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Abstract

The motion of gradient flows approach is used to study the multivortex solu-
tion of the Ginzburg-Landau equations of superconductivity. The static magnetic
vortices of any multiplicity and any critical value are computed.
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1. Introduction

We construct a numerical algorithm to compute the static vortices solution of the 2-D
radially symmetric Ginzburg-Landau equations. This algorithm is based on implement-
ing the gradient flow and a transformation that reduces the order of the solution at the
center of the vortex. This allows us to construct a finite difference scheme to compute
the solution, with any desired degree of accuracy, while conserving the energy. First,
we derive the equations of vortices and their boundary conditions. Second, we intro-
duce the transformation (reduction transformation) and use the gradient flow approach
to derive the equation of motion. Finally, we introduce the finite difference scheme and
numerical results.

As a historical remark, we point out that the first attempt to compute the vortices
were performed by Bogomolnyi and Vainshtein [3], by integrating the system (7) us-
ing a quasilinearization approach (Newton’s method) and iterating until the difference
between computed energies are acceptable.
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Another approach was introduced by Jacobs and Rebbi [7]. They used variational
approximations of the functior§(r) andR(r) in the form of polynomials of ordetO
and then solved for their coefficients. They also computed the corresponding energy
levels for various values of andn.

1.1. The Vortex Solution

It is known that the equilibrium state of certain types of superconductors is a mul-
tivortex configuration. These vortices (solitons) are important in elementary-particle
physics, where they are defined as solutions of the Abelian Higgs model describing the
interaction of a matter field with an Abelian gauge field. This model is similar to the
Ginzburg-Landau macroscopic theory of superconductivity. In this theory, the matter
field is described by a complex valued scalar functioa ¢ +ig such thatg]? = @
is proportional to the density of the superconducting electrons. The (1-form) electro-
magnetic potentiad is an Abelian gauge field [15]. The interaction between the matter
field and the electromagnetic field is taken into account when we consider the covariant
derivative ( D) of the scalar field (weak coupling). That is, the covariant derivBt@e
is given by

Dk = (k—iA)@, k=0,1 2

where the index O represents the time component. Landau and Ginzburg proposed that
the free energy density can be expanded in powelrg|@fnd its derivatives. Taking into
account the thermodynamic phase transitions and after scaling the free ehagthe

form

_ 1 2 A 2 2

whereA is the Ginzburg-Landau parameter proportional to the temperaturel Eat
equation (1) describes the free energy of type | superconductors which are characterized
by vanishing of the magnetic field in the superconducting state.AFsrl equation

(1) describes the free energy of type Il supercomputers, for which the magnetic flux
penetrates the superconducting state in tubes. We use the n¢itgfidor K; - K!, where

- is a gauge invariant scalar product given AyB = AB, repeated indices indicate
summation. Adding the free energy density to the electromagnetic field we obtain the
Ginzburg-Landau free energy

_ 1 2 1 2 A 2 2

whereF is the electromagnetic tensor defined by

F=F; = DiA;j—DjA =dAj—0djA (2)
0 B E
= —E;1 0, —Bsg

—-E, B3 O
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Note that the potential functiod = % (|¢|?> — 1)2 has minima afg| = 1. States
for which || ~ 1 correspond to superconductors, while states for whigh~ O cor-
respond to normal metal. The quantized property of the magnetic flux penetrating the
superconductors is given by the integral formula

/ Frodxdy= / Bsdxdy= 2rm
R2 R

wheren is the winding number (an integer) of the vortex (tube) around its axis of sym-
metry. Thus, the vortices are the two-dimensional cross section of the magnetic flux, and
they are similarity solutions of a particular ansatz of the Ginzburg-Landau equations.

The Ginzburg-Landau equations can be derived from the following two-dimensional,
Abelian Higgs Lagrangian

1 . A
Zz§<n”nm”F.m-F,-n—n"'chp-chp+Z(fpfp—1)2) (3)

wheren'l is the Minkowski metric, given in cartesian coordinatesdigg(—, +, +).
The Euler-Lagrange equations for this Lagrangian are
OFk+0jR+akFj = 0
aF = Im(¢Dig) @)

A
D*Dyp = §r(lcp\2—1><p

The static vortices [1] are the time independent solutions of (4) which are rotation-
ally symmetric functions of the following form
A=0, A =0 Ag=8), ¢=¢€"R() (5)

Substituting these functions in (3), we obtain the Lagrangian

[ee]

2
L(R,R“SS):n/[(?) +(Rr)2+r12(s—n)2R2+%(1—R2)2) rdr  (6)

0

From (6) we derive the following coupled ordinary differential equations

1
St — FS_(S_n)RZZO
1_ 1 o A B
Re + “Re—5(S—n) R—E(Rz—l)R_O. (7)
The functionsS(r) andR(r) must satisfy the boundary conditions:
RO)=0 S0)=0
R(r)—1 S(r)—n asr—o (8)
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The conditions (8) are consequence of the symmetry and the continuty)odind
R(r) at the center of the vortex. The asymptotic behavior of these functions can be de-
scribed by expanding their Taylor’s series arourd0 and atr — oo, using the assump-
tion that the magnetic field is zero in the superconducting state. The asymptotic limits
of the functionsS(r) andR(r) with multiplicity n and critical valueA are described in
Tinkham [15] as follows:

Sry= 0O(r?) forr —» 0
R(r) = o(r" forr — 0

r= n+0(e") forr — oo
Rr)= 1+0(e*") forr —w

Additional properties 0o5(r) andR(r) have been shown by Berger and Chen [1].

Remark 1 For decreased values df, the corresponding energy values require an in-
creasing domain.

Remark 2 Asnincreases the functioR(r) approaches zero in the orde? asr — 0.

In this paper we introduce an efficient numerical method for solving the system of dif-
ferential equations (7). Our approach is based first on the transforn&itipe- ro(r)
and on minimizing the energy functional using finite difference scheme.

2. Numerical Algorithm

We work with the gradient flow frame work, since it is known [1] that solutions of
system (7) are minima of the energy (6). Also, in order to construct efficient numerical
scheme we apply an intermediate substitution. This approach is described as follows

2.1. Reduction Transformation

The functionS(r) approaches zero in the orderrdf so we reduce the order &r) by
one using the transformation

S(r)=ro(r) 9)
with the corresponding boundary conditions
0(0) = 0(»)=0 (10)

/a,(GZ)dr — oP=0
0

Substitution (9) is essential for the stability of the proposed discretization scheme to
solve the system of equations (7). Using the substitution (9) and the identity

(0:S)? = o2 +2roo; +r?c? (11)
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in the Lagrangian (6) we obtain

[oe]

2
o
LIRR,0,00) = n/[r(ar2+R,2)+T+200r
0

+ Z(ro— n)2R2+ (R2 1)2r]dr (12)

=

next we use the gradient flow approach

(RU O-t) = 6L(R,U)(Ra Rl’a g, Gr)

to derive the variational equations

O = rO'rr—f'Ur_%_(ro-_n)Rz
R = rRrr+R—%(ra—n)2R—r%(R3—R) (13)

2.2. Energy Discretization

We discretize the line of integration uniformly with step slizen a finite intervalO, H],

with H chosen such thahaxe ™,e*") is small enough to insure that the solutions
R(r) anda(r) attain their asymptotic limit &l . Let g; andR; denote the value of these
functions atrj = ih. We start with this particular discretization of the Lagrangian (12),
because the conservation of energy is important in the dynamics of vortex interaction

ol e e,

2
+ 2q%+f—{+r—l_(n0i—n)zR-er%fi(Rz—l)z] (14)
| |

Proposition 1 The finite difference variations &{R;, ;) with respect tdR; and g; are

consistent with the coupled system of differential equations (13) with order of accuracy
o(h?).

Proof: We take the first finite variation df with respect tag; that is

Mea+r) 1 2
Sy = nzK '”2 ')hz( (Gi41— 01)(80i:1— 807) + —01 80

+ r—z_(rioi —n)ri50iR-2] h
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Denote the last two terms Iy d 0; and rearrange the terms as follows

(figs+ri)
h2

it + i

Ola = "2['+;2 (041 - 01)001 1~ ‘(0i+1—0i)5Ui+Gi5Gi]h
i+ i fir1+Ti

= "Z{ ) (Gi_ai—l)5ai_(IT]—ZI)(UiJrl—Ui)CSOH—Giéai]h

= ) ( 52 (Gi—0i-1) — (Zr'hih)(cml—m)JrGi)&fi

Finally we obtain

5Lo.—2nhz[ i(0i+1—20{+0i-1) Oiy1—0i 1+0+(r0.—n)lﬂ 50

h? 2h ri
A similar computation with respect ® yields

B 2R|+R| 1 Ry1—R
s = g 2h

+ %(riq—nfmzrmas—m R

We obtain the finite difference equations by imposiig,; = 0, for all dg;, and
OLr =0, forall OR;.

2.3. Implicit Difference Schemes

We point out that the energy functiona(R R, 0, oy) is positive definite and it has
unigue minimum [1]. This minimum is the stationary limit of the nonlinear parabolic
system of equations

d

aO’ = 5LO'

gR =-0L (15)
d =~ °R

Having already introduced a second order approximation to the right hand side of (15),
the functionsR(r) ando (r) are the evolution limits of the following implicit scheme

O-n+1_o-n 'm 1 1 1

% = ﬁ(an+ —20mt + 07 1)+ Go (0™, RY)

Rrr’]nJrl_ 4 'm n+1 +1 n+1 n
= h2( 1— 2R+ R) +Gr(od™,R") (16)

where g}, = o(nAt,mh), R, = R(nAt,mh), andG, and Ggr are nonlinear remaining
terms fromLy andLg evaluated at time stam\t.
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Proposition 2 The implicit scheme (16) is unconditionally stable and of okdéht) +
o(h?).

Proof: We linearize the equations (16) and apply the Fourier transform by replaging
andR? by £"eéMB to obtain

B 1

1+ 4rpasin?(Bh/2)

For all values ofr = %, clearly the magnitud& | < 1 which implies the unconditional
linearized stability. We observe that the lower order terms in (6) are divided by the
variabler which imposes certain restrictions on time stApsTo resolve this restriction

we construct a second implicit scheme of higher o@gkt?) 4+ O(h?):

¢

3ol 200 200 — gt a&ii — 200+ 4 ghtl .
o o w +Go(0"RY) (17)
MR Ry Ryl R 2RHRY +Gr(c",R") (18)
2\t 2N\t -m h2 R\

By using similar substitution in the linearized equations of (17) and (18) we obtain
(3+4arysir?(Bh/2))E?—4E +1=0
for both equations. Solving faf we get

_ 2F+/1-4dargsir?(Bh/2)  2FV1-w

&= 2+ 1+4argsiré(Bh/2) — 2+1+w
If 1—wis nonnegative, then we have
HES A S
2+1+w
if 1—w s negative, then
_ 2Fivw-1
¢ = 2+w+1
for which
E2 = 2 2+ w—1 _ 44+w—1
2+w+1 (2+w+1)2 (2+w+1)2 —

Thus for any value ofr or 8 both roots are bounded by 1. This proves the unconditional
stability of (17)e

In both schemes, the discretized approximations lead to tridiagonal system of equa-
tions with variable entries depending on the distangéom the center of the vortex.
These equations are solved by standard techniques. We terminate the iteration process
whenever the difference between consecutive energy values becomes smaller than a
preassigned number. For example, when 0.01, we terminate the iterations when the
difference is less thah0~8, that is

IL(c", R —L(o",R")| < 1078
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Figure 1:R(r) forn=1,2,3 and forA = 100

3. Numerical Results
We present two examples obtained by the method just described.

1. For various values oA = .5,1,100 and vortex numben = 1, we compute the
energy value on the intervéd, 20| using (14) for which we have the following
valueskE;(.5,1) = .8667198E;(1,1) = 1.000043 E; (100 1) = 2.5366966 These
values agree with the computed values obtained in [7].

2. In Figures 1 and 2 we plot the graphs of the functi@is) andR(r) for fixed
value ofA = 100but for different vortex numbens=1, 2, 3.
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Figure 2:S(r) forn=1,2,3 and forA = 100

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]
[9]

[10]

M. Berger, Y. ChenSymmetric vortices for the Ginzburg-Landau equations of
super conductivityd. Functional Analysis 82 (1989), 259-295

E. Bogomolnyi,The stability of classical solutionSov. J. Nucl. Phys. 24 (1976),
449-454

E. Bogomolnyi and A. VainshteirStability of strings in gauge Abelian thegry
Sov. J. Nucl. Phys. 23 (1976), 588-591

E. Bogomolnyi and M. MarionovCalculation of the monopole mass in gauge
theory, Sov. J. Nucl. Phys. 23 (1976), 676-680

Q. Du, M. Gunzburger, J. Petersdimalysis and approximation of the Ginzburg-
Landau model of superconductivitgIAM Rev. 34(1)(1992) 54-81

S. Gustafson, .M. Sigdlhe stability of magnetic vorticeSomm. Math. Phys.
212 (2000) 257-275

L. Jacobs, C. Rebbinteraction energy of super conductivity vortic&hys. Rev.
B19 (1979) 4486-4494

A. Jaffe, C. Taubes/ortices and Monopole8irthauser (1980)

S. Y. Lin, Y. Yang, Computation of superconductivity in thin film& Comput.
Phys. 89(2) (1990), 257-275

K. Moriarty, E. Myers, C. RebbiDynamical interaction of superconducting flux
vortices J. Comp. phys. 81 (1989), 481-488



158 M. Affouf

[11] F. OdehEXxistence and bifurcation theorem for the Ginzburg-Landau equatibns
Math. Phys. 8 (1967), 2351-2356

[12] J. Shatah, M. Struwé)ell-posedness in the energy space for semilinear wave
equations with critical growthinternat. Math. Res. Notices no(7) (1994)

[13] J. Shatah, M. Struwe(Geometric wave equation&ourant Lect. Notes no(2)
(1998)

[14] 't Hooft, Magnetic monopoles in unified gauge theoyidsicl. Phys.B79, (1974),
276-283

[15] M. Tinkham,Introduction to SuperconductivitiicGraw-Hill (1975)



