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Abstract
In this paper, by using the Euler-Maclaurin’s summation formula, and estimating the
weight coefficient, we give a new extension of Hilbert’s double series theorem with
(p, q)-parameter and A € (0, 4], which involves the B function as a best constant fac-
tor. As its applications, we consider the equivalent form and some particular results.
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1. Introduction

The Hilbert’s double series theorem is said (cf. Hardy et al. [1]): If {a,}, {b,} are real
sequences such that 0 < >°°° a2 < coand 0 < > 02, b2 < oo, then

© © 00 00 1/2
szn:rr; <n{za§2b5} , (1.1)
n=1 m=1 n=1 n=1

where the constant factor 7 is the best possible. Inequality (1.1) is well known as Hilbert’s
inequality, which is important in analysis and its applications (cf. Mitrinovic et al. [2]).
And the equivalent form is

0.¢] o0 2 o0
Z(Z mafn> <7’} a. (1.2)

n=1 \m=1 n=1

where the constant factor 72 is still the best possible.
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In 1925, Hardy-Riesz gave some classical extended results on (1.1) and (1.2), by
introducing (p, q)-parameter as follows (see [3, 1]):
Ifp>1, l + l = 1, {a,}, {b,} are non-negative real sequences such that 0 <

> 1a,{’<ooand0<z | bt < oo, then

o0 1/p ( oo 1/q
T
Z Z m —|—n = Sin(z/p) {;a’f} {;bz} ; (1.3)
p
Z(X_:m-i-n) = |:51n(n/P)] Za (1.4)

=1

where the constant factors sin(jor ) and [Sm( D )] are all the best possible. Inequality
(1.3) is named Hardy-Hilbert’s inequality, which is equivalent to (1.4). For p = g = 2,
inequality (1.3) reduces to (1.1), and (1.4) reduces to (1.2).

In 1992, Gao [4] gave a strengthened version of (1.1). In 1997-1998, by using Euler-
Maclaurin’s summation formula, Yang et al. [5, 6] gave a strengthened version of (1.3)
as:

1 1
oo o0 (0,0 D o0 -
ZZ < . Ty 1 al’l Z . TN 1 bn ’
o oo LsinGg) nr oo LsinG) nd (1.5)

where y is Euler constant, and 1 — y = 0.42278433 is the best value.

In 1998, by introducing a parameter A € (0, 1] and the g function, Yang [7] gave a
extension of the integral form of (1.1). Following the way of [7], Yang [8] gave some
extensions of (1.1) and (1.2) as: If A € (0, 4], such that 0 < thil nl_ka,zl < oo and
0 <Y 22 nl7*p2 < oo, then

°° 00 00 12
r oA ) )
ZIZ <m+n>A - B(E’E) {Z”‘l A"%z_;”l Abﬁ} : (1.6)

n=1

00 00 2 A A 2
S| St G S e
n=1 m=1 n=1

where the constant factors B (%, %) and [B (4, %)]2 are all the best possible; B(u,v) is
the B function, and (cf. Wang et al. [9])

o0 1
B(u,v) := /0 mx—”“dx = B(v, u) (u,v > 0). (1.8)
In 2003, Yang et al. [10] provided an extensive account of the above results.

In this paper, by using the B function and the Euler-Maclaurin’s summation formula,
we obtain the weight coefficient and give a new extension of (1.1) with some parameters
and a best constant factor, such that both (1.1) and (1.6) are its particular results. As
applications, we also consider the equivalent form and some particular results.
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2. Some Lemmas

We need the following Euler-Maclaurin’s summation formula (cf. [11]): If f € C 11, 00),
both Y72 | f(k) and [ f(x)dx are convergence, then

S o0 1 o0
S = [ fwdr 0+ [ o f s @1
k=1

where pj(x) = x — [x] — 1/2 is the first order Bernoulli’s function; If g € C*1, 00),
(—1)"g" > 0and g”(c0) =0 =0,1,2,3,4), then

1 o0 1 1
8 < /1 prx)gX)dx < —=g(1) + %g”(l) < 0. (2.2)

Lemma 2.1: If A € (0,4] and n € N, the function fj ,(#) is defined by

(14472

fk,n(t) =

m, t e (O, OO),

then we have

1 1 0
01(n) = fo frndt =3 fia()) — f1 PO fdi> 0. (2.3)

Proof: 'We have f; ,(1) =
fi

m. Integration by parts, since A € (0,4],n € N, we

nd
/lf (t)dt_ 2/1 dtx/z B 2 +2/1 t)»/Z u
o MU T R e G+t T ad 40 T Sy (4 np

2 2 /l dt1+)»/2

Sty T 1xa2)y G
- 4 4p+ Dt
A0 4+n)? Q4N +n)rt] 241 Jo (t+n)r+2
2 . 4 An+1) (1 dirtH?
A4+t Q+0A+)r T 2402y (4 n)rt?
2 N 4 N S+ 1)
A0+t Q4+0A+)M T 24+ 0@+ ) 4 n)rt2
40+ 1) 122

dt
24172 Jo (t+n)rt3
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2 4 81 + 1)
a1t T+ T 2 @t 1 a2
2 2 |

g A1+ n)* + 3(1 4+ n)*tl + 6(1 +n)r+2’
Since we have

1+ (1— %)t_”% (1+ %)t—2+% a2+
(t 4+ n)r+1 - t+n)* - (t + n)* + (t +n)*t1
then in view of A € (0,4],n € N, and (2.2), we obtain

* RN L L Vs
- [ oswd = [T a0 [ o
1 1 1

fia® =

(t +n)* (t + n)MH1
(1+3%) n i [+ DO +2)
T TRy " 12(1 +n)*+1 720 [ (1 + n)*+3
A+D@E -2 (4—A)(6—A)]
(14 n)*+2 4(1 + n) 1
A+ d+mr—A
12(1 +n)*  12(1 + n)**!
4 4n) 30 N 7 N 24
720 [(1 ()2 4+ n)“l]
(14+x/2) A 4
i T 12(1 + n)? * 121 +n)*  12(1 + n)t1
1 1 1

C6(1+ )2 2001 + )M 30(1 + n)*

(7 1 23 1
“\ 60 T 24) (1+mt 60(L+m)MT 61+ 02

Hence, by (2.3) and the above result, we have

2 37 A 1 2 23 1 1 1 1
0> (-5 +38) o+ (G o) * (67 6) o
1
1201 (1 4 n)*
1 1

Z(Sx42—74x4+240> _ =0
120n(1 +n)* _ SA(L + n)*

. <5A2 — 74 + 240)

The lemma is proved. u
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Lemma 2.2: If A € (0,4] and n € N, define the weight coefficient w, (n) as

A
> 1 1\'2 »
=3 o () o
Then we have
_a A A
wy(n) <n 2B <§, 5) , ne€N. (2.5)

Proof: Since by (2.1) and (2.3), we have
o) = 3 frnlm) = fo frn(dt — 05 (1) < /0 foatddi.  2.6)
m=1

Setting y=t/n, by (1.5), we have

00 N (o) y_1+)“/2 N ()L )“)
Ndt=n"2 dy=n2B|—-,=).

Hence by (2.6), we have (2.5). The lemma is proved. [ |

Lemma2.3: IfA e (0,4],ne N and0 < ¢ < %, define the function 4, (f) as

—1+5-2
h,(t) .= —, t € (0,00).
Then we have
o0 o0 o0
_14A_t A€ A€ 1
St Sam- a3 54+ T ik
n=1 m=1 n=1

R Y N N |
-1(Z-=) += . (2.7
|:<2 p) 12j|r12:;n1+;+q

Proof: Setting y = t/n, we find
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Since we have

2+45-%

T (1= S

= +
(1 + n)i+1 (1 + ny-1

I, (1)

£

o4k —24+5—
DR kN (—1+5 =5
- (t_I_n))rI—l (l-_l_n))H—l

£

—24E A&
(15—

+ ,
(t+n)* (t + n)*+!

in virtue of (2.2) and 0 < A < 4, we obtain

A e, —2+5—%
© NS e
Hh, (Hdt = — t dt
/1 p1(Dh, (2) /1 p1(1) T
+ A /oo 0] A dt >0 A *
n D EE——— > — > — .
L Py 120+ )+~ 1m0k

By (2.1), we have

[e.9]

00 00 1
> halm) = / (D)t — / ot 4 (1) + / POk, ()dt
m=1 0 0 1

g(h_ ek ¢ A g‘1+x 1 08)
2 p2 p 2 p 12 | n* '

By simplification, we have (2.7). The lemma is proved.

>n

A
2

ST

3. Main Result and some Applications

Theorem 3.1: Ifa,,b, > 0,p > 1, % —|—611 =1,and 0 < A < 4, such that 0 <

A A
3% nPU=D71gl < 00 and 0 < Y% 09177 1p] < oo, then we have

| 1

00 00 o r[ ‘

Bt (S [ oo
m n

n=1m=1

n=1 n=1

where the constant factor B (%, %) is the best possible. In particular, for A =1, 2, 3, 4,
we have ] 1
0o 00 anb 0 7 [ o© 7
m¥n L1 p 41749 X
>y aly gl [yt as
n= n=

n=1 m=1
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00 00 b, © 1 N 1 q
3 gt < [Tt S

n=1 m=1 n=1 =1
1 1
0 X 00 0 o0 1
amby ! 1 p}P { | },,
3 Z 4 n q n ,
n=1 m=1 (m + }’l) 8 n=1 l’l2+l el nz'H
1 1
© X 00 < ( 1
an by, 1 1 ) Iz 1 , 7
ZZ (m—|—]’l)4 < 8 {Z np+1an} anﬁbn ) (35)
n=1m=1 =1 el

where the above constant factors are all the best possible.

Proof: By Holder’s inequality and (2.4), we have
00 00 anmb, o0 (1—%)/51 (1—%)/1)
nX—;mZ—; (m+m)* ,,X_;mz (m + n)*/P (=$/p || (m+ n)’\/q (1-%)/q
= | p(-5)/q
12|27 o
B (m+n)* ,0-%

m=1 =1 }
© [&  pf pai-5rp
X {Z |:Z (m + n))\. (1_, i|}

n=1

1

0 . [) o0 N 6
m=1

n=1
(3.6)

Hence by (2.5), we have (3.1). .
For0 < ¢ < TA setting a,,, b, as:

_& ~ _1+A_§
7, b,=n 2 4, forneN,
then we find

00 1/p ( 1/q ©
e DT M) WS M o
n

n=1 n=1 n=1

If the constant factor B (%
positive constant k (with k < B
by k. In particular, by (2.5), w

c
Aoe A e\ 1 R N W R |
Bl=Z=—-Z= - _ - _Z - -
(2 p2+p)znl+‘9 [(2 p) +12L§n1+%+2

n=1

%) in (3.1) is not the best possible, then there exists a
(% %)) such (3.1) is still valid that we replace B (%, %)
have
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A e A s A oe\N b oA > X
B8 24 8 )| (2-2 - k.
(2 p2+p) [(2 p) +12M,; } Zl 1++f<

For ¢ — 0T, it follows that B (% %) < k, which contradicts the fact that k < B (% %)
Hence the constant factor B (% %) in (3.1) is the best possible. The theorem is
proved. [

Theorem 3.2: If p > 1, % + é =1, and 0 < A < 4, {a,} is a non-negative real
sequence, such that 0 < ZZOZI np(l_%)_la,’f < 00, then we have
00 00 p 00
2 am A AN\ 1—%y_1
n-z —— | <|B|-, = nP=2-1g4p 3.7
o S te] <[ GRSt o

where the constant factor [ B (%, 4)]” is the best possible; Inequality (3.7) is equivalent
to (3.1). In particular, for A = 1, 2, 3, 4, we have

o0 00 a aQp .
P2_ m roy .
" [Zern <@F ) nlap: (3.8)
n=1 m=1 i !
0 - 0o “p -
1 am 1 .
S| St <Y e 59)
n=1 Lim=1 h el
00 3 [ oo a ap o . |
71 _ Gm n N
" Z (m—l—n)3 = <8> an_Han’ (3.10)
n=1 Lm=1 i i
o] e a ap | s .
T G 6 4 3.1
’;n MX_: (m +n)* = (6> V;np—{—lan’ (3.11)

where the constant factors in the above inequalities are all the best possible.

Proof: Setting b, as

then by (3.1), we find

o0 N o0 N foe) a p (%)
B e ) Y
Pt
n=1 n=1 m=1 n=1

i an by,
(m + n)*
m=1
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PEEY 00 /P ( oo 1/q
1-%)—1 1-%)—-1
§B<§,§>{Zn1’( b a,z;} {an< b bg} | (3.12)

Hence we obtain

= 1-4)—1 PN L 1-4)—1
0< an( D7 1pd < |:B (5, 5)] an( D71gP < o, (3.13)

By (3.1), both (3.12) and (3.13) take the form of strict inequality, and we have (3.7).
On the other hand, suppose that (3.7) is valid. By Holder’s inequality, we find

I S P
ZZ(MH)A_Z{;Q m;(mﬂ)k}[n byl

n=1 m=1 n=1

{Zn [Zm} } {anﬂ—z) lbq} : (3.14)

Then by (3.7), we have (3.1). Hence (3.1) and (3.7) are equivalent.

If the constant factor [ B (%, 4)]” in (3.7) is not the best possible, by (3.14), we may
get a contradiction that the constant factor in (3.1) is not the best possible. Thus we
complete the proof of the theorem. [

Remark 3.3: (a) For p = g =2, (3.1) and (3.7) reduce respectively to (1.6) and (1.7).
It follows that (3.1) is a new extension of (1.1) and (1.6) with some parameters and the
equivalent form (3.7) is a new extension of (1.2) and (1.7).

(b) It is interesting that (3.3) and (1.3) are deferent, although both of them are
extensions of (1.1) with (p, q)-parameter and the best constant factor.
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