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Abstract

This paper considers the random allocatiomiofected needles among a fixed
numbem of susceptibles. The expected numbers of susceptibles kittly 2, . .. i
needles are derived, and the numbers of 1-hit and 2 or more-hits infected suscep-
tibles are compared. Finally, we discuss the case where infection is transmitted by
each needle independently with a probabipty: 1.
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1. Introduction

A model which has often been used for the spread of infection among susceptibles
through hypodermic needles is the random allocation model. In this model, it is as-
sumed that needles, infected with HIV, hepatitis or some other disease, are distributed
randomly among susceptibles. This is identical with the random allocation ludlls
(needles) among cells (susceptibles), as illustrated in Figure 1.
LetSy(i,n),Si(i,n),...,Sj—1(i,n) be the numbers of susceptibles subje@ ..., j—
1 needle hits respectively, wit (i,n) the number subject tp < i or more needle hits.
Then if

Psosy...s; (i,N) = P{So(i,n) = 50, S1(1,n) = 5,..., S (i,n) = 55},
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o\ Z T T/ 1 i balls (needles)
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l ‘Hl‘ ‘ l ‘ ‘* 4‘ I J] n compartments (susceptibles)

Figure 1: Random allocation oballs inn cells

given thatS(0,n) = n, andS(0,n) =0 for allk=1,2,...,j, we can see that on in-
creasing the number of needles fromo i + 1, the following relation will hold

. , So+1
pSOSg_...Sj (|7 n) - pSo-ﬁ—lSl—l.A.Sj (I - 17 n) (T)

_|_
) Si_1+1
+ psosl-..5j71+l.,5jfl(| _17 n) ( . n )
. So+...+Sj-1
+ p3081...Sj (I - 17 n) (1_ %) : (1)

Defining the probability generating function (pgf)

. Si
Fin(Uo,Ut,...,uj) = 5 p%sl,.,sj(l,n)ugo...ujj,

where the sum is taken over all valuesspfk =0,1,..., |, such thats; + 25, + ... +

jsj =1, andsg+s; +...+sj =n, we deduce from (1) the difference-differential equation
1 oF_ oF_
|:|7n(Uo, ug,..., Uj) = ﬁ <(u1 — UO) (}'Iu:n +...+ (Uk — Uk—l) ﬁljlkj-;n
oF_
+ ...+ (U —Uuj-1) 0~.',1’n>+':|—17n' 2)
U],]_

Further details of such pgfs may be found in Gani [1], [2] and [3]. In this paper, we are
specifically interested in the expected numbers

Mk(i,n) = E[&(i,n)], k=0,1,...,],

and their asymptotic values as— .
If we consider a single susceptible, and ask what the probability is that it receives
k <i needle hits, itis clear that

i\ /1\K/. 1\'k
pk = P(k needle hits on a susceptible= ( K ) (ﬁ) (1_ _) '

n
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Hence the expected number of susceptibles Wwithj needle hits will be

()30

while fork > j, we have

Mc(i,m) =n'S e
k>j

We now use an alternative method based on thdpgéiefined above.

2. [Expectations

If we take the derivative of; n with respect taig , we find that

dl:l n 1 dFifln (92F|,1n
— = = |- ’ — — .. 3
oo n( T + (ug — Up) 32 +..+ (3)
0%F _1n 9%F_1n
F b G (U e
O0F_1n
—_ 4
+ FTe (4)
Settingup = u; = ... = Uj = 1, we see that
. 1 .
MO(Ian) = (1_ H)MO(I - 17 n)7 (5)

or, sinceMo(0,n) = n, then

Mo(i,n) = (1—%)in.

Similarly, for anyu, k=1,2,...,j— 1, we find that

szl—l,n dFl—l,n

+...+ (Uk—Uk_l)

2
F_
dFI,n 1 ((Ul—uo)d i—1,n

Ju dugduy ou_10ux  Ouk_1
02F,,1,n UniFlfl,n sz,,l,n
+ (Uk+1—Uk> auﬁ — duk —|—+<UJ —Uj_l)m)
OF_1n
=, 6
+ o0, (6)

Hence, it follows that

My (i, n) = (1—%)Mk(i ~1, n)+%Mk_1(i—1,n). (7)
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Foru; , the derivative is

oF 1 0%F_ 0%F_ oF_
Lh _ ﬁ((ul_uo) i l,n_l_. --l‘(Uj—Ujfl) i—1,n + i 1,n)

du; dupdu; ’ duj_10uj  duj_1
OF_1n
L 1 8
o ®)
so that L
Mj(i,ﬂ):Mj(i—l,n)+ﬁMj_1(i—1,n). (9)
We may express these results in matrix form as
M; (i, n) (1 1 0 ... 0 0 1[ Mj(i-1n)
M;_1(i,n) o1-%t 1 0 0 Mj_1(i —1,n)
: -0 0o 1-% % ... 0 : (10)
M1(i,n) M1(i—1,n)
| Mo(i,m) | O 0O 0 0 .. 1-%1]| Mo(i-1n) |

or
M(i,n) = A(n)M(i —1,n),

whereA(n) is a(j+1) x (j+ 1) matrix. If, for simplicity, we takej =i, we then have
thatA(n) is an(i + 1) x (i 4+ 1) matrix, and

M(i,n) = A(n)'M(0,n), (11)

whereM’(0,n) = [0,0,0,...,0,n.
A matrix of the general form

1bo 0 0
0Oabo. 00
00a b 0
(000 0 ... a|

whereb = 1/n, anda= (1—1/n) in A(n), is such that its-th power is

1 bl+a+...4a 1) b?(1+2a+...+(i—1)a2) ... b1+ (i—1)a) b ]
0 a ia' b Lo gyt iab~*
0 0 a - i!(i;3)! a3p—3 i(iil) a2 —2

0 0 0 0 a
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with the last column consisting of the terms of the binonfia}- a)'. It follows that
M’(i,n) = [n(1/n)",ni(1/n)~1(1—1/n),....,ni(1/n)(1—1/n) "1 n(1—1/n)].

We note that the sum of these termsis
If nis very large, we can write the asymptotic expected values as

n ilegk/n

Mi(1.0) ~ ki =

fork=0,1,...,i. Suppose that two or more hits by an infected needle are necessary to

transmit the infection, then the expected number of infected individuals will be

n1—(1-1/n)—i(1/n)(1—-1/n)"t = n1—(1—-1/n)"Y(1+(—-1)/n]
~ nl—(1+(i—1)/n)e -9/

As a simple example, let us take= 100, andi = 25, then the expected number of
susceptibles infected by two or more needle hits is

1001 — 0.99%4(1.24)] = 2.5759
while the asymptotic approximation is
1001 — (1.24)e %24 = 2.4581
The ratio of individuals infected by two or more needle hits to those suffering only

asingle hitis _ _
ni-(1-p" 1+

i(1-3)i-1
In the case whera = 100andi = 25, this is
2.5729
196420 0.131143
while the asymptotic approximation gives the slightly lower value
2.4581
10,6657 0.124994

3. Infections due to 2 or More Needle hits

The expected number of individuals subject to a single needle hit rises to a maximum,
and then decreases as the numbef needles increases, while the number of those
subject to two or more-hits continues to rise. Table 1 lists the one-hit and two or more-
hits individuals for increasing values bivhenn = 100
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Single-hit individuals| Two or more-hits individuals
i i(1- 1)1 nl-(1-3)-1+51)

25 19.64 2.58

50 30.56 8.94

75 35.65 17.29
99 36.97 26.05
100 36.97 26.42
125 35.95 35.58
150 33.55 44.30
168 31.36 50.16
175 30.45 52.33
200 27.07 59.54
300 14.86 80.24
400 7.25 90.95
500 3.32 96.02
600 1.46 98.30
650 0.96 98.90
662 0.86 99.01
675 0.77 99.12

D

Table 1: One-hit and two or more-hits individuats= 100and increasing.
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100
80}
60/ Two or more-hits individuals
40}
20¢ One-hit individuals

200 400 600 800
Figure 2: Graphs of one-hit and two or more-hits individualsfer 100

We see that the expected number of one-hit individuals reaches a peak of 36.97 for
i =99 and 100, and then declines to less than 1ifer650. The expected number of
two or more-hits individuals rises steadily, reaching over 50% of the population when
i =168 and over 99% when= 662 The graphs in Figure 2 illustrate the situation.
The approximate asymptotic results fee 168and662give
n1—(1+(@i—1)/ne 1-Y/" = 4974fori =168
98.98for i = 662
for two or more-hits individuals, slightly lower than the exact values of 50.16 and 99.01
respectively, and
ie"(—U/n — 3163fori =168
= 0.89fori =662

for one-hit individuals, slightly larger than the exact values 31.36 and 0.86 respectively.

4. Needles with Random Infectivity

Suppose that infection is transmitted by each infected needle independently with the
probability 0 < p < 1; thenq = 1— p is the probability of non-infection, and for a
susceptible subjected o< k < i needle hits, and we assume that at ldastj < k hits

are required for the individual to be infected, then the probability of being infected will

be ) -
k)xk—x j_(k)xk—x
pg T =1- pq -,
XZJ(X x;) X

so since the expected number of individuals subjected to k needle hits is

il(1— 1)k
" kG KK | (12)
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then the number infected among individuals subje&tneedle hits is

i!(l_%)iik Iz k X ~K—X
[W] (“é(x)p‘*k ) -

Summing over all values &, the total number of infected individuals will be

N

Table 2 compares the expected numbers of infected individuals$0£00, when
infection is due to two or more needle hits with needles having random infecpivity
0.5 requiring at leasf = 1 or 2 hits to become infected.

Two or more-hits individuals Random Infectivity with at least hits
I O j=1 j>2
25 2.58 11.78 0.6948
50 8.944 22.169 2.613
75 17.291 31.336 5.457
100 26.424 39.423 8.982
125 35.581 46.558 12.988
150 44.302 52.852 17.314
175 52.327 58.405 21.827
200 59.535 63.304 26.424
300 80.235 77.771 44,259
400 90.952 86.534 59.467
500 96.025 91.843 71.347
600 98.302 95.059 80.160
650 98.900 96.154 83.592
700 99.290 97.007 86.477

Table 2: Expected numbers of infected individuals under three scenarias for
100 p=05
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We note that under random infectivity with= 0.5, the expected number of infected
individuals for j > 1 is larger than the two or more-hits individuals where- 1 and
j > 2until i = 251, when it begins to lag, as can be seen in Figure 3.

100 Two or more-hits individuals Random Infectivityj > 1
80+
60+
40!t Random Infectivityj > 2
20+

200 400 600 800
Figure 3: Graphs of expected numbers of infected individuals under three scenarios for
n=100

The turning point occurs generally when

1-(1-p/n)' <1—(1-1/m)" Y1+ (-1)/n),

or
(L=p/m'> (1= 1/n) 1+ (i - 1)/n).

Whenn = 100and p = 0.5, the turning point is at = 251, as can readily be verified,
since after taking logarithms for= 251,

—1.2581=2511n0995> 250InQ99+1In3.50= —1.2598
while fori = 250,

—1.2531=250In0995< 249InQ99+In3.49= —1.2526
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