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In this paper, we present a fairly large number of parametric duality results
under various generalized (a, 7, p)-V-invexity assumptions for a semiinfinite
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1. Introduction

In this paper, we construct several parametric duality models and establish nu-
merous duality results under various generalized (a, 7, p)-V-invexity assumptions for
the following semiinfinite discrete minmax fractional programming problem:

(P) Minimize max filz)
1<i<p gi(x)

subject to
Gi(x,t) <0 forallt €T, je€q,

Hi(z,s) =0 forall s € Sy, ker,
r e R,
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where p, q, and r are positive integers, R™ is the n-dimensional Euclidean space, for
each j € ¢ ={1,2,...,q} and k € r, T; and Sy are compact subsets of complete
metric spaces, for each i € p, f; and g¢; are real-valued functions defined on R”,
for each j € ¢, G,(-,t) is a real-valued function defined on R" for all ¢ € T}, for
each k € r, Hy(-,s) is a real-valued function defined on R™ for all s € Sy, for each
jeqand k e€r, G;j(z, ) and Hy(z,-) are continuous real-valued functions defined,
respectively, on Tj and Sy for all z € R", and for each i € p, g;(z) > 0 for all =
satisfying the constraints of (P). -

Nonlinear programming problems like (P) but with a finite number of constraints,
that is, when the functions G; are independent of ¢, and the functions Hj, are inde-
pendent of s, are known in the literature of mathematical programming as general-
ized fractional programming problems. Due to their generality (they contain the stan-
dard types of nonlinear programming problems, namely, problems with fractional,
discrete max, and conventional objective functions, as special cases), mathematical
tractability (they can be reformulated as parametric problems having nonfractional
conventional objective functions), and modeling capabilities (they have been used as
meaningful models in certain areas of economics, financial planning, multiobjective
decision theory, and facility location problems), these problems have been the sub-
ject of intense investigations in the past two decades. For a fairly extensive list of
references dealing with various aspects of generalized fractional programming, the
reader is referred to [32].

A mathematical programming problem with a finite number of variables and
infinitely many constraints is called a semiinfinite programming problem. Problems
of this type have been utilized for the modeling and analysis of a staggering array
of theoretical as well as concrete, real-world, practical problems. More specifically,
semiinfinite programming concepts and techniques have found relevance and applica-
tions in approximation theory, statistics, game theory, engineering design (design of
earthquake-resistant structures, design of control systems, digital filters, electronic
circuits, etc.), boundary value problems, defect minimization for operator equations,
geometry, random graphs, graphs related to Newton flows, wavelet analysis, reliabil-
ity testing, environmental protection planning, decision making under uncertainty,
semidefinite programming, geometric programming, disjunctive programming, op-
timal control problems, robotics, and continuum mechanics, among others. For a
wealth of information pertaining to various aspects of semiinfinite programming, in-
cluding areas of applications, optimality conditions, duality relations, and numerical
algorithms, the reader is referred to [2, 5, 6, 9 - 13, 16 - 19, 28, 30]. From these
and other related sources one can easily see that the two important trends, namely,
the ubiquity of duality theories and generalized convexity concepts that have been
playing significant roles in the evolution of optimization theory and methodology
in general and in nonlinear programming in particular are conspicuously missing
in the area of semiinfinite nonlinear programming. In fact, at present there are no
publications dealing with nonlinear semiinfinite programming that make substantial
use of any class of generalized convex functions in establishing sufficient optimality
conditions or duality results. In particular, no sufficiency criteria or duality rela-
tions based on generalized convexity concepts have been investigated in the related
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literature for any kind of semiinfinite minmax programming problems.

In this paper we shall establish several parametric duality results for (P) under a
variety of generalized (a, 7, p)-V-invexity assumptions. The nonparametric counter-
parts of these results are presented in [33], and their relevance to sufficient optimality
conditions in semiinfinite discrete minmax fractional programming is discussed in
[34].

The rest of this paper is organized as follows. In Section 2, we present a number of
definitions and auxiliary results which will be needed in the sequel. In Section 3, we
consider two duality models with somewhat limited constraint structures, and prove
weak, strong, and strict converse duality theorems under two sets of conditions. In
Section 4, we formulate another two duality models with much more flexible con-
straint structures which allow for a greater variety of generalized (o, 1, p)-V-invexity
hypotheses under which duality can be established. We continue our discussion of
duality in Section 5 where we use a certain partitioning scheme and construct two
generalized duality models and obtain several duality results under various general-
ized (a,m, p)-V-invexity assumptions. Finally, in Section 6 we summarize our main
results and also point out some further research opportunities arising from certain
modifications of the principal problem model considered in this paper.

Evidently, all the duality results established in this paper can easily be modified
and restated for each one of the following seven classes of nonlinear programming
problems, which are particular cases of (P):

(P1)  Minimize 217,

z€F gl(l’)’
(P2) MH;IE%HZG max fiz);
(P3) Minir}gize fi(z),
zE

where F (assumed to be nonempty) is the feasible set of (P), that is,

F={zeR":Gj(x,t) <0 forallt €T}, j € g,
Hy(z,s) =0forall s € S, ker};

(P4) Minimize max fi(z)
1=i<p gi()

subject to

Gi(z) <0, jegq, Hy(z)=0, ker, zeR"

where f; and g;, i € p, are as defined in the description of (P), G;, j € ¢, and

Hy, k € r, are real-valued functions defined on R”, and for each i € p, the denomi-
nators of the objective function of (P4) are positive for all feasible solutions;

(P5) Migie%lize %;
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(P6) Minimize max f;(x);

zeG 1<i<p

(PT7) Mini%ize fi(z),
fAS
where G (assumed to be nonempty) is the feasible set of (P4), that is,
G:{xER”:éj(x)go,jEQ, Hy(z) =0, ker}.

Since in most cases these results can easily be altered and rephrased for each one
of the above seven problems, we shall not state them explicitly.

2. Preliminaries

In this section we recall, for convenience of reference, the definitions of certain
classes of generalized convex functions which will be needed in the sequel. We begin
by defining an invex function, which has been instrumental in creating a vast array
of interesting and important classes of generalized convex functions.

DEFINITION 0.1. Let f be a real-valued differentiable function defined on R".
Then f is said to be n-invex at y if there exists a function n: R™ x R® — R" such
that for each x € R™,

f@) = fly) =2 (VI (), n(z,y)),
where V f(y) = (0f(y)/0y1,0f (y)/Oya, . ..,0f(y)/Oyn) is the gradient of f aty, and

(a,b) denotes the inner product of the vectors a and b; f is said to be n-invex on R"
if the above inequality holds for all x,y € R".

From this definition it is clear that every real-valued differentiable convex func-
tion is invex with n(x, y) = x—y. This generalization of the concept of convexity was
originally proposed by Hanson [14] who showed that for a nonlinear programming
problem of the form

Minimize f(x) subject to g¢;(x) <0, i€ m, x€R",

where the differentiable functions f,g; : R® — R, ¢ € m, are invex with respect to
the same function n : R x R” — R", the Karush-Kuhn-Tucker necessary optimality
conditions are also sufficient. The term invex (for invariant conver) was coined by
Craven [3] to signify the fact that the invexity property, unlike convexity, remains
invariant under bijective coordinate transformations.

In a similar manner, one can readily define n-pseudoinvex and n-quasiinvex func-
tions as generalizations of differentiable pseudoconvex and quasiconvex functions.

The notion of invexity has been generalized in several directions. For our present
purposes, we shall need a simple extension of invexity, namely, p-invexity which was
originally defined in [20].

Let h be a differentiable real-valued function defined on R".

DEFINITION 0.2. The function h is said to be (strictly) (n, p)-invex at x* if there
exists a function n: R™ x R — R" and p € R such that for each x € R",

h(x) — h(z")(>) = (VR(z"),n(z, 2%)) + pllw — 2"]]*.
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DEFINITION 0.3. The function h is said to be (strictly) (n, p)-pseudoinvex at
x* € R"™ if there exists a function n: R* x R" — R™ and p € R such that for each
x € R" (x # z%),

(Vh(z"),n(z,2")) = —pllz — 2"|* = h(z)(>) > h(z").

DEFINITION 0.4. The function h is said to be (prestrictly) (n, p)-quasiinvex at
x* € R™ if there exists a function n: R™ x R" — R"™ and p € R such that for each
r € R",

h(z)(<) < h(z") = (Vh(z"),n(z,2%)) < —pllz — 27|

From the above definitions it is clear that if h is (7, p)-invex at =*, then it is both
(n, p)-pseudoinvex and (7, p)-quasiinvex at x*, if h is (1, p)-quasiinvex at x*, then
it is prestrictly (7, p)-quasiinvex at z*, and if h is strictly (7, p)-pseudoinvex at x*,
then it is (1, p)-quasiinvex at x*.

Let the function F = (Fy, Fy, ..., Fy) : R® — RY be differentiable at z*. The
following generalizations of the notions of invexity, pseudoinvexity, and quasiinvexity
for vector-valued functions were originally proposed in [21].

DEFINITION 0.5. The function F is said to be (strictly) (a,n, p)-V-invex at z*
if there exist functions n : R" x R" — R™ and «; : R™ x R" — R, \{0} = (0, 00),
and p; € R, i € N, such that for each x € R® and 1 € N,

Fi(x) = Fi(2") (>) 2 (ai(z, 2")VE(2"),n(w,2%)) + pillw — 27|,
DEFINITION 0.6. The function F is said to be (strictly) (8,n, p)-V-pseudoinvex
at z* if there exist functions n: R™ x R™ — R" and §; : R x R® — R, \{0}, i € N,
and p € R such that for each x € R" (v # z*),

N

<ZVFi(IE*),77($,:17*)> > —pllz — 2|2 =
> Gi(w ) E(2)(>) = 3 Bilw, ") Fi(a").

DEFINITION 0.7. The function F' is said to be (prestrictly) (v, n, p)-V-quasiinvex
at o* if there exist functions n: R" x R™ — R™ and ; : R x R" — R, \{0}, i € N,
and p € R such that for each x € R™,

> ilaa)E)(<) € Y ulrat) Rl =
<ZVF1<CU*),T](JI,[E*)> < _ﬁHx _ ‘T*HQ

=1
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In contrast to the case of (1, p)-invex, (1, p)-pseudoinvex, and (7, p)-quasiinvex
functions, the relationships among the three classes of functions specified in Defini-
tions 0.5 - 0.7 are not immediately obvious. However, the underlying relationships
can be determined by appropriate choices of the functions «;, §;, and v;, i € N, and
the real numbers p;, i € N, p, and p. Indeed, it is easily seen that an («,n, p)-V-
invex function is both (3,7, p)-V-pseudoinvex and (v, n, p)-V-quasiinvex if we choose
vi=Bi=1/as, i€ N,and p=p =SV, 5/

In the proofs of the duality theorems, sometimes it may be more convenient
to use certain alternative but equivalent forms of the above definitions. These are
obtained by considering the contrapositive statements. For example, (3,7, p)-V-
pseudoinvexity can be defined in the following equivalent way:

The function F' is said to be (3,1, p)-V-pseudoinvez at x* if there exist functions
n:R*"xR" — R" and §; : R* x R* — R \{0}, i € N, and p € R such that for
each xr € R",

> Bt Ex) < 3 i,V E(e) = (3D V) n(w, ) < —plle—a’|

Apparently, the primary motivation for introducing the notion of V-invexity was
to relax the rather stringent requirement that in an invex programming problem the
invexity property be satisfied for both the objective function and the constraints
for the same kernel function 7. It was demonstrated in [21] that this improvement
enables one to investigate the optimality and duality aspects of a number of math-
ematical programming problems, including pseudolinear multiobjective problems
and certain types of multiobjective fractional programming problems, in a unified
framework.

The concept of p-invexity has been extended in many directions, and various
types of generalized p-invex functions have been utilized for establishing a wide
range of sufficient optimality criteria and duality relations for several classes of
nonlinear programming problems. For more information about invex functions, the
reader may consult [1, 3, 7, 8, 15, 20, 23, 24, 26, 29|, and for recent surveys of these
and related functions, the reader is referred to [22, 27].

We conclude this section by recalling a necessary optimality result for (P) which
was established in [35] by employing a Dinkelbach-type [4] indirect approach and uti-
lizing the necessary optimality conditions given in [6] for a semiinfinite programming
problem. The contents and style of this result will serve as our guide in this paper
for constructing several parametric duality models for (P) and proving appropriate
duality theorems.

THEOREM 0.1. [85] Let z* € F, let the functions f; and g;, i € p, be continuously
differentiable at x*, for each j € q, let Gj(z,t) be differentiable, its partial derivatives
be continuous jointly in z and t, and for each k € r, let the function Hy(-,s) be
linear for all s € Sy. If x* is an optimal solution of (P) and if either one of the two
constraint qualifications specified in [6] holds at x*, then there exist \* € R, u* €
U={ueR:u>0, 3" u =1} and integers vy and v, with 0 < vy < v < mn,
such that there exist vy indices Jp,, with 1 < j,, < q, together with vy points t™ €
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T, (z*) = {t €T, : Gy (z*,t) =0}, m € vy, vV — 1y indices ky, with 1 < k,, <,
together with v — vy points s™ € Sy, for m € v\w, and v real numbers vy, with
vy, > 0 for m € vy, with the property that

v

p
Z ui [V fi(x*) — NV (2")] + Z v, VG, (2%, t™) + Z vy VHy, (2%,s™) =0,
— m=1 m=vgp+1

up[fi(z") — Ngi(z")] =0, i€p.

For brevity, we shall henceforth call = a normal feasible solution if = satisfies all
the constraints of (P) and either one of the two constraint qualifications given in [6]
holds at z.

We notice that in the above theorem, it is assumed that for each £ € r, the
function Hg(-,s) is linear for all s € Si. Of course, this restriction is imposed
by Theorem 0.1, which is used in the proofs of strong and strict converse duality
theorems. However, for establishing weak duality results for (P), it is not necessary
to require that Hj(-,s) be linear. Therefore, in the statements of weak duality
theorems, we shall only assume that for each k € r, Hg(-,s) is differentiable.

3. Duality Model I

In this section, we consider a dual problem with a relatively simple constraint struc-
ture and prove weak, strong, and strict converse duality theorems under (o, 7, p)-
V-invexity conditions. More general duality models for (P) will be discussed in
subsequent sections.

Let

H= {(y,u,v,)\,u,yo,J,,O,K,,\,,O,E,E) yERM uelU; NeRy; 0<yy <v<n;
(NS le?’l}i > 07 1 S Z S ; Jl/() = (j17j27 s 7j1/0)a 1 S ]7, S q; Kll\l/o = (kljo-i—l)' . 'akV)a
1<k <rt=@{"1. . )t el s=(s"" ... 55 ¢ Sk}
Consider the following two problems:

(DI) sup A

(y,u,v,)\,u,uo 7JV0 7Kl/\l/0 7£7§)€H

subject to
p
> wlVfi(y) — AVaily +vav03m<y,tm>
=1 m=1

+ > v VH,(y.s™) =0, (0.1)

m=vg+1

wilfi(y) — Agi(y +va i (Y, 1) + Z U Hy,, (y,8™) 20, i €p;  (0.2)

m=vg+1
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(DI) sup A

(yvuvv’Azl/vVO?JVO’Ku\uo 7£»§)€H

subject to  (0.2) and

< Z ui[Vfi(y) = AVagi(y)] + ZO omV G, (y, t™)

+ Z v VHy, (y,s™), n(x,y)> >0 forallz e F, (0.3)

m=vg+1

where 7 is a function from R™ x R™ to R™. .

The structures of the two problems designated above as (DI) and (DI), which
can be proved under appropriate (a, 1, p)-V-invexity hypotheses to be dual problems
for (P), are based directly on the form and contents of the necessary optimality
conditions of Theorem 0.1. This is, of course, the standard method for constructing
Wolfe-type dual problems. Comparing (D) and (DI), we see that (DI) is relatively
more general than (DI) in the sense that any feasible solution of (DI) is also feasible
for (DI), but the converse is not necessarily true. Furthermore, we observe that
(0.1) is a system of n equations, whereas (0.3) is a single inequality. Clearly, from a
computational point of view, (DI) is preferable to (DI) because of the dependence
of (0.3) on the feasible set of (P). Despite these apparent differences, it turns out
that the statements and proofs of all the duality theorems for (P) - (DI) and (P) -
(DI) are almost identical and, therefore, we shall consider only the pair (P) - (DI).

In the sequel, we shall make frequent use of the following auxiliary result which
provides an alternative expression for the objective function of (P); its proof is
straightforward and hence omitted.

LEMMA 0.1. For each x € R",
fi(x) v fi(x)

P = R ) N B wao)

The next two theorems show that (DI) is a dual problem for (P).

THEOREM 0.2. Let z and (y,u, v, \, v, vy, Juy, Ko\, T, 5) be arbitrary feasible so-
lutions of (P) and (DI), respectively, and assume that either one of the following
two sets of hypotheses is satisfied:

(a) (i) (fi,..., fp) is (0,n,p)-V-invex at y;
(1) (—g1,...,—9gp) s (&, 1, p)-V-invez at y;
(iii) (1Gy (1), 0 G, (1)) s (w1, p)-V-invex at y;

(ZU) (UV0+1H’€VO+1('7 SVOJFI)» s 7UVH’€V('7 Sy)) is (57 7, ﬁ)-V—invez at y;
(v) ;=& =m =0 =0 foralli, j €p,k € vy, and | € v\vy;
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(UZ) Zz 1 uz(pz + )\pz) + Zm 1 Pm + ZZ%:V0+1 Pm > 0;

(b) (i) (Li(-,u,0, M6, 5), ..., Ly(-,u,v,\, 8, 8)) is (6,1,0)- V-pseudoinvex at y, where

Li(z,u,v, A\, t,5) = u; | fi(2) — Agi(z —i—va G, (z,t™)

+ Z U Hy, (z,8™)|, 1€ p.

m=vg9+1

Then @(x) > A.

Proof. (a): Keeping in mind that v > 0 and A > 0, we have
Zuz{[fz(m) — Agi(2)] = [fi(y) — Ags(y)]}
- Zuz{fz i)~ Mail) — u(w)])

Zzui[a(w,yﬂvfi() AVgi(y), n(z,y))

=1

+(pi+ Api)llz =y’ (by (i), (ii), and (v))

12 v

= —o(x, y)< Z v, VG, (y, 1) + Z vV Hg, (v, sm),n(x,y)>

m=1 m=vg9+1

p

+) uilpi+ Mgi)llx — yl* (by (0.1))
=1

Vo v

Z /Um[G]m (y’ tm) - Gjm (I7 tm)] + Z vakm (y’ Sm)

m=rp+1

[Zuz (s + A1) +zpm > ullo—ol?

m=vg+1

3

by (iii), (iv), (v) and prlmal feasibility of x)

> v G, (Y, ) + Z U Hy,, (y,s™) ( by (vi) and primal feasibility of x).

m=vgp+1

AN
=}

3

Therefore, in view of (0.2), we have

P

S ulilw) = Agiw)] > 0. (0.4)

=1
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Now using (0.4) and Lemma 0.1, we see that

QO(ZE) max Zp 1 zfz(x) i= 1szz(x) >\

iU SP digi(z) T Z uigi(r) —

(b): By our (6,n,0)-V-pseudoinvexity assumption, (0.1) implies that

p
Zei(m,y){ui[ﬁ( — Agi(x +va (@, ) + Z U Hy,, (2, s )}
=1 m=vo+1
p
> Z x,y {Uz[fz( )‘gz + va Jm y>tm Z UmHkm(y’ Sm)}

m=vgp+1

Because of (0.2), the right-hand side of this inequality is greater than or equal to
zero, and so we have that

p v
Z@i(x,y){ui[fi — Agi(x)] + va (@, ) + Z vakm(x,sm)} > 0.
i=1

m=vp+1

But z € F and v,, > 0 for each m € vy, and hence the above inequality reduces to

> wbi(x,y)[fi(x) = Agi(x)] > 0. (0.5)
i=1
Using this inequality and Lemma 0.1, we see that
_ fiz) Oi(z,y)fi(z) .
o) = 1<Z<pg( ) 1<Z<pm (since 0;(x,y) >0, i € p)

0
e izt i@ y) fi(e
deU Zp di0;(z,y)g;(x
LY wb(a )
T i wibi(@,y)gi(w)
> A (by (0.5)).

Y
; (by Lemma 0.1)

]

THEOREM 0.3. (Strong Duality) Let * be a normal optimal solution of (P), let
the functions f; and g;,i € p, be continuously differentiable at x*, for each j € g,
let the function G;(z,t) be differentiable for all t € Tj, its partzal derivatives be
continuous jointly in z and t, and for each k € r, let the function Hy(-,s) be linear
for all s € Sy. Assume that for each feasible solution (y,u,v, \,v,vo, Juy, K\, t, 5)
of (DI), either one of the two sets of conditions specified in Theorem 0.2 is satisfied.
Then there exist u*,v*, \*, v* 15, Jus, Ky*\,,g,f*,E* such that (z*,u*,v*, \*, v*, U,
Juzs Koyevus, 1%,5%) is an optimal solution of (DI) and o(x*) = A\*.
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Proof. Since z* is a normal optimal solution of (P), by Theorem 0.1, there exist

* ok * ([ * * * Tk =% k% * * * ok
u, v, N (= p(a")), v, v5, g, Kpmug, t*, 8 such that (z%,u*, v*, X, v* g, Jue,

Ko\, 1%, 5°) is a feasible solution of (DI). Since ¢(z*) = \*, the optimality of
(z*,u*, v, N v g, Jugy Keg, T, %) for (DI) follows from Theorem 0.2. O

We also have the following converse duality result for (P) - (DI).

THEOREM 0.4. (Strict Converse Duality) Let x* be a normal optimal solution of
(P), let the functions f; and g;,i € p, be continuously differentiable at z*, for each
J € q, let the function G;(z,t) be differentiable for all t € T;, 1ts partial derivatives
be continuous jointly in z and t, for each k € r, let the function Hy(-,s) be linear for
all s € Sk, and let (f,ﬂ,ﬁ,;\, U, 0o, Joy, Ko, t,8) be an optimal solution of (DI).
Assume that either one of the following two sets of hypotheses is satisfied:

(a) The assumptions of part (a) of Theorem 0.2 are satisfied for the feasible solu-
tion (T, 4,0, \, 7, v, Jooy Kinses ,8) of (DI), (f1,-.., [p) is strictly (0,n, p)-V-
invex at T, or (—g1,...,—g,) is strictly (£, n, p)-V-invez at T, or (171Gj1(-,t~1),
oy UGy (- 17)) s strictly (m,m, p)-V-invex at &, or (Upg 1 H,, o, (- 8771,
5 Hy, (-, 37)) is strictly (6,n, p)-V-invex at &, or S0 @ (pi+-Nos)+> 00, VPt
> o1 Pm > 0.

(b) The function L(-,a,0, A, 2?, 3) is strictly (0,m,0)-V-pseudoinver at T.
Then & = a*, that is, & is an optimal solution of (P), and ¢(x*) = X.

Proof. (a): Suppose to the contrary that & # x*. By Theorem 0.1, there ex-
ist w*, v, N v*vg, Jue, Koo, B, 8% such that (2%, w*, v X 0%, u5, Jus, Koeye, B,
§*) is a feasible solution of (DI) and ¢(2*) = A*. Now proceeding as in the
proof of Theorem 0.2 (with = replaced by z* and (y,u,v, A, v, 10, Juy, K\, T, 5)
by (z, 4,7, \, 7, U, Jsos Kinso, t,5)) and using any of the conditions set forth above,
we arrive at the strict inequality

> alfile) = Agi(a)) > 0.

Using Lemma 0.1 and this inequality, as in the proof of Theorem 0.2, we obtain
o(x*) > A, which contradicts the fact that ¢(2*) = A* < A. Therefore, we conclude
that Z = z* and @(z*) = \.

(b): The proof is similar to that of part (a). O

4. Duality Model I1

In this section, we consider certain variants of (DI) and (DI) that allow for a greater
variety of generalized (a,n,p)-V-invexity conditions under which duality can be
established. These duality models have the following forms:
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(DII) sup A

(yvu’vy)‘vu’VO:Jvo7Ku\u07{7§)€H
subject to (0.1) and

uilfi(y) — Agi(y)] > 0, i€ p, 0.6
Gjm(Qatm) > 07 m eV, 0.7
UmHkm(yv Sm) Z 07 m & V\@) O 8

(DII) sup A

(y7u7v7A7V7VO7JV()7KV\u0 7t_7§)€H

subject to (0.3) and (0.6) - (0.8).

The remarks and observations made earlier about the relationships between (DI)
and (DI) are, of course, also valid for (DII) and (DII). Since the constraint in-
equalities of (DII) are formed by splitting the inequality (0.2) into three inequal-
ities (0.6), (0.7), and (0.8), it is clear that Theorems 0.2 - 0.4 are valid for the
pair (P) - (DII). Below, we shall establish some duality results in which various
generalized (a,n, p)-V-invexity requirements will be placed on the vector function
(&, A u), ..., E(-, A u)), where for each i € p, the component function &;(-, A, u)
is defined, for fixed A and u, on R™ by B

Eilz, N u) = ;[ fi(2) — Agi(2)].

THEOREM 0.5. Let x and (y, u, v, \, v, vy, Juy, Ki\uy, T, 5) be arbitrary feasible so-
lutions of (P) and (DII), respectively, and assume that any one of the following four
sets of hypotheses is satisfied:

(a) (i) (51(~,)\,u), o ,Ep(-,/\,u)) is (0,1, p)-V-pseudoinvex at y;
(it) (011G, (Y, .. vy Gy, () t)) is (m,n, p)-V-quasiinvez at y;
(iii) (Vypr1Hiyy oy (-8, 0y Hy, (-, 8Y)) is (6,1, p)-V-quasiinvex at y;
() p+p+p=0;

) (1) (&N w), ..., E(, A\ ) is prestrictly (6,n, p)-V-quasiinvez at y;
(ii) (011G}, (1Y), .. 0, Gy, (1)) is (m,1, p)-V-quasiinvez at y;
(iii) (UVOHHka(-, st v Hy, (4, 8)) ds (6,1, p)- V-quasiinvez at y;
(iv) p+p+p>0;

(c) (i) (51(~, ), Ep( A, u)) is prestrictly (6,n, p)-V-quasiinvez at y;
(i1) (lejl(-, th, ... s U G () t"o)) is strictly (m,n, p)-V-pseudoinvex at y;
(iii) (UVOHHkVOH('a st v Hy, (4, 8Y)) s (0,1, p)- V-quasiinves at y;
(iv) p+p+p>0;
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(d) (i) (51(~, ), E (A, u)) is prestrictly (6,n, p)-V-quasiinvex at y;
(it) (G (1), ... s U G () ")) is (m,n, p)- V-quasiinvez at y;
(iii) (Uuo+1HkV0+1('a sPOtY) v Hy, (4, 8Y)) s strictly (6,7, p)-V-pseudoinver
at y;
() p+p+p>0.
Then (x) > A.

Proof. (a): Because of (0.7) and primal feasibility of z, we have G;, (z,t™) < 0 <
G, (y,t™), and hence

Z VT (2, Y) Gy, (2, t7) < Z U T (2, )G, (Y, ),

m=1 m=1

which in view of (ii) implies that

(3 0nVGi ("), () ) < —plla— g (0.9

Similarly, we can show that our assumptions in (iii) combined with the primal fea-
sibility of z and (0.8) lead to the following inequality:

v

(X onVHL(s™)n,y) < —plle =yl (0.10)

m=vp+1

Now because of (0.9), (0.10), and (iv), (0.1) reduces to

(D ulVi) = AVl n.) = ~ple -yl

which in view of (i) implies that

> ulbi(x,y)[fi(x) = Agila >Zuz z,y)[fi(y) — Agi(y)] = 0,
=1

where the last inequality follows from (0.6). In the proof of part (b) of Theorem 0.2
it was shown that this inequality leads to the desired conclusion that p(z) > A.
(b) - (d): The proofs are similar to that of part (a). O

THEOREM 0.6. (Strong Duality) Let x* be a normal optimal solution of (P), let
the functions f; and g;,i € p, be continuously differentiable at z*, for each j € g,
let the function G;(z,t) be differentiable for all t € T;, ats partml derivatives be
continuous jointly m z and t, and for each k € r, let the function Hy (-, s) be linear
for all s € Sy. Assume that for each feasible solution (y,u,v, \, v, vy, Juy, K\, t, 5)
of (DII), any one of the four sets of conditions specified in Theorem 0.5 is satisfied.
Then there exist u*,v*, \*, v*, v, Ju, K,,*\l,g,f*,g* such that (z*,u*,v*, \*, v*, U,
gy Ky, 1°,5%) is an optimal solution of (DII) and p(z*) = \*.
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Proof. The proof is similar to that of Theorem 0.3. [
We also have the following converse duality result for (P) - (DII).

THEOREM 0.7. (Strict Converse Duality) Let x* be a normal optimal solution of
(P), let the functions f; and g;,i € p, be continuously differentiable at x*, for each
J € q, let the function G;(z,t) be differentiable for all t € T;, its partial derivatives
be continuous jointly in z and t, for each k € r, let the function Hy(-,s) be linear
for all s € Sy, and let © = (&, 4,0, \, 7, v, Jios Kingos t,3) be an optimal solution of
(DII). Assume that any one of the following four sets of hypotheses is satisfied:

(a) The assumptions specified in part (a) of Theorem 0.5 are satisfied for the fea-
sible solution w. Moreover, assume that (51(‘, ), .., E(s )\,ﬁ)) is strictly
(0,1, p)-V-pseudoinvex at T.

(b) The assumptions specified in part (b) of Theorem 0.5 are satisfied for the fea-
sible solution w. Moreover, assume that (81(-, M), . Ep( A, 12)) is (0,7, p)-
V-quasitnvex at T.

(¢) The assumptions specified in part (c) of Theorem 0.5 are satisfied for the fea-
sible solution w. Moreover, assume that (81(-, A, Ep( A, ﬂ)) is (0,m, p)-
V-quasiinver at .

(d) The assumptions specified in part (d) of Theorem 0.5 are satisfied for the fea-
sible solution w. Moreover, assume that (81(-, A, Ep( A, 12)) is (6,m,p)-
V-quasiinver at x.

Then & = a*, that is, & is an optimal solution of (P), and ¢(x*) = X.

Proof. The proof is similar to that of Theorem 0.4. m

5. Duality Model III

In this section, we discuss several families of duality results under various gen-
eralized (o, n, p)-V-invexity hypotheses imposed on certain vector functions whose
components are formed by considering different combinations of the problem func-
tions. This is accomplished by employing a certain type of partitioning scheme
which was originally proposed in [25] for the purpose of constructing generalized
dual problems for nonlinear programming problems. For this we need some addi-
tional notation.

Let vy and v be integers, with 1 < vy < v < n, and let {Jo, J1,...,Jy} and
{Ko, K1,..., Ky} be partitions of the sets vy and v\vy, respectively; thus, J; C vy
for each i € M U {0}, J;nJ; = 0 for each 4,57 € M U {0} with ¢ # j, and
UMy Ji = vp. Obviously, similar properties hold for {Ky, K1, ..., Ky }. Moreover,
if my and my are the numbers of the partitioning sets of vy and v\vy, respectively,
then M = max{my,ms} and J; = 0 or K; = () for i > min{mq, msy}.
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In addition, we use the real-valued functions ®;(-,u, v, A, t,5), i € p, and A-(-,v,, 5)
defined, for fixed u, v, A\, t = (¢}, ¢%,...,¢"), and § = (s"0T! T2 . s”) on R" as
follows:

D, (z,u,v,\,1,3) = u; [fl( — Agi(z Z v Gy, (2, 1™)

meJy
+ Z vakm(z,sm)], i €p,
meKy
A (z,0,t,8) = Z v Gy, (2, t™) + Z v Hy, (2,8™), 7€ M.
meJ, meK

Making use of the sets and functions defined above, we can state our general
duality models as follows:
(DIII) sup i A

(y’u7v:)‘7V7V07Jl/07Ku\u0’t7§)€H
subject to (0.1) and

£i) = Agiw) + ) oG (t™) + Y v Hy, (y,s™) >0, i€p,  (0.11)

meJy meKo
> oG, Wt + Y vmHy, (y,87) >0, T € M; (0.12)
meJr- meK
(DII) sup A

(Y,u,0,0,0,00,Ju , K\ 1 1,5) EH
subject to (0.3), (0.11), and (0.12). )
The remarks made earlier about the relationships between (DI) and (DI) are, of
course, also valid for (DIII) and (DIII).
The next two theorems show that (DIII) is a dual problem for (P).

THEOREM 0.8. Let x and (y,u, v, \, v, vy, Juy, Ki\uy, T, ) be arbitrary feasible so-
lutions of (P) and (DIII), respectively, and assume that any one of the following
three sets of hypotheses is satisfied:

(a) (i) (P1(,u,v,\,E,5), ..., ®p(-,u,v, N\, 1, 5)) is (6,n, p)-V-pseudoinvex at y;
(i) (Mi(-,v,t,5),...,Ap (-, 0,8, 5)) is (m,m, p)- V-quasiinver at y;
(iii) p+p = 0;
(b) (i) (P10 u, v, A\ L,8), ..., Py u, v, A, 1, 5)) is prestrictly (6,7, p)- V-quasiinvex
at y;
(i) (Mi(-,v,1,5),...,Am(-,0,8,5)) is (m,m, p)- V-quasiinvez at y;
(iii) p+p > 0;
(c) (i) (P10, u, v, A\ 1,8), ..., Py(-,u, v, A, 1, 5)) is prestrictly (6,7, p)- V-quasiinvex
at y;
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(it) (Ai(-,v,8,5), ..., Am (- 0,8, 8)) is strictly (7w, n, p)-V-pseudoinvez at y;
(iti) p+p = 0;

Then @(x) > A.

Proof. (a): Tt is clear that (0.1) can be expressed as follows:

p
Zui[Vfi( — AVyi(y Z v VG, (y, t") + Z v VHg, (y,s™)
i=1 meJy meKy
M
30 VGt + Y onVH, (5™ = 0. (0.13)
=1 meJ; meK,

Since z € F, v,, > 0, m € v, and (0.12) holds, it follows that for each 7 € M,

t.3) = Z UmGjm($,tm) + Z 'UmHkm(xvsm)

meJr meK,
<0< Z oG, (y, t™) + Z Um Hy,, (Y, s
med- meK
- AT(y? U? t_7 §)7
and hence
M M
> we(@y)An (v, 85) <z y) AL (y, v, 9),
T=1 T=1
which because of (ii) implies that
M
(X[ VG ™)+ Y vV, (9,5 ne.y)) < —pllz—yl?. (0.14)
=1 meJ, meK,

Combining (0.13) and (0.14), and using (iii) we get

=1

meJy

+ 7 onVH, (g 5™ nlw,y)) = plo = yl* = —plle g%, (0.15)

meKy

which by virtue of (i) implies that

ZQ x,y)Pi(x, u, v, \, T, 8) >Z€ z,y)Pi(y, u, v, \, £, 3). (0.16)

=1

Because z € F, v,,, > 0, m € 1y, and (0.11) holds, this inequality reduces to

0< Zuz@i(xayﬂfi@) — Agi(z)].
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Now using this inequality and Lemma 0.1, as in the proof of Theorem 0.2, we obtain
p(x) > A

(b): Proceeding in exactly the same manner as in the proof of part (a), we obtain
(0.15) in which the second inequality is strict. By (i), this implies that (0.16) holds
and, therefore, the rest of the proof is identical to that of part (a).

(c): The proof is similar to those of parts (a) and (b). O

THEOREM 0.9. (Strong Duality) Let x* be a normal optimal solution of (P), let
the functions f; and g;,1 € p, be continuously differentiable at x*, for each j € q,
let the function Gj(z,t) be differentiable for all t € T;, its partial derivatives be
continuous jointly in z and t, and for each k € r, let the function Hy(-,s) be linear
for all s € Si. Assume that for each feasible solution (y,u,v,\, v, v, Juy, Ki\u,, t,5)
of (DIII), any one of the three sets of conditions specified in Theorem 0.8 is satisfied.
Then there exist u*,v*, \*, v*, v, Jue, K,,*\,,S,f*,g* such that (z*,u*,v*, \*, v*, U,
Jugs Koy, 1%,5%) is an optimal solution of (DIII) and o(x*) = X\*.

Proof. The proof is similar to that of Theorem 0.3. O
We also have the following converse duality result for (P) - (DIII).

THEOREM 0.10. (Strict Converse Duality) Let x* be a normal optimal solution
of (P), let the functions f; and g;,i € p, be continuously differentiable at x*, for each
J € q, let the function G;(z,t) be differentiable for all t € T}, its partial deriwatives
be continuous jointly in z and t, for each k € r, let the function Hy(-, s) be linear

for all s € Sy, and let W = (2, 0,0, \, U, Vo, Joy, Kini, t,8) be an optimal solution of
(DIII). Assume that any one of the following three sets of hypotheses is satisfied:

(a) The assumptions specified in part (a) of Theorem 0.8 are satisfied for the feasi-
ble solution w. Moreover, assume that (®1(-,@, 0, \,1,5),..., ®p(-, @, 0,\,1,5))
is strictly (0,n, p)-V-pseudoinvex at .

(b) The assumptions specified in part (b) of Theorem 0.8 are satisfied for the feasi-
ble solution w. Moreover, assume that (<I>1(-, U, 0, M\ 1,8), ..., (-, 1, D, \, 1, §))
is (0,1, p)-V-quasiinver .

(c) The assumptions specified in part (c) of Theorem 0.8 are satisfied for the feasi-
ble solution w. Moreover, assume that (Cbl(-, U, 0, M\ 1,5), ..., ®,(-, @, 0,\, 1, §))
is (0,m, p)-V-quasiinvez .

Then & = x*, that is, & is an optimal solution of (P), and o(x*) = X.
Proof. The proof is similar to that of Theorem 0.4 ]

Each one of the three sets of results given in Theorem 0.8 can be viewed as
a family of duality results whose members can easily be identified by appropriate
choices of the partitioning sets J, and K, p € M U {0}.
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6. Concluding Remarks

Taking a Dinkelbach-type [4] parametric approach, in this study we have es-
tablished a fairly large number of parametric duality results under various gener-
alized (a,mn, p)-V-invexity hypotheses for a semiinfinite discrete minmax fractional
programming problem. It appears that all these results are new in the area of
semiinfinite programming. Since all the results obtained here can be modified and
restated in a straightforward manner for each one of the seven problems designated
as (P1) - (P7) in Section 1, they collectively subsume a fairly large number of ex-
isting results in the areas of conventional nonlinear programming and semiinfinite
nonlinear programming. Furthermore, the style and techniques employed in this
paper can be utilized to establish similar results for some other classes of related
optimization problems. For example, it seems reasonable to expect that a similar
approach can be applied to investigate the optimality and duality aspects of the
following two closely related classes of semiinfinite continuous minmax fractional
and multiobjective fractional programming problems:

Minimize max f(z.y)
vef  yeY g(z,y)

C f1<1'> fp($>
erélel%uze (gl (z)’ o gp(.:z:)>'

We shall investigate these two classes of semiinfinite programming problems in sub-
sequent papers.

)
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