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Abstract

The motion of gradient flows approach is used to study the multivortex solu-
tion of the Ginzburg-Landau equations of superconductivity. The static magnetic
vortices of any multiplicity and any critical value are computed.
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1. Introduction

We construct a numerical algorithm to compute the static vortices solution of the 2-D
radially symmetric Ginzburg-Landau equations. This algorithm is based on implement-
ing the gradient flow and a transformation that reduces the order of the solution at the
center of the vortex. This allows us to construct a finite difference scheme to compute
the solution, with any desired degree of accuracy, while conserving the energy. First,
we derive the equations of vortices and their boundary conditions. Second, we intro-
duce the transformation (reduction transformation) and use the gradient flow approach
to derive the equation of motion. Finally, we introduce the finite difference scheme and
numerical results.

As a historical remark, we point out that the first attempt to compute the vortices
were performed by Bogomolnyi and Vainshtein [3], by integrating the system (7) us-
ing a quasilinearization approach (Newton’s method) and iterating until the difference
between computed energies are acceptable.
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Another approach was introduced by Jacobs and Rebbi [7]. They used variational
approximations of the functionsS(r) andR(r) in the form of polynomials of order10
and then solved for their coefficients. They also computed the corresponding energy
levels for various values ofλ andn.

1.1. The Vortex Solution

It is known that the equilibrium state of certain types of superconductors is a mul-
tivortex configuration. These vortices (solitons) are important in elementary-particle
physics, where they are defined as solutions of the Abelian Higgs model describing the
interaction of a matter field with an Abelian gauge field. This model is similar to the
Ginzburg-Landau macroscopic theory of superconductivity. In this theory, the matter
field is described by a complex valued scalar functionφ = φ1+ iφ2 such that|φ |2 = φ φ
is proportional to the density of the superconducting electrons. The (1-form) electro-
magnetic potentialA is an Abelian gauge field [15]. The interaction between the matter
field and the electromagnetic field is taken into account when we consider the covariant
derivative ( D) of the scalar field (weak coupling). That is, the covariant derivativeDφ
is given by

Dkφ = (∂k− iAk)φ , k = 0, 1, 2

where the index 0 represents the time component. Landau and Ginzburg proposed that
the free energy density can be expanded in powers of|φ | and its derivatives. Taking into
account the thermodynamic phase transitions and after scaling the free energyehas the
form

e=
1
2
|Dφ |2 +

λ
8

(|φ |2−1)2 (1)

whereλ is the Ginzburg-Landau parameter proportional to the temperature. Forλ < 1
equation (1) describes the free energy of type I superconductors which are characterized
by vanishing of the magnetic field in the superconducting state. Forλ > 1 equation
(1) describes the free energy of type II supercomputers, for which the magnetic flux
penetrates the superconducting state in tubes. We use the notation|K|2 for Ki ·K i , where
· is a gauge invariant scalar product given byA ·B = AB, repeated indices indicate
summation. Adding the free energy density to the electromagnetic field we obtain the
Ginzburg-Landau free energy

e=
1
2
|F |2 +

1
2
|Dφ |2 +

λ
8

(|φ |2−1)2

whereF is the electromagnetic tensor defined by

F = Fi j = DiA j −D jAi = ∂iA j −∂ jAi (2)

=




0 E1 E2

−E1 0, −B3

−E2 B3 0






Numerical Algorithm to Compute the Static Magnetic Vortices 151

Note that the potential functionV = λ
8 (|φ |2− 1)2 has minima at|φ | = 1. States

for which |φ | ≈ 1 correspond to superconductors, while states for which|φ | ≈ 0 cor-
respond to normal metal. The quantized property of the magnetic flux penetrating the
superconductors is given by the integral formula

∫

R2

F12dxdy=
∫

R2

B3dxdy= 2πn

wheren is the winding number (an integer) of the vortex (tube) around its axis of sym-
metry. Thus, the vortices are the two-dimensional cross section of the magnetic flux, and
they are similarity solutions of a particular ansatz of the Ginzburg-Landau equations.

The Ginzburg-Landau equations can be derived from the following two-dimensional,
Abelian Higgs Lagrangian

L =
1
2
(η i j ηmnFim ·Fjn−ηklDkφ ·Dl φ +

λ
4

(φ φ −1)2) (3)

whereη i j is the Minkowski metric, given in cartesian coordinates bydiag(−,+,+).
The Euler-Lagrange equations for this Lagrangian are

∂iFjk +∂ jFk j +∂kFi j = 0

∂iF
i j = Im(φD jφ) (4)

DkDkφ =
λ
2

r(|φ |2−1)φ

The static vortices [1] are the time independent solutions of (4) which are rotation-
ally symmetric functions of the following form

At = 0, Ar = 0, Aθ = S(r), φ = einθ R(r) (5)

Substituting these functions in (3), we obtain the Lagrangian

L(R,Rr ,S,Sr) = π
∞∫

0

[(
Sr

r

)2

+(Rr)2 +
1
r2(S−n)2R2 +

λ
4

(1−R2)2)

]
rdr (6)

From (6) we derive the following coupled ordinary differential equations

Srr − 1
r

Sr − (S−n)R2 = 0

Rrr +
1
r

Rr − 1
r2(S−n)2R− λ

2
(R2−1)R= 0. (7)

The functionsS(r) andR(r) must satisfy the boundary conditions:

R(0) = 0 S(0) = 0

R(r)→ 1 S(r)→ n asr → ∞ (8)
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The conditions (8) are consequence of the symmetry and the continuity ofS(r) and
R(r) at the center of the vortex. The asymptotic behavior of these functions can be de-
scribed by expanding their Taylor’s series aroundr = 0 and atr →∞, using the assump-
tion that the magnetic field is zero in the superconducting state. The asymptotic limits
of the functionsS(r) andR(r) with multiplicity n and critical valueλ are described in
Tinkham [15] as follows:

S(r) = O(r2) for r → 0

R(r) = O(rn) for r → 0

S(r) = n+O(e−r) for r → ∞
R(r) = 1+O(e−λ r) for r → ∞

Additional properties ofS(r) andR(r) have been shown by Berger and Chen [1].

Remark 1 For decreased values ofλ , the corresponding energy values require an in-
creasing domain.

Remark 2 Asn increases the functionR(r) approaches zero in the orderrn asr → 0.

In this paper we introduce an efficient numerical method for solving the system of dif-
ferential equations (7). Our approach is based first on the transformationS(r) = rσ(r)
and on minimizing the energy functional using finite difference scheme.

2. Numerical Algorithm

We work with the gradient flow frame work, since it is known [1] that solutions of
system (7) are minima of the energy (6). Also, in order to construct efficient numerical
scheme we apply an intermediate substitution. This approach is described as follows

2.1. Reduction Transformation

The functionS(r) approaches zero in the order ofr2, so we reduce the order ofS(r) by
one using the transformation

S(r) = rσ(r) (9)

with the corresponding boundary conditions

σ(0) = σ(∞) = 0 (10)
∞∫

0

∂r(σ2)dr = σ2|∞0 = 0

Substitution (9) is essential for the stability of the proposed discretization scheme to
solve the system of equations (7). Using the substitution (9) and the identity

(∂rS)2 = σ2 +2rσσr + r2σ2
r (11)
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in the Lagrangian (6) we obtain

L(R,Rr ,σ ,σr) = π
∞∫

0

[r(σ2
r +R2

r )+
σ2

r
+2σσr

+
1
r
(rσ −n)2R2 +

λ
4

(R2−1)2r]dr (12)

next we use the gradient flow approach

(Rt ,σt) = δL(R,σ)(R,Rr ,σ ,σr)

to derive the variational equations

σt = rσrr +σr − σ
r
− (rσ −n)R2

Rt = rRrr +Rr − 1
r
(rσ −n)2R− r

λ
2

(R3−R) (13)

2.2. Energy Discretization

We discretize the line of integration uniformly with step sizeh on a finite interval[0,H],
with H chosen such thatmax(e−H ,e−λH) is small enough to insure that the solutions
R(r) andσ(r) attain their asymptotic limit atH. Let σi andRi denote the value of these
functions atr i = ih. We start with this particular discretization of the Lagrangian (12),
because the conservation of energy is important in the dynamics of vortex interaction

L(R,σ) = π ∑
i

[(
r i+1 + r i

2

)((
σi+1−σi

h

)2(
Ri+1−Ri

h

)2
)

+ 2σi
σi+1−σi

h
+

σ2
i

r i
+

1
r i

(r iσi−n)2R2
i +

λ
4

r i(R2
i −1)2

]
(14)

Proposition 1 The finite difference variations ofL(Ri ,σi) with respect toRi andσi are
consistent with the coupled system of differential equations (13) with order of accuracy
0(h2).

Proof: We take the first finite variation ofL with respect toσi that is

δLσi = π ∑
i

[(
r i+1 + r i

2

)
1
h2(2(σi+1−σi)(δσi+1−δσi)+

2
r i

σiδσi

+
2
r i

(r iσi−n)r iδσi ·R2
i

]
h
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Denote the last two terms byGiδσi and rearrange the terms as follows

δLσi = π ∑
i

[
r i+1 + r i

h2 (σi+1−σi)δσi+1− (r i+1 + r i)
h2 · (σi+1−σi)δσi +Giδσi

]
h

= π ∑
i

[
r i + r i−1

h2 (σi−σi−1)δσi− (r i+1 + r i)
h2 (σi+1−σi)δσi +Giδσi

]
h

= πh∑
i
(
(2r i−h)

h2 (σi−σi−1)− (2r i +h)
h2 (σi+1−σi)+Gi)δσi

Finally we obtain

δLσi = 2πh∑
i

[
−r i(σi+1−2σi +σi−1)

h2 − σi+1−σi−1

2h
+

σi

r i
+(r iσi−n)R2

i

]
δσi

A similar computation with respect toRi yields

δLRi = 2πh∑
i

[
− r i

Ri+1−2Ri +Ri−1

h2 − Ri+1−Ri−1

2h

+
1
r i

(r iσi−n)2Ri +
λ
2

r i(R3
i −Ri)

]
δRi

We obtain the finite difference equations by imposingδLσi = 0, for all δσi , and
δLRi = 0, for all δRi . •
2.3. Implicit Difference Schemes

We point out that the energy functionalL(R,Rr ,σ ,σr) is positive definite and it has
unique minimum [1]. This minimum is the stationary limit of the nonlinear parabolic
system of equations

d
dt

σ =−δLσ

d
dt

R =−δLR (15)

Having already introduced a second order approximation to the right hand side of (15),
the functionsR(r) andσ(r) are the evolution limits of the following implicit scheme

σn+1
m −σn

m

∆t
=

rm

h2 (σn+1
m+1−2σn+1

m +σn+1
m−1)+Gσ (σn,Rn)

Rn+1
m −Rn

m

∆t
=

rm

h2 (Rn+1
m+1−2Rn+1

m +Rn+1
m−1)+GR(σn,Rn) (16)

whereσn
m = σ(n∆t,mh), Rn

m = R(n∆t,mh), andGσ and GR are nonlinear remaining
terms fromLσ andLR evaluated at time stepn∆t.
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Proposition 2 The implicit scheme (16) is unconditionally stable and of orderO(∆t)+
O(h2).

Proof: We linearize the equations (16) and apply the Fourier transform by replacingσn
m

andRn
m by ξ neimβh to obtain

ξ =
1

1+4rmαsin2(βh/2)

For all values ofα = ∆t
h2 , clearly the magnitude|ξ | ≤ 1 which implies the unconditional

linearized stability. We observe that the lower order terms in (6) are divided by the
variabler which imposes certain restrictions on time steps∆t. To resolve this restriction
we construct a second implicit scheme of higher orderO(∆t2)+O(h2):

3σn+1
m −2σn

m

2∆t
− 2σn

m−σn−1
m

2∆t
= rm

σn+1
m+1−2σn+1

m +σn+1
m−1

h2 +Gσ (σn,Rn) (17)

3Rn+1
m −2Rn

m

2∆t
− 2Rn

m−Rn−1
m

2∆t
= rm

Rn+1
m+1−2Rn+1

m +Rn+1
m−1

h2 +GR(σn,Rn) (18)

By using similar substitution in the linearized equations of (17) and (18) we obtain

(3+4αrmsin2(βh/2))ξ 2−4ξ +1 = 0

for both equations. Solving forξ we get

ξ =
2∓

√
1−4αrmsin2(βh/2)

2+1+4αrmsin2(βh/2)
=

2∓√1−w
2+1+w

If 1−w is nonnegative, then we have

|ξ | ≤ 2∓√1−w
2+1+w

≤ 1

if 1−w is negative, then

ξ =
2∓ i

√
w−1

2+w+1
for which

|ξ |2 = (
2

2+w+1
)2 +

w−1
(2+w+1)2 =

4+w−1
(2+w+1)2 ≤ 1

Thus for any value ofα or β both roots are bounded by 1. This proves the unconditional
stability of (17)•

In both schemes, the discretized approximations lead to tridiagonal system of equa-
tions with variable entries depending on the distancerm from the center of the vortex.
These equations are solved by standard techniques. We terminate the iteration process
whenever the difference between consecutive energy values becomes smaller than a
preassigned number. For example, whenh = 0.01, we terminate the iterations when the
difference is less than10−8, that is

|L(σn+1,Rn+1)−L(σn,Rn)|< 10−8
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Figure 1:R(r) for n = 1,2,3 and forλ = 100

3. Numerical Results

We present two examples obtained by the method just described.

1. For various values ofλ = .5,1,100 and vortex numbern = 1, we compute the
energy value on the interval[0,20] using (14) for which we have the following
valuesEi(.5,1) = .8667198,Ei(1,1) = 1.000043, Ei(100,1) = 2.5366966. These
values agree with the computed values obtained in [7].

2. In Figures 1 and 2 we plot the graphs of the functionsS(r) andR(r) for fixed
value ofλ = 100but for different vortex numbersn = 1, 2, 3.
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Figure 2:S(r) forn = 1,2,3 and forλ = 100
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