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Abstract

In this paper, the Banach fixed point theorem is used to investigate the
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1. Introduction

This paper is concerned with the existence of fuzzy solutions for hyperbolic partial
differential equations. In the first part of Section 3 we consider the fuzzy hyperbolic
differential equation

0*u(z,y)
0xdy

u(070> = Uo, U(I, O) - 771(56), u<07y> - 772<y)7 (l’,y) S [07 CL] X [07 b], (2>
where we let E™ is the set of all upper semi-continuous, convex, normal fuzzy
numbers with bounded a—level and f: J, X J, x E" — E™ 1 € C(J,, E™),my €
C(Jp, E™) are given functions and ug € E™. In the second part of this section we
consider the equation of the form

O*u(z,y)
0xdy

= f(z,y,u(x,y)), te€ J, xJy:=1[0,a] x[0,0] (1)

= (p(z, )u(z,y))y+ f(z,y,u(x,y)), (z,y) € JoxJp:=[0,a]x[0,b] (3)
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U(0,0) = Uo, u(x, 0) = 771(95)> u<0’y> = 772<y)7 (ac,y) S [O? a] X [07 b]? (4)

where f,ug, 1,72, are as in the problem (1)—(2) and p : J, x J, — IR. Finally
extensions to nonlocal hyperbolic partial differential equations are also indicated
at the end of this section. In Section 4 we consider fuzzy hyperbolic functional
differential equations

O*u(x,y)

axay = f<x>y7u(w,y))7 (x,y) € Jo X Jp = [O?CL] X [O7b] (5)

u(oc,y) = (:0($7y)7 (Qf,y) € [_T7 0] X [—7", O]? (6>

and

0*u(z,y) _ (2, Y)U(zy))
0xdy dy

+ f(xayau(ac,y))a (as',y) € Ja X Jb = [O:a] X [Oa b] (7>

U(.T,y) = (p(xvy)a (‘ray> € [_Ta O] X [—7”, 0]7 (8)
where f : J, x J, x C([-r,0] x [-r,0], E") — E™, ¢ : [-r,0] x [-r,0] — E™,
p:J, x Jy — IR are given functions, and v, (s,t) is defined by

Uy (5,t) =ulx +s,y+1t); (s,t) €[—r0] x[-r0].

Possible extensions to nonlocal problems are indicated at the end of this section.

During the last three decades several papers have been devoted to the study of
hyperbolic partial differential equations with local and nonlocal initial conditions;
see for instance [1, 2, 3, 4, 5, 6, 15, 16, 20, 21] and the references cited therein. For
more recent results on hyperbolic partial differential equations we refer the reader
to the books of Kamont [12] and Pachpatte [18].

The theory of fuzzy sets, fuzzy valued functions and necessary calculus of fuzzy
functions has been investigated in [7, 8, 9, 10, 13, 17]. The fuzzy differential equa-
tion has also been developed and basic properties of solutions of fuzzy differential
equations is available in [11].

In this paper we study the existence of fuzzy solutions for hyperbolic differential
equations. Our approach here is based on Banach fixed point theorem. The results
of the present paper constitute a contribution to the study devoted to fuzzy partial
differential equations.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. In the following CC(IR™) denotes the set of all
nonempty compact, convex subsets of IR". Let

E" ={u:IR" — |0, 1] such that satisfies (i) to (iv) mentioned below},
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(i) w is normal, that is, there exists an zy € IR" such that u(zg) = 1;
(ii) w is fuzzy convex, that is for z,z € IR" and 0 < A < 1,

u(Az + (1 — N)z) > minfu(x), u(2)];

(iii) w is upper semi-continuous;

(iv) [u]° = {z € IR" : u(z) > 0} is compact.

For 0 < a < 1, we denote [u]* = {z € IR" : u(xz) > a}. Then from (i) to (iv), it
follows that the a—level sets [u]* € CC(IR"). If g : IR" x IR" — IR" is a function,
then, according to Zadeh’s extension principle we can extend g to " x K™ — E"
by the function defined by

9(u,u)(2) = sup min{u(z),u(2)}.
z=g(x,2)
It is well known that
[g(u, w)]* = g([u]", [U])
forall u,mw € E™, 0 < o < 1 and ¢ is continuous. Especially for addition and scalar
multiplication, we have

[u+a] =[] + [, [ky]® = k],

where u,u € E", ke lR, 0 <a< 1.
Let A and B be two nonempty bounded subsets of IR". The distance between
A and B is defined by the Hausdorff metric

i, 5) = ma sup Bl sup o - 4]}
acA beB

where ||b — A|| = inf ||a — b||, |[a — B|| = inf ||a — b|| and || . || denotes the usual
acA beB

Euclidean norm in IR". Then (CC(IR"), Hy) is a metric space. The supermum
metric d, on E" is defined by

doo(u, @) = Oiugl Hy([u]®, [@]®) for all u,u € E™.

(E™, d) is a complete metric space and is obviously metric on C(J, x Jy, E™).
The supermum metric Hy on C(J, x Jp, E™) is defined by

Hl(uaﬂ) = sup doo(u(ta 8)7ﬂ(ta 8))
(t,8)€JaxJp

(C(Ja % Jp, E™), Hy) is a complete metric space.
For z,y € E" if there exists a z € E" such that © = y + z, then z is called the
Hukuhara difference of  and y and is denoted by x — y.
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Definition 2.1 A map f : J, x J, — E" is called levelwise continuous at (to, Sg) €
Jo X Jy if the multi-valued map f,(t,s) = [f(t,s)]* is continuous at (t,s) = (to, So)
with respect to the Hausdorff metric d for all « € [0,1]. A map f: J, x J, — E™ is
called integrably bounded if there exists an integrable function h € L*(J, X Jy, IR™)
such that ||y|| < h(t,s) for all y € fo(t,s).

Definition 2.2 Let f : J, x J, — E™. The integral of f over J, x J,, denoted
a rb

/ / f(t,s)dsdt, is defined by

0o Jo

(S5 Jo £t 9)dtds)" =[5 5 falt, s)dsdt
= {foa Jeu(t, s)dsdt | v: J, x J, — R™ is a measurable
selection for fu}
for all a € (0,1]. A strongly measurable and integrably bounded map f : J, X J, —
a b
E" is said to be integrable over J, x Jy, zf/ / f(t,s)dsdt € E™.
0o Jo
If f:J,x J, — E"is measurable and integrably bounded, then f is integrable.
Definition 2.3 A map f : J, X J, X E" — E™ is called levelwise continuous at
point (to, So, o) € J, X Jp X E™ provided, for any fized a € [0,1] and arbitrary

€ > 0, there exists a d(e, ) > 0 such that

Hy ([f(t’ S, m)]a7 [f(t07 507x0)]a) <€

whenever max(|[t — to|,|s — so|) < 0(e, ) and Hy([z]%, [x0]*) < d(e, ) for all
(t,s,x) € Ju x Jp x E™.

Definition 2.4 Let f : J,xJy, — E". The fuzzy partial derivative of f with respect

t
to x at the point (tg, o) € Ju X Jp is the fuzzy set 3f(80,80) € E" defined by
x
df (to, s0) I f(to+ h,so) — f(to, s0)
———— .= lim .
8[[‘ h—0 h

Here the limit is taken in the metric space (E™, Hy). The fuzzy partial derivative
of f with respect to y at the point (to, o) € Ju X Jy is defined similarly.

For the concepts of fuzzy measurability and fuzzy continuity we refer to [13].
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3. Hyperbolic Partial Differential Equations

In the first part of this section we consider the existence of fuzzy solutions for
problem (1)—(2).

Definition 3.1 By a solution of (1)-(2) we mean a function u(.,.) € C(J, x
2
Jy, E™) such that

Pulr,y) = f(z,y,u(x,y)) on J, X Jp and satisfies the conditions
U(O’O) = o, U(ZL‘,O) = 771@)7 u(07y> = 772(y)7 (ZL’,y) € Jo X .

0xdy
Theorem 3.2 Assume that the condition

(H1) there exists a constant K such that

Hy([f(t,s,w))*, [f(t,s,w)]*) < KHq([u]*, [1]"),
for all (t,s) € J, X Jp and all u,u € E™,
holds. If Kab < 1, then the problem (1)-(2) has a unique fuzzy solution.

Proof. Transform the problem (1)-(2) into a fixed point problem. It is clear
that the solutions of the problem (1)-(2) are fixed points of the operator N :
C(Jy X Jp, E™) — C(J, X Jp, E™) defined by:

N(u)(z,y) == m(z) +n2(y) — uo + /Ow /Oy f(t, s,u(t,s))dsdt.

We shall show that N is a contraction operator. Indeed, consider u,u € C(J, X
Jy, E™) and a € (0, 1], then

N(w)(e,y) = (@) + () o+ [ [ f(ts.u(t,5))dsdt,

and

N(@)(z,y) = m(z) + m2(y) — uo + /Om /Oy f(t, s, u(t,s))dsdt.
From (H1) we get

Hy([N(u)(t, )] [N@)(t,9)]") = Ha([m(@)+m2(y) — u]”

/f(tsuts dsdt} :
o Jo

|
[771(95) + 2( ) — uol®
{ ftsuts dtd8r>

+

+

%

— Hd([m (z) +n2(y) — uol®

{/Ox/yf(t s, u(t, s))dsdtr,

0

+
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[uo]™ + [m () + na(y) — uol®

//y (t,s,1u(t,s)) dtds})
o Jo

/ox Ode [f(t, s, u(t, )] [f(L, s, T(t, 5)]")dsdt
< [ [ KBt 1 ) dsa
[ sup Hu(tute, ), fate, ))dsae

a€(0,1]

K /O /0 doo (ult, ), 7(t, 5))dsdt

< KabH,(u,u).

_|_

IN

IN

IN

Hence for each (t,s) € J, X J,
Hi(N(u), N(u)) < KabH;(u, ).

So, N is a contraction and thus, by Banach fixed point theorem, N has a unique
fixed point, which is solution to (1)-(2).

In this second part we give an existence and uniqueness result for the hyperbolic
problem (3)—(4).

Definition 3.3 A function uw € C(J, X Jy, E™) is said to be a solution of (3)-(4)

if w satisfies the equation Ou 5 (z -y) = (p(z,y)u(z,y))y + f(z,y,u(z,y)) on J, x J

and the conditions u(0,0) = uo, u(x, 0) =m(z), uw(0,y)=mn(y), (z,y) € Ju X Jp.

Theorem 3.4 Assume (H1) is satisfied. If

a sup |p(t,s)|+ Kab < 1,
(t,8)EJaxJp

then the problem (3)-(4) has a unique fuzzy solution on J, X Jp.

Proof. Transform the problem (3)-(4) into a fixed point problem. Clearly (see
[19]) the solutions of the problem (3)-(4) are fixed points of the operator Nj :
C(Jo X Jp, E™) — C(Jy X Jp, E™) defined by:

N(w)(e,y) = aley) + [ p(sypuls.)ds+ [ [ f(ts,ult )asde

where
q(z,y) = m(z) +n2y) — up + /Oxp(s, 0)ni(s)ds.
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We shall show that Nj is a contraction operator. Indeed, consider u,u € C(J, X
Jy, E™) and a € (0, 1], then

N()(a.y) = aa.y) + [ pls.ppuls,pds+ [ [7f(t,s,u(t,s))dsat,
and
N(@)(z,y) = qlz,y) + /0 " s, y)u(s, y)ds + /0 : /0 "t st s))dsdt.

Then
Ha (o) 0, 5))°, N @6 ))%) = H ([ )+ | [ pls.v)uls.)ds)|

b [ ptesute s

[q(z, y)]* + [/Ozp(s y)u(s, y)ds }

+ [//ftsuts dsdt”

< ([ [ pls.wuts.pas)|

+U/ F(t, s, ult dsdt},

[ @m@mﬂ

+ U/y F(ts,u(t, ) dsdtr>

< @pumﬂ/ﬂdt@]uwww

+ / / Hy([f(t,s,u(t, )], [f(t,s,ult,s)]")dsdt

< swp |pts]/ Ha([ult, )1, [a(t, s)|")dt

«

«

+/7;m (t, )], [u(t, 5)))")dsdt

< o @tﬂ/a?gﬁﬂﬁsﬂ[@wwwt
+ / / K sup H([ult, )", [ )]st
g(sgj@tﬂ/d ), alt,s))dt

+K//d ))dsdt
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< (a sup ]p(t,s)|+Kab>H1(u,u).
(t,s

y )EJaXJb
Hence for each (t,s) € J, X J,
H ), M) < (a0 s e+ Kab) o)
(t,s)ETaxJy
So, N; is a contraction and thus, by Banach fixed point theorem, N; has a unique

fixed point, which is fuzzy solution to (3)-(4).

Now we extend the problem (1)-(2) by considering nonlocal hyperbolic prob-
lems. More precisely, we consider the following nonlocal problem

82;‘:525) = f(z,y,ulz,y)), teJ,x Jy=[0,a] x [0,] 9)
u(z,0) + igi(x)u(x, b))=m(z), v€J,, i=1,...,p (10)
u(0,9) + X hi()ulasy) = (o). ¥ € S G=1o (1)

where 71,72 are as in problem (1)-(2), n, g; € C(Jo, E"), i =1,....,p, m2, hj €
C(Jy, E™), j=1,...,r, 0<a; <ay...<ap,<a, 0<b <by...<b. <.

Definition 3.5 By a fuzzy solution of (9)-(11) we mean a function u(.,.) €
C(Jy X Jp, E™) which satisfies (9)-(11).

Theorem 3.6 Assume (H1) is satisfied. If

Zsup |gi(x ]+Zsup|h y)| + Kab < 1,

i=1%€Ja j=1Y€
then the problem (9)-(11) has a unique fuzzy solution on J, X Jj.

Proof. Transform the problem (9)-(11) into a fixed point problem. Clearly the
solutions of the problem (9)-(11) are fixed points of the operator Ny : C(J, X
Jp, E™) — C(Jy x Jp, E™) defined by:

No(u)(x, ) : Zg@ ula, b) =3 hyulag )+ [ [7 (s, ut,s))dsdt,

where
G(z,y) = m(x) +n2(y) —m(0), (z,y) € Jo X Jp.

The reasoning used in the proof of Theorem 3.2 shows that N, is a contraction
operator, and hence, it has a unique fixed point, which is a fuzzy solution of

(9)-(11).
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Remark 3.7 The arguments used in Theorem 3.2 can be applied to obtain a
uniqueness result for the following fuzzy hyperbolic problem with nonlocal condition

CUL) — (sl + S, ¢ Jux = 0.0 x 0.8 (12
u(z,0) + igi(x)u(x, b)) =m(z), ze€J, i=1,...,p, (13)
w(0,9) + 3 hyulas ) = mly), yEh j=1 . (14)

J=1

4. Hyperbolic Partial Functional Differential Equations

In the first part of this section we consider the existence of fuzzy solutions for
problem (5)—(6).

Definition 4.1 By a solution of (5)-(6) we mean a function u(.,.) € C([—r,a] x
82
[—7, 0], E™) such that uz,y)

0xdy
u(z,y) = e(z,y), (v,y) € [-r,0] x[-r,0].

= f(z,y,u@y) on J, x Jy and the conditions

Theorem 4.2 Assume that the condition

(H2) there exists a constant K' such that
Ha([f (8, s,w)]* [f (8, 5,2)]%) < K" Ha([u(0)]*, [0(0)]*), for all (t,s) € JoxJy
and all w,u € C([—r,al, E™) x C([-r,b],E"), 6 € [-r,0]

holds. If K'ab < 1, then the problem (5)-(6) has a unique fuzzy solution.

Proof. It is clear that the solutions of the problem (5)—(6) are fixed points of the
operator N’ : C([—r,a] x [-r,b], E") — C([—r,a] x [-r,b], E™) defined by:
()0(1:7 y)a if (l’, y) < [_Ta O} X [_T7 0]
N'(u)(z,y) = oy _
©(0,0) +/ / f(t, s, ups)dsdt, if (z,y) € J, X Jp.
0 Jo

We shall show that N’ is a contraction operator. Indeed, consider u,w € C([—r, a]x
[—7, 0], E™) and « € (0, 1], then for (z,y) € J, x J,

N()e,y) = 90,0+ [ [7£(t,5,ug)dsdt,
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and
N'(@)(e,y) = 9(0.0) + | ' / Y (L, 5, s )dsdt.
From (H2) we get
HaIN @)t N3] = Ha ([0.0)+ [ [ tsuodsat]
[(,0(0, 0) + /0 ’ /0 0 s,u(t,s))dsdtr)

= H, ([gp((), 0)]* + [/Ox /Oy f(t,s,u(t+w,s+ w))dsdtr :

0,00 + [ [ [ ptt,s. (e + w5+ w))dsar] )

/Ox /Oy Hy([f(t, s, u(t +w,s +w))]",

[fit, s,u(t + w, s +w))|*)dsdt

[ K+ s 4 ), 4+ )] dc

IN

IN

IN

a rb
/ K' sup Hy([u(t +w,s+w)|* [u(t + w, s + w)]*)dsdt
0 J0 a€e(0,1]

a rb
< K’/ / doo(u(t +w,s + W), u(t + w, s +w))dsdt
0 JO

< K'abH,(u,m).
Hence for each (t,s) € J, X J,
Hi(N'(u), N'(u)) < K'abH, (u, ).

So, N’ is a contraction and thus, by Banach fixed point theorem, N’ has a unique
fixed point which is solution to (5)—(6).

If (t,s) € [—r,0] x [—=r, 0] we have N'(u)(t,s) = ¢(t, s) and the previous inequality
holds.

In this second part we give an existence and uniqueness result for the hyperbolic
problem (7)—(8).

Definition 4.3 A function u € C([—r,a] x [—r,b], E™) is said to be a solution of

. . -~ Pulr,y)  Op(r, y)uay)
(7)-(8) if u satisfies the equation ooy By + f(z,y, ugy)) on

Jo X Jy and the condition u(z,y) = p(x,y), (z,y) € [—r,0] x [-r,0].

Theorem 4.4 Assume (H2) is satisfied. If

a sup |p(t,s)|+ K'ab < 1,
(t,S)EJaXJb
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then the problem (7)-(8) has a unique fuzzy solution on [—r,a] X [—r,b].

Proof. Let the operator N| : C([—r,a| x [—r,b], E") — C([—r,a] x [-r,b], E")
defined by:

@(xuy)v if (Z‘,y) € [—7“, 0] X [_Tv O]
N (u)(z,y) =4 ¢(0,0) + /Omp(s,y)ws,mds

+/x /yf(t,s,u(t,s))dsdt, it (2,y) € Jy X Ji.
0 0

We shall show that Nj is a contraction operator. Indeed, consider u,u € C(J, X
Jy, E™) and a € (0, 1], then

x T Yy
N{(U)(%y):sO(O,O)Jr/O p(s,y)%,y)der/O /0 f(t, s, ug,s))dsdt,
and

N (@)(z,y) = (0,0) + /0 " (5, )T ds + /0 ’ /0 "t st 5))dsdt.

Then

«a

HANI@ AT N 91 = i (160,00 + | [ s, 9
+ [/Ox /Uy f(t,s, u(t,s))dsdtr ,

[(0,0)]* + [ /0 " (s, y)u(s,y)ds}

+ UO /Oyf(t,s,u(t,s))dsdtﬁ

Ha ([ [ ot p)eands]

+ [/x /y f(t, s,u(t,s))dsdt} ,
0o Jo
{/0 p(S, y)u(s,y)ds]

n [/0 /Oyf(t,s,u(t,s))dsdtr)

sup [p(t,)| [ Hallu(t +w,s +w))",
t,s)EJa X Jp 0

(t,
[@(t + w, s +w)]*)dt
+ /0 /Oy Ha([f(t, s, u0.0)]% [f(t, 8, T 0] )dsdt

«

IN

IN
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< s plts)] [ Ha(ult 4w, s+ )
(t,8)ETaxJy

[@(t +w,s +w)]*)dt
+ //KHd [u(t +w, s +w)|%,
[a(t + w, s+w)]"‘)dsdt

IN

sup  [p(t,s)| [ sup Ha([u(t + w,s +w)]%,
(t,8)EJax Jp 0 aglo,1]

[a(t +w,s +w)]*)dt
+ / / K' sup Hy([u(t + w, s +w)]%,
a€(0,1]
[a(t +w, s +w)|*)dsdt
sup [p(t,s)] [ sup do([ult +w, s +w))",
(t,8)EJax Ty 0 aglo,1]
[u(t +w, s +w)]*)dt

w)
* //d (ut +w, s +w),u(t +w, s +w))dsdt

IN

< <a sup |p(t,s)]+K’ab> Hi(u,u).
(t,s

s )EJaXJb
Hence for each (t,s) € J, X J,
MWMMWMSGSWIW@HK@HMM~
(t,S)GJaXJb

So, Nj is a contraction and thus, by Banach fixed point theorem, N has a unique
fixed point which is fuzzy solution to (7)—(8).

Now we extend the problem (5)-(6) by considering non-local hyperbolic prob-
lems. More precisely, we consider the following non-local problem

0*u(z,y)
gy~ @), € Jax = [0,0] x 0,4 (15)

u(z,y) +Zgz w(z, b +vy) =p(x,y), (z,y) € J,x[—r0], i=1,...,p, (16)

u(z,y —|—Zh u(a; +x,y) =¢(z,y), ye|[-nr0xd, j=1,...,m. (17)

where ¢ is as in problem (5)-(6), n, g; € C([-r,0] x [-r,0],E"), i=1,...,m

Definition 4.5 By a fuzzy solution of (15)-(17) we mean a function u(.,.) €
2

C([=r,a] x [=r,b], E™) such that Pulz.y)

900y = f(2,y,Uy)) on Jo X Jy and the
conditions (16), (17).
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Theorem 4.6 Assume (H2) is satisfied. If

Zsup |gi(x ]—i—ZSUp]h (y)| + K'ab < 1,

= lxe a j= 1y€ b
then the problem (15)-(17) has a unique fuzzy solution on [—r,a] x [—r,b].

Proof. Consider the operator N, : C([—r, a]x[—r,b], E™) — C([—r,a|x[—r,b], E")
defined by:

;gz u(z, by +y)), (2.y) € Ju x [-1,0]
i hi(y)u(a; +z,y) = ¢(z,y), (z,y) € [-r,0] x J,
Nj(u)(z,y) = o0 );( " (szn
—Zgz u(z,y +b;) Zlh] u(a; + ,y)
+// (t, 5, ult, 5) ds]d; (e.4) € [0.] x [0.8].

The reasoning used in the proof of Theorem 4.4 shows that NJ is a contraction
operator, and hence, it has a unique fixed point which is a fuzzy solution of (15)-
(17).

Remark 4.7 The arguments used in Theorem 4.4 can be applied to obtain a
uniqueness result for the following fuzzy hyperbolic problem with nonlocal condition

Pu(x,y)  I(p(z,y)u(z,y))

Oxdy oy + f(2, Y, Ugay)), tE€ Jax Jp:=0,a] x[0,0] (18)

u(z,y —Fz:gz u(z,b; +y) = p(z,y), (x,y)€ J,x[-r0], i=1,...,p, (19)

:Cy +Zh (l]—l-l'y) gO(l',y), yE[—r,O]XJb,jzl,...,m. (2())
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