+12 = =z = T4j—4t+7 -
L4544t+10 T4j5—4t+9

Hence

T4 pa(t+1)+8 = Taj—4(t4+1)+115 Laj—4(t4+1)+13 = T4j44(t+1)+65 Taj+4(t+1)+5

> T4j_4(t+1)+10 -

Letting t + 1 = k in the inequalities above we have
Ta(j4+1)+ak+4 = TA(G+1)—4k+T) TA(+1)—4k+9 = TA(j+1)+4k+25 TA(i+1)+4k+1

> T4(j41)—4k+6

which implies that (14) holds for j = 54+ 1 and k = 1,2, ...5. To prove that (14) holds for
7 =7+ 1 we need to show that the latter inequalities hold for k = j + 1.

From (20), g > wg;+11 and also holds from the previous inequalities for k = j that xg; s >
x11 > x7 > T > x5. First note that since xgj1s > &, (12) holds for j = j + 1. On the other
hand

a+ x5 Q + Tgj18 a—+z o+ x5
=Ts > Tgjt11 = > >
T6 T8j+9 T8j+9 T8j+9
which implies
x8j+9 = Xg -
Also n n
« xTg « T8j+7
Tg = > = T8j+10
Z11 T85+8
and

Qa + Tgjtg o+ Tg
Tgjt12 = > =x7.
T8j+10 Tg
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and so (14) holds for k = j + 1. Also since zgj112 > T we have that (15) also holds for
j=Jj+1
Furthermore it holds that x4 > xg;415 and so

a—i—xl_x > . _oz+xgj+12>oz+m7>a+x1
— = X4 2 Tgj+15 = = =
) Tgj+13 Tgj+13 T8j+13
and so
Tgjt13 = T2 -
Also
o+ Ty o+ Tgir11
T5 = > S+l — Tgj+14
Z7 Tgj+12
a4+ xgj413 . O+ X2
T8j 416 = > =3 .
Tgj+14 Ts5

In addition it holds that x4 > xg;419 and so

o+ T3 o+ Tgjr16 | 0+ T3
=14 > Tgj119 = >
Zg T8j+17 T8j+17
and so
T8j+17 = Xe
and

xg = @t > 2 T s T8j+15
Tg Tgj417
which proves (16) for j = j + 1.
In view of (14) with j = j + 1, we have for k =1,2,...5 + 1

T4j4ak+8 = T4j—dk+11, T4j—ak+13 = Taj+4k+6, Tdjt+dk+5 = T4j—dk+10 -

We replace k = j —m+ 1, m = 1,2,...5 + 1 in the first inequality above ( note that for
k = 0, the first inequality becomes x4;48 > 45411 which is true) and also k = j —m + 2,
m =1,2,...7 + 1 in the middle inequality above to get

T8j—4m+12 = Tam+7 (28)

and
Tam+ts 2 T8j—4m+14 - (29)

Furthermore it holds that for k =1,2,...5 + 1
Tgj—ak+12 = T = Tak+5 - (30)
At this point we claim that for t = 1,2,...7 + 1 we have
Tat4a 2 Tj— 44419, T8j—4t+17 = Tat46, Tj—4t+17 = Tatt2 - (31)
For t = 1 the above inequalities become
T8 > Tgj+15, L8j+13 = L10, L8j+13 = L6

and in order to prove the claim for ¢ = 1 it suffices to show that zg;113 > x10 and zgjy13 >
ZT6-
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Since xg > xg;+15, we have

o+ x7 o+ xgi412 | o+ X7
=18 > Tgji15 = >
210 T8j+13 T8j+13
a+x5_x > 2 _a+:vsj+12>a+x7>a+x5
=g > Tgjt15 = > >
T6 T8j+13 T8j+13  T8j+13

and so
Z8j+13 = 10, T8j+13 = T6 -
Assume that the claim is true for arbitrary 1 <t < j. We will show that the claim is true
for t =t + 1. First note that in view of (29) and (31) we have
A+ Tar4s S @ + Tgj—4t+14

Tat+8 = L4(t+1)+4 — Tare  — Tsj_ariir = T8j—4(t+1)+19 = L8j—4+15
i

which in view of (28) and (30) implies

Q + Typ47 QO+ Tgj—4t+12 O+ Typ47

——— = Ta148 > Tj—4t+15 = >

L4(t+1)+6 Tgj—4t+13 L8j—A4(t+1)+17

and
oa—+x o+ T8 o+
bl a Taty8 2> Tgj—4at+15 = St >
Ta(t4+1)+2 Tgj—4t+13 T8j—4(t+1)+17
a+ Tyrts

L8j—4(t4+1)+17
and so 1'8_]'—4(t+1)+17 > ‘r4(t+1)+6 and x8j—4(t+1)+17 2 $4(t+1)+2. The claim is true.
in view of (31), (19) holds for j = j + 1.
Also in view of (31) we have that (17) holds for j = j 4+ 1 and for k = 2,3,...,j + 1, while
(I8) holds for j =j+1and k=1,2,....,5+ 1.
To prove that (17) and (18) hold for j = j + 1 we need to show that they hold for j = j + 1
and k=37+4+2,7+3,..2+3,k=37+4+2,5+3,...25 + 2 respectively.
In view of (21) and (22 with k =5 —m, m =0,1,...j — 1 we get

Taj—4m+8 = Tdjram+11, Tdj+am+13 = Taj—amye m =0,1,..5 — 1. (32)
We claim that for t =0,1,...5 — 1, we have
Taj_at49 = Tajrat+14, Taj44t4+16 = Taj—4t4+7 - (33)

For t = 0, the above inequalities become 24519 > 4114 and x4j416 > T4j47 respectively.
From (14) with j = j + 1, we have 449 > @4;410. Also from (18) with j = j + 1 and
k =j+ 1 we have %4113 > %4j410. Therefore

a+ Tyj49 @+ Taj410
Tajr12 = I > 20 Taj411
Z45+10 T4j4+13
In addition from (21) with j = j and with k = j, we get x4;48 > 245411, and from (19) for
j=j+1land k= j, we have x4;113 > 24;46. Hence

Q+ Tyj48 O+ Th5411
Tyjyg = R I = T4j414
Tq4j+11 Tgj+12
Q+ T45413 O+ Tyjt6
Tyj4+16 = > = Ty4j47

T4j5414 L4549
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and so the claim is true for t = 0.
Assume that the claim is true for arbitrary , 0 < ¢ < j — 2. Then in view of (32) with
m =t+ 1, we have

Taj—at+4 2 Taj4at+15, Taj+at+17 = Taj—4at+2 - (34)
In view of (32) and (34) we have

Q+ XTyj-4t14 S @ + XT4j44t+15

Tgj—a(t+1)4+9 = = = T4j44(t4+1)+14
Taj—4t+7 LT4j44t+16
and
O+ Tajyart1r S @ + Taj_ar42
T4j+4(t+1)+16 = = = T4 —4(t+1)+7
T4j4+4t4+18 L4j—4t+5

and so the claim is true.
In view of (33) we have

TY(j41)—4(i+t4+2)49 = TA(j4t4+2)+65 TA(jrt+3)+4 = T(j+1)—4(j+t+3)+11 -

We substitute k = 5+t + 2 and k = j + ¢ + 3 respectively to get
TY(j41)—ak+0 = Tak+6, K =7+ 2,5 +3,..27 +1 (35)

and
Tap4a 2 Tg(j+1)—dk+11, K =7+ 3,7 +3,..27 +2 (36)

respectively. Note that (36) with k& = j + 2 becomes z4j112 > %4411 which we have
previously shown that it is true. Therefore in view of (35) and (36), (17) holds for j = j+1
and k = 2,3,...25 + 2, while (18) holds for j = j+ 1 and k = 1,2,...25 + 1. To show that
(17) and (18) hold for j = j+1 we need to show that they hold for j = j+1 and k = 25+ 3,
k = 2j + 2 respectively.

In addition from (21) with j = j and k = 1, we have x12 > zg;47. Also from (36) with
k =2j+ 1, we have xg;4g > 15. Therefore

o+ T2 S o+ T8j+7

T3 = 2 = Tgj+10 -
T15 Tgj48

In view of (22) with j = j and k = 1, we have xg;49 > x19. Hence

a + Tgj19 o+ T19
T8j+12 = > =T .
T8j+10 T13

Also since xg > xgj111, We get

a+ Tgj411 a+Tg | a+ Tgjt1l
—————— = Tgjt12 = T11 >
T8j+14 Zg Zg

which implies zg > xgj414. Also

o+ Tgj+13 | @+ Te
85+16 = > =x7.
T8j+14 X9

and so (17), (18) hold for j = j + 1.
In addition it holds that x4 > %4419 and so

OH_xl—a; > 2 _a+x8j+16>a+x7a+x1
= T4 2 Ty54+19 = =
T2 T8j+17 T8j4+17 T8j+17
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and so
T8jr17 = T2 -
Also
s = o+ X4 > a+ Tgjt15 = Tsj418
Z7 T8j+16
and

o+ T8j4+17 o+ T9
T8j+20 = > =x3 .
Tgj+18 Zs

In addition it holds that x4 > xg;4923 and so

o+ 3 Q + Xgj420 o+ T3
= T4 > Tgjt23 = >
Zg T8j+21 Tgj+21

and so
Tgji21 = T

which implies
a+x5 o+ Tgj+18
T8 = > = X8j+19
Ze T8j+21

and so (20) holds for j = j + 1.
To finish the proof we need to show that (21) and (22) hold for j = j + 1.
In view of (17) with j = j + 1, we have for k =2,3,..25 + 3

Tak+a = T8j—4k+19 -

Since x4 > wgj123, T3 > Zgj+19 the above inequality also holds for & = 0,1,...25 + 3. Let
k=27—m+3,m=0,1,...27 + 3 in the inequality above to get

Z8j—a4m+16 = Tami7, m=0,1,..25+3 . (37)
In view of (18) with j = j + 1, we have for k =1,2,...2j + 2
T8j—4k+17 = TAk+6 -
Let k=27 —m+2,m=0,1,...25 + 1 in the inequality above and we get
Tam+49 > Tgj—amt14, M =0,2,..25+1. (38)
At this point we claim that (21) and (22) hold for j = j + 1. In other words we claim that

Tak48 = T8j_ak4+19; T8j—4kt21 = Takte, K=1,2,...5+1.

For k = 1, the inequalities above become xg;17 > x19 and 12 > Zgj+15.
It holds that xg > 2gji19. Also in view of (17) with j = j + 1, k = 2j + 3 and (18) with
j=7j+1,k=2j42, we have xgj116 > x7 and x9 > wg;114. Therefore

o+ x7 Oé+9€8j+16>01+$7

=18 > Tgji19 = >
Z10 T8j+17 T8j+17

which implies
Tgj4+17 = T10

and

a+T9  a+ Tgjt14
Ti9 = > = T8j+15 -
Z10 T8j+17
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Assume that the claim is true for arbitrary k, 1 < k < j. Then

Tak+8 = T8j—4k+19, T8j—4k+21 = Tdk46 -
In view of (37) It holds that

Q + Tapy7 Q + Tgj—4k+16 QO+ Typt7
———————— = T4k4+8 = T8j—dk+19 = >

T4 (k+1)+6 T8j—ak+17  Tgj—4(k+1)+21

which implies that zg;_4(k+1)4+21 > Ta(ht1)+6- Also in view of (38) we have

O+ Typy9 O+ T8j—dk+14
Ta(k+1)+8 = > = T8 4(k+1)+15 -
T4k+10 L8j—ak+17

The proof is complete.

Lemma 2.10. Let {x,}2, be an oscillatory solution of Eq.(1) for which (11) holds. Then
forj>1
Tyj4a = Taji8 = Thjqr = Tajy3 = T 2 Tyjts = Tajrg = Tajie = T4j42 - (39)

Proof. In view of (13), it holds for j = 1,2, ...

Thj4a 2> Taj47 =2 Taj43 > T .

Also in view of (15) it holds
L4541 S .’f, j = 172, e .

Therefore
Taijas ST j =12,

Also in view of (17) it holds
L4549 > L4546, .7 = 172a e -

Also since 24546 < T < Zaja, J = 1,2,... in view of (10) we get that x4j19 < 24545 for
j =1,2,.... In addition since 443 > T > 4541 for j = 1,2, ..., in view of (10) it follows
that 24516 > 24542 for j =1,2,.... Furthermore it holds that

Taji5 > T4jqg = Tajie, J = 1,2,...
and since x4;43 > T > T4j45, j = 1,2,... in view of (10), it holds that
Tyjpa > Tajis, J=1,2,....

Finally
O+ Tyjys O+ Tyjye
Tyjys = > = T4j47 -
L4546 L4549

The proof is complete. O

Lemma 2.11. Let {x,}22 be an oscillatory solution of Eq.(1) for which there exists N > 4
such that
ry =maxz;, ¢ =0,1,....

Then x, =T for all n.
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Proof. Suppose that xy > x,, for all n. In view of Lemma 2.10 the solution contains four
monotonic subsequences as described in (39) and so it converges to a periodic solution of
period two, three or four. This is a contradiction unless the solution is trivial. O

At this point we will give the proof of Theorem 2.1

Proof. Assume that the solution is not unbounded and consider the limiting sequence {I;},
1=20,1,.... where
li = hm l'nj+i, 1= 07 ].,
J—00
and Iy = limsup,, , . . Then in view of Lemma 2.7, the limiting sequence {l;}, i =0,1,....
is oscillatory and also in view of Lemma 2.11, limsup,,_,., Z»n = Z. In addition in view of
Lemma 2.8, liminf,, . z, = Z. The proof is complete. O

Lemma 2.12. Let {x,}2, be an oscillatory solution of Eq.(1) which is bounded. Then
there exists, 0 < N < 4 such that xy = sup x,,.

Proof. Assume for the sake of contradiction that supxz, > =z, for all n. Since z, is a
positive bounded oscillatory solution we have that co > sup z,, > z. In addition there exists
a subsequence Ty, such that lim;_, . ©,, = supx, > T which is a contradiction. O

At this point we will give the proof of Theorem 2.2.

Proof. Suppose that the solution {z,}22, of Eq.(1) is bounded. Then in view of Lemma
2.12 there exists 0 < N < 4 such that supx,, = xx which is a contradiction and the proof
is complete. O
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