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Abstract

We study positive solutions of the multi-point higher order> 2) nonlinear
boundary-value problem

(~)"um(t) =a (t) ( ()

u'(t),.. 2”r‘lt)) O<t<1,
u(ZiJrl)(O):o7 ( ):U

)1, i=0...m-1.

whereO < ai,ni < 1,i=0,...,m—1. As an example, we give sufficient condi-
tions for the existence of triple solutions for= 2, in which case our problem is
interpreted as a nonlocal elastic beam problem.

2000 Mathematics Subject ClassificatioB4B10, 34B16, 34B18.
Key words: Green’s function, fixed point theorem, positive solutions, multi-point
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1. Introduction
We consider first the nonlinear multi-point boundary value problem
()M () = a) f (t,u(t), U (t),...,ue™ Y (t)) 0<t<1, 1)
u@t D) =0, au@(n;) =u® )(1) =0,...,m—1, 2)

whereO < aj,ni < 1,i=0,...,m—1. We provide sufficient conditions for the existence
of triple positive solutions. Subsequently, the special case of (1), (2) corresponding to
m= 2 receives our attention.
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One of the most important equations in material science is the linear elastic beam
equation (Euler-Bernoulli equation)

2 2
% (E|dstgt)) =f(t), te(OL),

whereu(t) is the deformation (deflection) functioh, is the length of the beant(t)
is the load densityE is the Young’s modulus of elasticity, andis the moment of
inertia of the cross-section of the beam. The physical meaning of the derivatives of the

4 3
displacement function(t) is as follows:dd‘iff) is the load density stiﬁnesgﬁg) is the

shear force stiﬁnesé’% is the bending moment stiffness, aﬁ%@ is the slope. If we
assume the payload depends on higher order derivatives we obtain our nonlinear model
equation (1) fom = 2. The boundary value problem (1), (2) with= 2 is of practical
interest since it can serve as a nonlocal model of an elastic beam. The elastic beam
problems have been analyzed by many authors (see, e.g., [10, 11, 13, 16, 17, 18]).

The fixed point theorem of Avery and Peterson [4] was used by many authors (see,
e.g.,[2,3,4,5,7,9, 12]) to obtain triplets of positive solutions for a variety of boundary
value problems. This theorem is based on the degree theory for a cone in a Banach
space and generalizes a well-known theorem due to Leggett and Williams [14]. For
some applications of the latter we refer the reader to [13] and the references therein.

The Avery-Peterson theorem was applied by &aal [7] to the conjugate and focal
second order boundary value problems and by Kosmatov [12] to a symmetric second
order multi-point problem. In the above mentioned works, the authors considered the
inhomogeneous term with the dependence on the first order derivative. The results of [7]
were extended by Kaufmann and Kosmatov in [11], where the fourth order conjugate
type problem was studied with the inhomogeneous term that depended on the derivatives
up to the third order. Both [7] and [11] dealt with two-point boundary value problems.

Positive solutions of higher order problems have been studied by many authors (see,
e. g, [1, 6, 8, 11]). Recently, Liet al [15] considered th&m-th order multi-point
boundary value problem

wherekj; >O0foralli=1,... m-landj=1,...,1 -2,0<é <---<{é_2<land

z'jj kij < 1. The authors of [15] established the existence of triple positive solutions us-

ing the Leggett-Williams fixed point theorem. In our paper we generalize the results of
[15] (for | = 3) by considering the inhomogeneous term that depends on the derivatives
of all orders up t&m— 1.



198 Martin Eggensperger and Nickolai Kosmatov

2. Preliminaries

Consider the linear boundary value problem
—-u'(t)=9gt), 0<t<1l, (3)
u'(0)=0, au(n)=u(l), (4)
0< a,n < 1. The following lemma is easy to show.
Lemma 2.1. If g € C[0,1] andg(t) > 0on|0, 1], then

t 1 /1 a [N
ut) = - [ (t-sg(eds+ 7 [ (1-sjg(sds— 1 [ (n-sjg(s)as
is the unique nonnegative solution {f1] of the problem (3), (4).
The proof of the following lemma is based on a generalized concavity argument.

Lemma 2.2. Let the functiorv e C2™ [0, 1] satisfy(—1)™2™ (t) > 0 and (2), therv(t)
iS nonnegative,

max V@Y (t)] > K max V@) (t)], i=0,...,m—1, (5)
t€[0,1) te[0,1]
where
o 1—aj
T l-an
and
max |V > max V@Yt i=1,...m—1 6
max V(0] = max V@ V), =1, ©)
Finally,
min |V > o max |V i=0,...m-1 7
tG[Oly ()’ plt€01‘ ()‘7 9 9 ) ( )
where
- ai(l—ni)
' l-aini

Proof: First, letm be odd. In Lemma 2.1 replaagt) with vi?™2)(t). Then the
functionvi2™-2)(t) is nonnegative, nonincreasing and concave, sawaag. o 1) [V*™ Y (t)| =
—vEMD(1), mingeo ) VE™ 2 (1) = V™2 (1), andmax ey V™2 (t) = VP2 (0).
Observe that

V(2m—2)(1) —y(2m-2) (nm—l) _ y(2m=2) (1) _ V(Zm—2)(0)
1-Nm-1 o 1-0 7

which, sinceam_1v®™ 2 (nm_1) = vV®™-2)(1), brings us to

(2m-2) Om-1(1=Nm-1) om-2)
% 1) > % 0
()= 1-0m-1Nm-1 ©
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and thus (7) is verified far=m— 1.
Using the inequality above, we obtain

vi2m-1) (1) < vEM=2)(1) —vi@™2 (ng, ) _ l-oams V2m-2) (1) <
o 1-Nma am—l(l— nm—l)
that is,
_V(2m—1)(1) > 1-0m-1 V(Zm—2) (O),

T l-am-1Nm-1
which proves the inequality (5) for=m— 1.
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l-ama

- 1 Om-1m-1

Sincevl?™-3)(0) = 0 and since the functior®™2)(t) is nonnegative, nonincreasing

and concave,
1
_V(Zm—S)(l) _ _‘/0 V(2m—2) (t) dt > _V(Zm—Z) (0)

and, so
VE™3)(1)] < vE™2(0)),

which shows (6) for = m— 1. Applying the above arguments repeatedly we obtain (5),
(6), and (7) for alli. The case of evem receives the same treatment to complete the

proof.

Settingg=1in Lemma 2.1 yields

,  Minepyut)  a(l-n?)

© maxepqu(t)  1-an?’

o)

O

Observe also that comparimgfrom Lemma 2.2 tg! (corresponding ta; andn;), we

havep; < p/. This shows that the estimate (7) is not sharp.
The Green’s function of-u”(t) = 0 with (4) is given by

G(t,S;CI,r]) :m—

1-s t—s, s<t a n—-s, s<n
0, s>t l1l-a

0, s>1.

Fori=0,...,m—1, we denoteé5(t, s; ai, ni) by Gi(t,s). Define recursively the integral

kernelsG'(t,s),i=1,....,m—1, by

Gl(t,) = Gm_1(t,5), GTi(t,s) = /Oleli(t, 1)Gi(1,s)dr.

Consider the equation
(1™ () = g(t)

(8)

(9)

along with the boundary conditions (2). The following lemma is immediate.

V( 2m-2) (0>

Y
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Lemma 2.3. If g € C[0,1] andg(t) > 00on |0, 1], then

Un(t) = /O "Gt 9g(s)ds
is the unique nonnegative solution of the problem (9), (2).
The following are the standing assumptions on the inhomogeneous term of (1):
(A1) feC(]0,1] x R?®™ [0,00));
(A2) a(t) > 0anda(t) >0a.e.on[0,1];
(A3) a(t) € L[0,1] is singular.

Let # be a Banach space and #€tC % be closed and nonempty. Thenhis said
to be a cone if

1. au+pBve & forallu,ve ¢ andforalla,B >0, and
2. U,—u € % impliesu=0.

Let the spaceZ = C>™1(0, 1] endowed with the norriu|| = max<k<om-1 [|u®|lo,
wherel|ul|o = maxg 4 [u(t)|, be our Banach space.
We define the cong?” C % by

A ={ue #: (—1)™uP"(t) > 00n[0,1] and satisfie$2)}.

We define the integral operatdr. 4 — % associated with (1), (2) by
1
Tu(t) = / G™(t,s)a(s) f(s,u(s),u(s),...,u?™ Y (s))ds
0

By Arzela-Ascoli theorem, the operatdris completely continuous. In view of (Al)
and (A2), fixed points of are positive solutions of (1), (2).

We say that the maf3 is a nonnegative continuous concave (convex) functional on
a conex of a real Banach spac® provided thaf3: .# — [0, ) is continuous and

Btu+(1—t)v) = (StB(u) + (1 -t)B(v)

foralluve # and0 <t < 1.

Let y and 8 be nonnegative continuous convex functionals’én a be a nonnega-
tive continuous concave functional off, andy be a nonnegative continuous functional
on.# . Then for positive real numbessb, c, andd we define the following convex sets:

P(y,d) ={ue " y(u) <d},
P(y,a,b,d)={ue #: b<a(u),y(u) <d},
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P(y,0,a,b,c,d)={ue #: b<a(u),08(u) <c, yu) <d},
and a closed set
R(y,@,a,d)={ue % a< y(u),y(u) <d}.
Now we state the fixed-point theorem due to Avery and Peterson.

Theorem 2.4.Let.#" be a cone in a real Banach spa¢. Lety and 6 be nonnegative
continuous convex functionals off, a be a nonnegative continuous concave functional
on.#', andy be a nonnegative continuous functional.h satisfyingy/(Au) < A ¢ (u)

for 0 < A <1, such that for some positive numbétsandd,

a(u) < g(u) and|ju] < My(u),

for all ue P(y,d). Supposd : P(y,d) — P(y,d) is completely continuous and there
exist positive numbes b, andc with a < b such that

(S1) {ueP(y,0,a,b,c,d): a(u) >b}#0anda(Tu) >bforue P(y,0,a,b,c,d);

(S2) a(Tu) > bforue P(y,a,b,d) with 6(Tu) > c;
(S3) 0¢ R(y,y,a,d) andy(Tu) < aforue R(y,,a,d) with ¢(u) = a.

ThenT has at least three fixed points, uy, u3 € P(y,d) such thab < a(uy), a< @(u2)
with a(uz) < b, andy(us) < a.

3. Positive solutions

We define the following nonnegative continuous functionals on the cénea (u) =
mine(o.0) (U (1)), B(u) = Y(u) = Mase oy [ (1)], andy(u) = maxcpo g U™ (1)),
for eachj =0,...,m—1. It is obvious that the functionalg andy are convex and the
functionala is concave. Also note that(u) < ¢/(u). Furthermore, if we set
m
1

M=T[1-,
i1 Ki

then, by Lemma 2.2|u = max <k<2m-1 [|u®|lo < M[Ju@™D||o = My(u) for all u €
. To this end, the standing assumptions of Theorem 2.4 are satisfied.

Fora, bwith a<bandn > 0, by (—1)"[a, b] we understand the intervatb, —a], if
nis odd anda,bl, if nis even.

Theorem 3.1(j =0,...,m—1). Suppose (Al)-(A3) hold. Ldt, i =0,...,2m—1, be
constants such thab; < dz,;—jl i=0,....m—1dy_1<dy,i=1,....m—1, and leta
andb be constants such that< b < %d2j+1-

Assume that the following hypotheses are satisfied
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i(i+1)

z [0,d],i=0,1,...,2m—

(H1) f(t,20,21,...,22m 1) < ®o-Lforallt€[0,1],7 € (1)
1, where

D :/Ola(t)dt,

(H2) f(t,20,z1,...,22m-1) > g for all t € [0,1], 7 € (—1)' 2 [0,d],i=0,...,2j —
1,2j+1,....,2m—-1, || € [b,pﬁj],where

B— /Olej(l,t)a(t)dt

i(i+1)

(H3) f(t,20,21,...,22m-1) < §fort€[0,1],z € (1) = [0,d],i=0,...,2j-1,2]+
1,...,2m—1, || € [0,a], where

A= /ole‘j(O,t)a(t)dt.

Then the boundary value problem (1), (2) has at least three positive solutiomsuz €
o satisfyingd < |ui2 (1)}, a< [u2) (0) with |uZ (1)] < b, [ (0)] < &, and|u®™ (1) <
dmelv I = 17 27 3.

Proof: Letu € P(y,dzm-1), thatis, 0 < |u@™Y(s)| < y(u) = maxc (g 1 [u@™ Y (s)| =

i(i+1)

u™=1(1)| < dom_1 for all s€ [0,1]. Then, by Lemma 2.2)0)(s) € (—1)" 2 [0,dj],
i=0,...,2m—1, for all s [0,1]. Hence, by (H1),f(s,u(s),U(s),...,u@™b(s)) <
% for all s€ [0,1] and we have

_ (2m-1)
y(Tu) [max |(Tu) (®)]

= |(Ty®™ ()|
/01 a(s)f(s,u(s),u(s),...,u®™(s))ds

1 dom-1
/0 a(s)ds D
< d2m—17

thatis,T: P(y,dom-1) — P(y,dom-1).
Consider the auxiliary equation

(_1)j+lv(2j+2) (S) 1

IN

with the boundary conditions (2) for=0,..., j, whose unique positive solution (by
Lemma 2.3 withj 4 1 in place ofm) is

v(s) = /Olei“(s, r)dr,
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so that L
v(zj)(s):/ Gj(s 1)dr.
0

Set b

u(s) = ———Vv(s).

p;j V2D

Clearly,ue ¥ and

- b : b

O(u) = max|u@(s)|= —— max|v@)(g)| = —. 10

By remark following the proof of Lemma 2.2
b 1

————— min Gij(s1)dr

pjlIvi)]|o sclo /o ST

b @

= ———pi|v

pJHV(ZJ)HOpJH ||0

P

Pj

> b (11)

Note that sincei(s) is a polynomial of degre®j + 2, then

a(u) =

= b

— (mel) :O
y(u) Srg[gﬁ!u Sl

forall j=0,....m—2.If j=m-1, then

y(u) = max [u®™ Y (s)| = max |(—1)™ < dom1.

S| =
s<[0.1] se(0,1] Pm—1|Iv™2)o Pm—1|[vV™2)o

We obtain, for allj =0,...,m—1, thaty(u) < domn-1, which, together with (10) and
(11), shows that

i
If ue P(y,@,a,b,pijb, dom_1), thenb < |u®(s)| < pijb and [u@™1(s)| < dom_1 for
alls€ [0,1]. Then, by (H2),

Tu) = in [(Tw @)
a(Ty) = min [(Tu)®)()

= [(Tu@) (D)
_ /0 LG i(L9a(s) f(s.u(s).u(s).... U™ D(s))ds

b
{ueP(y,0,a,b, p—,dzm—l)i a(u) > b} #0.

1 .
> / G™i(1,s)a(s) ds>
0 B
— b,
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which shows that the condition (S1) of Theorem 2.4 is fulfilled sia¢&u) > b for all
ueP(y,0,a,b, %,dZm_l).

Letue P(y,a,b,dxn-1) with 8(Tu) > pﬂj. Since the operator is cone preserving,
it follows from Lemma 2.2 thatr (Tu) > p;8(Tu) > p; ﬁ% = b. So, the condition (S2)
of Theorem 2.4 holds.

Finally, lettingu € R(y, @, a,dom-1) with ¢(u) = a (note thatO ¢ R(y, ¢, a,dom-1)
sincey(0) = 0). By (H3), we obtain that

= (2J)
Y(Tu) i [(Tu=V (1)

= |[(Ty®)(0)]
= /ole‘j(O,s)a(s)f(s,u(s),u’(s),...,u(zm‘l)(s))ds

Lo a
< / G™1(0,s)a(s)ds—
0 A
= a
The condition (S3) of Theorem 2.4 is now satisfied.
The assumptions of Theorem 2.4 are verified and we assert the existence of at
least three positive solutiong, up,uz € 2 such thab < \u(lzj)(l)\, a< |u(221)(0)| with
U (1) < b, U (0)] < &, and|u®™ Y (1)] < dam_1, i = 1,2,3.

O
As an example we give the existence conditiongiice 2.

In the sequel of the paper we assume for simplicity t&af = 1. Our boundary
value problem takes shape of

u@(t) = f(t,u(t),u'(t),u" (1), u"(t), 0<t<, (12)
u@) =0, au®(n)=u®(1), i=01, (13)

whered; = nj = % i =0,1. The solution of the linearized problem to the problem (12),
(13), given by Lemma 2.3 with=1, is

W) = /OlGZ(t,s)ds

1 1-onf, (1-and)(d-awnd) (1-—aong)
24 4(1—(11) 4(1—00)(1—01) 24(1—00)
it“_ltz_f_@
24 16 384

The constants from Theorem 3.1 correspondinmte 2, j = 1 anda(t) = 1 are given
by (recall (8))

o 1 7
A= [ G™/(0t dt:/ G1(0,t)dt = max |u,(t)] = =,
| emondt= [ G0 di= max|uin)] = g
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1 . 1
B:/ Gml(l,t)dt:/ Gu(Lt)dt= min [U(t)| =
0 0

te[0.1] 8’
o= [[at)

iz, ze[0,1],
(p(Z) =4 82— 3_97 VAS (1v %]7
22+52 ze(3,12.
Consider the inhomogeneous term in the form

and

Let

1 \/ 2|73
f(t,ZO,Z]_,ZZ,Zg) gtz—i_ﬁz(z)—’— 720 1+q0 |) 2‘0 |

andleta=1,b= % do=18,d; =12, dyr =12, anddz = 8. Then the functiorf satisfies
the following inequalities:

1. f(t,20,21,20,23) <8, (t,20,21,22,23) €]0,1] x[0,18 x [-12,0] x [—-12,0] x [0, 8];

2. f(t7207217227z3> > 47 (ta207217227z3) S [07 1] X [07 18] X [_1270] X [_%7_%] X
[0.8];

3. f(t,20,21,22,23) < 373, (t,20,21,2,23) €[0,1] x [0,18 x [-12,0] x [-1,0] x [0, 8].

The above inequalities are consistent with the hypotheses (H1)-(H3) of Theorem 3.1 and
we obtain three positive solutions satisfyilf{1) < —3, u3(0) < —Lwith uj(1) > —3,
uz(0) > —1, andu”(1) <8, i=1,2,3.
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