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Abstract

In this paper, a comprehensive treatment of Rayleigh<&thger perturbation
theory for the symmetric definite generalized eigenvalue problem [1, 2] is fur-
nished with emphasis on the degenerate problem. The treatment is simply based
upon the Moore-Penrose pseudoinverse thus constituting the natural generalization
of the procedure for the standard symmetric eigenvalue problem [3]. In addition
to providing a concise matrix-theoretic formulation of this procedure, it also pro-
vides for the explicit determination of that stage of the algorithm where each higher
order eigenvector correction becomes fully determined. Along the way, we gen-
eralize the Dalgarno-Stewart identities [15] from the standard to the generalized
eigenvalue problem. The general procedure is illustrated by an extensive example.
2000 Mathematics Subject Classification15A18, 65F15.
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1. Introduction

A comprehensive treatment of Rayleigh-Sitinger [1, 2] perturbation theory for the
symmetric matrix eigenvalue problem based upon the Moore-Penrose pseudoinverse
was provided in [3]. It is the express intent of the present paper to extend this technique
to the symmetric definite generalized eigenvalue problem. The origin of such problems
in the analysis of electromechanical systems is discussed in [4].
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Mathematically, we have a discretized differential operator embodied in a real sym-
metric matrix pair,(Ao,Bp) with By positive definite, which is subjected to a small
symmetric linear perturbatiotA, B) = (Ao + €A1, Bo + €B1) with B also positive def-
inite, due to physical inhomogeneities. The Rayleigh-8dhger procedure produces
approximations to the eigenvalues and eigenvectof&\@) by a sequence of succes-
sively higher order corrections to the eigenvalues and eigenvectofg o). Observe
thatB; = 0 permits reduction to the standard eigenvalue prodlBrmAqg +B~1Aq,1).
However, this destroys the very symmetry which is the linchpin of the Rayleigh38ictoyer
procedure.

The difficulty with standard treatments of this procedure [5] is that the eigenvector
corrections are expressed in a form requiring the complete collection of eigenvectors of
(Ao, Bp). For large matrices this is clearly an undesirable state of affairs. Consideration
of the thorny issue of multiple eigenvalues(dg, Bo) [6] only serves to exacerbate this
difficulty.

This malady can be remedied by expressing the Rayleighd8uoiger procedure
in terms of the Moore-Penrose pseudoinverse [7]. This permits these corrections to be
computed knowing only the eigenvectors(éb, Bg) corresponding to the eigenvalues
of interest. In point of fact, the pseudoinverse need not be explicitly calculated since
only pseudoinverse-vector products are required. In turn, these may be efficiently cal-
culated by a combination of LU-factorization and orthogonal projections. However, the
formalism of the pseudoinverse provides a concise formulation of the procedure and
permits ready analysis of theoretical properties of the algorithm.

Since the present paper is only concerned with the real symmetric definite case,
the existence of a complete set Bforthonormal eigenvectors is assured [8, 9, 10].
The much more difficult case of defective matrices has been considered in [11] for the
standard eigenvalue problem. Moreover, we only consider the computational aspects
of this procedure. Existence of the relevant perturbation expansions follows from the
rigorous theory developed in [12, 13, 14].

2. Nondegenerate Case

Consider the generalized eigenvalue problem
Ax =AiBx (i=1,...,n), (1)

whereA andB are real, symmetrie) x n matrices andB is further assumed to be positive
definite. We also assume that this matrix pair has distinct eigenvalu@ss 1,...,n).
Under these assumptions the eigenvalues are real and the corresponding eigenvectors,
X (i=1,...,n), are guaranteed to B®orthogonal [4, 7, 10].
Next, let
A(S) = Ag+ &AL B(f) = Bo+ €Bq, (2)
where, likewiseAg is real and symmetric any is real, symmetric and positive defi-
nite, except that now the matrix pafho, Bg), may possess multiple eigenvalues (called
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degeneracies in the physics literature). The root cause of such degeneracy is typically
the presence of some underlying symmetry. Any attempt to weaken the assumption on
the eigenstructure dfA, B) leads to a Rayleigh-Sobdinger iteration that never termi-
nates [13, p. 92]. In the remainder of this section, we consider the nondegenerate case
where the unperturbed eigenvaluk,é(?) (i=1,...,n), are all distinct. Consideration of
the degenerate case is deferred to the next section.

Under the above assumptions, it is shown in [12, 13, 14] that the eigenvalues and
eigenvectors ofA, B) possess the respective perturbation expansions,

Ai(g) = kisk)\i(k); X (€) = kiekxi(k) i=1,...,n), (3)

for sufficiently smalls andB = |. Using the Cholesky factorizatioB,= LLT, this theory

may be straightforwardly extended to accomodate arbitrary symmetric positive definite
B [4]. Importantly, it is not necessary to actually calculate the Cholesky factorization
of B in the computational procedure developed below. Clearly, the zeroth-order terms,
{/\ } (i=1,...,n), are the eigenpairs of the unperturbed matrix p@is, Bo).

l.e.,

(Ao—AYBo)x? =0 (i=1,...,n). 4)

The unperturbed mutuallgy-orthogonal eigenvectorxso) (i=1,...,n), are assumed
to have beemBy-normalized to unity.
Substitution of Equations (2) and (3) into Equation (1) yields the recurrence relation

k—2 . . .
(Ao~ AOBo)X" — — (A — AWBo— 1 0B x4 5 APy 4 A (1D D).

)
for (k=1,...,0; i =1,...,n). For fixedi, solvability of Equation (5) requires that its

right hand S|de be orthogonal XgSO for all k. Thus, the value oi( D determines\, (+1)
Specifically,

AU = (O A Z;AJ D0 Bxy, (6)

where we have employed the so-callatermediate normalization thatxi(k) shall be
chosen to b&p-orthogonal toq(o) fork=1,...,00. Thisis equivalent thi(o), Boxi(€)) =
1 and this normalization will be used throughout the remainder of this work.

For the standard eigenvalue probleBn= I, a beautiful result due to Dalgarno and
Stewart [15] (sometimes incorrectly attributed to Wigner in the physics literature) says
that much more is true: The value of the eigenvector correo:fi’énin fact, determines

the eigenvalues through (21D For the generalized eigenvalue problem, Equation (1),
this may be generalized by the following constructive procedure which heavily exploits
the symmetry of, A1, Bp, andB;.
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We commence by observing that

)‘i(k) =<Xi(o),(A1 )\()Bo )\ 1) > Zlk 11)‘| <XI(0) lel(kfl—l)>

= o (A - 2VBo A”B) )= sk B )
= (Y (Ao~ A > Uy -yl <<°) B Y)
= — (Y, (Ao — AVBo) ) — 5l (0 Bxk' 1>
<.<1> <A1—A“Bo A 2BX ) - AP B ?)
Y, A Bo+ A B ) AV KO B (@)

Continuing in this fashion, we eventually arrive at, for eken 2j (j =2,...),

P N NPT G Wil

i ’“z‘; (A7) Box)
sz -2, sz p— 1< I2J p—v) BOXi(V)>
SIAA s B By
5o

ZZJ H— 1< I21 H=V) lei(V)% (8)
while, foroddk=2j+1(j =1,...),

AED —<>9(” (Al_Au)BO PCERNON
— SN T B
sz 1)\ Zz; u< I2J p—v+1) Boxi(v)>
—si A s BT Bk
zu AR ST R EHY) B, )

where the second sum is to be omitted fot 1. This important pair of equations will
henceforth be referred to as tgeneralized Dalgarno-Stewart identities )\i(l) and

/\i(z) may be obtained directly from Equation (6).
The eigenvector corrections are determined recursively from Equation (5) as

k—2 . ) .
Xl(k) — (AO_)\i(O)B())T[_(Al_/\i(l) BO_)\i(O)Bl)Xi(k_l) + %()\i(k_J)BO‘f‘)\i(k_J_l) Bl)xi(J)];

(10)
for (k=1,... =1,...,n), where(Ag— )\ Bo)’r denotes the Moore-Penrose pseudoin-
verse [7] of( )\( ) ) and intermediate normalization has been employed.
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3. Degenerate Case

When the matrix paifAg, Bg) possesses multiple eigenvalues (the so-called degenerate
case), the above straightforward analysis for the nondegenerate case encounters seri-
ous complications. This is a consequence of the fact that, in this new case, Rellich’s
Theorem [12, pp. 42-45] guarantees the existence of the perturbation expansions, Equa-
tion (3), only for certain special unperturbed eigenvectors. These special unperturbed
eigenvectors cannot be specifié@riori but must instead emerge from the perturbation
procedure itself.

Furthermore, the higher order corrections to these special unperturbed eigenvec-
tors are more stringently constrained than previously since they must be chosen so that
Equation (5) is always solvable. I.e., they must be chosen so that the right hand side of
Equation (5) is always orthogonal to the entire eigenspace associated with the multiple
eigenvalue in question.

Thus, without any loss of generality, suppose mﬁf = /\2(0) == )\r(no) =20
is just such an eigenvalue of multiplicitg with corresponding knowBg-orthonormal
eigenvectors<(lo),x(20), e ,xﬁ?). Then, we are required to determine appropriate linear
combinations

Y = allx® 4 a0 ¢ a0xQ (i=1,....m) (11)

so that the expansions, Equation (3), are valid Wih)l replaced bwi(k). In point of
fact, the remainder of this paper will assume thatx; has been replaced byy; in

Equations (3)-(10). Moreover, the higher order eigenvector correctiq:ﬁ@, must be

suitably determined. Since we would Iil{gi(o) ", to be likewiseBo-orthonormal, we
require that

) o) bt ) = Gy 12

Recall that we have assumed throughout that the perturbed matrix4qaiy, B(¢)),
itself has distinct eigenvalues, so that eventually all such degeneracies will be fully
resolved. What significantly complicates matters is that it is not known beforehand at
what stages portions of the degeneracy will be resolved.

In order to bring order to a potentially calamitous situation, we will begin by first
considering the case where the degeneracy is fully resolved at first order. Only then
do we move on to study the case where the degeneracy is completely and simultane-
ously resolved at Nth order. Finally, we will have laid sufficient groundwork to permit
treatment of the most general case of mixed degeneracy where resolution occurs across
several different orders. This seems preferable to presenting an impenetrable collection
of opaque formulae.
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3.1. First Order Degeneracy

We first dispense with the case of first order degeneracy wh&f&m{i =1....,m) are

all distinct. In this event, we determir{e\i(l); yi(o)}i”;1 by insisting that Equation (5) be
solvable fork = 1 andi = 1,...,m. In order for this to obtain, it is both necessary and
sufficient that, for each fixed

x, (A~ A"Bo—AOBy?) =0 (u=1....,m). (13)
Inserting Equation (11) and invoking tiBg-orthonormality of{xu -1, We arrive
at, in matrix form,
067 (A =AOB)XY) o (¥, (A -2 OBxR) | T & al!
5 : | =AY
i (A=A OB o (X, (A=A OBy)x)) | [ al aln
(14)

Thus, each\i(l) is an eigenvalue with corresponding eigenve@é'?, . .,aﬁ,'])]T of the
matrix M defined byMy, , = <X§10),M(1)X‘(,0)) (u,v =1,....m) whereM® := A} —
A0,

By assumption, the symmetric matfiA hasm distinct real eigenvalues and hence
orthonormal eigenvectors described by Equation (12). These, in turn, may be used in
concert with Equation (11) to yield the desired special unperturbed eigenvectors alluded
to above.

Now that{yi(o) ™ , are fully determined, we have by Equation (6) the identities

Furthermore, the combination of Equations (12) and (14) yield
0 0 o
O MOy — 0 (i # ). (16)

The remaining eigenvalue correctiov\é',‘) (k> 2), may be obtained from the general-
ized Dalgarno-Stewart identities.
Whenever Equation (5) is solvable, we will express its solution as

(k)

W =9 B+ Bk e B (i =1...m) (17)

wheref|' := (Ag— 2 ©Bo) [ (A1 — AV Bo—2 OBy P+ 3422 VBo+ 2 VB YY)
has no components in tt{eyjo } , directions. In light of intermediate normalization,

we haveBI xk=0(=1..m). Furthermore[B (i#]) aretobe determined from the
condition that Equatlon (5) be solvable for— k+ landi=1,.
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Since, by design, Equation (5) is solvable foe 1, we may proceed recursively.
After considerable algebraic manipulation, the end result is

0 g -1 5 (k- 0 |
o 02 Mgl — s B St K @ Byl
Piic= AD A(1) (i#). (18)

The existence of this formula guarantees that qé'é)ﬁs uniquely determined by en-
forcing solvability of Equation (5) fok — k+ 1.

3.2. Nth Order Degeneracy

We now consider the case of Nth order degeneracy which is characterized by the condi-
tionsAl) = AV =...= AP =A0 (j=o0,... N=1) while AN (i=1,...,m) are all
distinct. Thus, even though() (j =0,....N— 1) are determinatefy'” }", are stil
indeterminate after enforcing solvability of Equation (5) koe N — 1.

Hence, we will determiné)\i(N); yi(o)}{il by insisting that Equation (5) be solvable
fork=Nandi =1,...,m. This requirement is equivalent to the condition that, for each
fixedi,

) — (A=A DBy — A OB YN 4 (A @By A DBy N 4

+ANB+ANIB YOy —o(u=1,....m). (19)

Inserting Equation (11) as well as Equation (17) wktk 1,...,N — 1 and invoking
the Bo-orthonormality of{xu we arrive at, in matrix form,

p=1
07 M) o M) ] T el )’
s 5 =A@
KO MK L (xO MOy | | o) o)
whereM®) is specified by the recurrence relation:
MO = A, — A OB, (21)
M) — (AN=DBy - MN-D)y(a, B )T(Al— DBy —A0By)
— 37 (AN By — M) (A Bo)"(A)Bo+A("DBy) —A(N-DB,
(N - 2, 3,...). (22)

Thus, each\-(N) is an eigenvalue with corresponding eigenvew?,...,a,q])]T of
the matrixM defined byM,, , = (X, MYy (v =1,...,m). Itisimportant to note
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that, while this recurrence relation guarantees {héw; yi(o) M, are well defined by
enforcing solvability of Equation (5) fdt = N, M(N) need not be explicitly computed.

By assumption, the symmetric matfiA hasm distinct real eigenvalues and hence
orthonormal eigenvectors described by Equation (12). These, in turn, may be used in
concert with Equation (11) to yield the desired special unperturbed eigenvectors alluded
to above.

Now that{yi(o)}i";l are fully determined, we have by the combination of Equations
(12) and (20) the identities

o0 MOy =AM -4 23)

The remaining eigenvalue correctiov\é'f) (k> N+1), may be obtained from the gen-
eralized Dalgarno-Stewart identities.

Analogous to the case of first order degenerﬁﬂ, (i # j) of Equation (17) are
to be determined from the condition that Equation (5) be solvablé ferk+ N and
i=1,...,m. Since, by design, Equation (5) is solvableket 1, ..., N, we may proceed
recursively. After considerable algebraic manipulation, the end result is

0 ~(k —1 4 (k—=1+N) (k—1+N—1) , (0 |
R T = M M L
Ik /\i(N) _)\j(N)
(24)
The existence of this formula guarantees that QI;@HS uniquely determined by en-
forcing solvability of Equation (5) fok <— k+ N.

3.3. Mixed Degeneracy

Finally, we arrive at the most general case of mixed degeneracy wherein a degeneracy
(multiple eigenvalue) is partially resolved at more than a single order. The analysis
expounded upon in the previous sections comprises the core of the procedure for the
complete resolution of mixed degeneracy. The following modifications suffice.

During the Rayleigh-Sckidinger procedure, whenever an eigenvalue branches by
reduction in multiplicty at any order, one simply replaces xpeof Equation (20) by
any convenienBo-orthonormal basig, for the reduced eigenspace. Of course, this
new basis is composed of soraeoriori unknown linear combination of the original
basis. Equation (24) will still be valid whend is the order of correction where the
degeneracy between andA; is resolved. Thus, in general, Af is degenerate to Nth

order theryi(k) will be fully determined by enforcing the solvability of Equation (5) with
k «— k+N.

We now present an example which illustrates the general procedure. This example
features a simple (i.e. nondegenerate) eigenvalue together with a triple eigenvalue which
branches into a single first order degenerate eigenvalue together with a pair of second
order degenerate eigenvalues.
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4. Example
Define
0000 530 3 5300 0
%=10000]"=|0000[®|0020| "o
0 002 3100 0002 0

Using MATLAB’s Symbolic Toolbox, we find that
M(E)=¢€, A (e) = —€?—e3 428+ |

A3(€) =0, M) =1+€>+€3—2e%+... .

Applying the nondegenerate Rayleigh-Sadinger procedure developed above to

AW'=1,xY=[00 0 yv2]",

we arrive at
MY =Y (A - A7B)xY) =0,
Solving
(Ao —AVBo)x = — (A1~ AVBy— A VB )XY
produces

XM =[3/4/2 -1/4y2 0 0],

where we have enforced the intermediate normaliza(b'ré]ﬁ, Boxgo)> =0.
In turn, this produces

22 = (A= APB)xY) — AP Bix(?) =1,
while the generalized Dalgarno-Stewart identities yield
MY =1
Solving
(Ro— A" Bo)xy = —(Ar—A{VBo— A{”B1)x,” + (ALBo+ AL By)xy

produces
x? =1[3/4y/2 -1/4/2 0 0],

where we have enforced the intermediate normaliza(bk&zﬁ, Boxgo)> =0.

167
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Again, the generalized Dalgarno-Stewart identities yield
A =0, A2 =

We now turn to the mixed degeneracy among§t = A% = A{% = A(© = 0, with
the choice

=[3/4v2 -1/4/2 0 0] ;X0 = -1/4y2 3/4y2 0 0] ;
=10 0 1/v2 0]"

we have from Equation (14), which enforces solvability of Equation (5kferl,
100
M=|01 0],

00O

with eigenvalues |V = AV =A@ =1, AV =

Thus,y(lo) andy(zo) are indeterminate while

(&2 oY &P ] =[0 0 1 =y =[0 0 yv2 o]

Introducing the new basis
29 =[B/a —3/4/5 0 0]";Z2¥=[0 1/v/5 0 0]"

we now seely(lo) andy(zo) in the form

)_(0). .,(0) 2)_(0)

Y =040+ 40,9 <7 7

with orthonormal[b{”, bSY] T, [b%2) b}
Solving Equation (5) fok = 1,

(Ro— A OBy Y = (A - AVBo— A OBy (1=1,23),

produces

Wela gon —@ )/2[] Vola B _(3b§z>+bgz>)/2£]T

yél)z[as B s O}T
Now, enforcing solvability of Equation (5) fde= 2,

— (A —AVBo— A0y + A PBy+ A By L {2V A O} (1=1,23),
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we arrive at

<
I

910 —sno

with eigenpairs
T
M=o [ b b ] =[1/vI0 3/vI0]";

T
Az(z) — 1 [ b(lz) bSZ) } =[ 3/V10 1/\/E}T:>

yW=[1/a/2 —3/ay2 0 0] ;¥ =[3/4/2 -1/4/2 0 0] ,
and

y:(l_l):[_sﬁl BL O O}T;y(zl):[az —3az 0 —1/\/§]Tiygl):[0 00 O}Tv

as well as)\éz) = 0, where we have invoked intermediate normalization. Observe that

y(ll) andygl) have not yet been fully determined whj}g) has indeed been completely
specified.
Solving Equation (5) fok = 2,

(Ao—AOBo)y® = — (AL~ A VB~ A@By)yY + APBy+ AVB Y (i =1,2,3),

produces

Y =[-30m b 48]y =[a 3@ ¢ -1/v2] ;¥ =[as by 0 0],

where we have invoked intermediate normalization.
We next enforce solvability of Equation (5) far= 3,

Y, = (A=A PBo—A OBy + (AP Bo+ AT BV + (AP B+ AP BV ) =0 (i # ),
thereby producing

yU=[0000]yW=[00 0 -1/v2],
and

VY =[a -3a 0 -1/v2];yP=[0 0 0 0]".

y=[-30; by 0 0]"

With yi(l) (i=1,2,3) now fully determined, the generalized Dalgarno-Stewart iden-

tities yield
M=o, A =-1,2F =0
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Solving Equation (5) fok = 3,

(Ao~ A OBly® = —(Ay —AWBy—AOBy)y® + (APBy+ A DBy

+(APBo+APBy? (i=1,2),

produces
YW= -3 vi wp 4b "y =[w —3u; wp 0],

where we have invoked intermediate normalization.
We now enforce solvability of Equation (5) fér= 4,

+()‘i(3) BO+)‘i(2) Bl)Yi(l) + ()‘i(4) BO+)‘i(3) Bl>yi(0)> =0(#]),

v, — (A=A VBo— A OBy + (4P Bo+ A VBy)y?

thereby fully determining
y?=[000 0] y¥?=[00 0 -1/v2]".
Subsequent application of the generalized Dalgarno-Stewart identities yield

AMY=0, A9 =0 AY =0 AP =2 1Y =0, 2 =0

5. Conclusion

In this paper, we have endeavored to provide a comprehensive and unified account of
the Rayleigh-Sclidinger perturbation theory for the symmetric definite generalized
eigenvalue problem. The cornerstone of our development has been the Moore-Penrose
pseudoinverse. Not only does this approach permit a direct analysis of the properties of
this procedure but it also obviates the need of alternative approaches for the computa-
tion of all of the eigenvectors of the unperturbed matrix pair. Instead, we only require
the unperturbed eigenvectors corresponding to those eigenvalues of interest. We have
also generalized the Dalgarno-Stewart identities from the standard to the generalized
eigenvalue problem.

The focal point of this investigation has been the degenerate case. In light of the
inherent complexity of this topic, we have built up the theory gradually with the ex-
pectation that the reader would thence not be swept away in a torrent of formulae. We
concluded with an example illustrating the general procedure. Observe that the example
was worked througlvithoutexplicit computation of the pseudoinverse!
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