International Journal of Applied Mathematical Sciences,
ISSN 0973-0176 Vol.2 No.1(2005), pp. 130-148

© GBS Publishers & Distributors (India)
http://www.gbspublisher.com/ijams.htm

Impulsive Functional Differential Equations
with Variable Times and Infinite Delay

M. Benchohra', J. Henderson?, S.K. Ntouyas® & A. Ouahab!
L Laboratoire de Mathématiques, Université de Sidi Bel Abbés

BP 89, 22000 Sidi Bel Abbes, Algérie

Email: benchohra@univ-sba.dz; agh_ouahab@yahoo.fr

2 Department of Mathematics, Baylor University
Waco, Texas 76798-7328 USA

Email: Johnny_Henderson@baylor. edu

3 Department of Mathematics, University of Ioannina

451 10 loannina, Greece
Email: sntouyas@cc.uoi.gr

Abstract

In this paper we investigate the existence of solutions to some classes of
impulsive functional and neutral differential equations with variable times
and infinite delay, using the nonlinear alternative of Leray-Schauder type.
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1. Introduction

This paper is concerned with the existence of solutions to first order impulsive
functional and neutral functional differential equations with variable times and
infinite delay. In particular, in Section 3, we will consider the class of first order
functional differential equations with impulsive effects,

y'(t) = f(t,y), ae. t € J=10,b], t #m(y(t)), k=1,...,m, (1)

y(t+) = [k(y(t))v t= Tk(y<t>)7 k=1,...,m, (2>
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y(t) = gb(t)? te (—OO, 0]’ (3)

where f : J x B - 1IR", 7, : IR" = IR, [, : IR" — IR", k=1,2,...,m are
given functions satisfying some assumptions that will be specified later, ¢ € B
and B is called a phase space that will be defined later. Section 4 is devoted to
impulsive neutral functional differential equations,

L ly(t) — gltw)] = Fhw). L€ L ERG), k=1 m, ()
y<t+) = Ik(y<t>)7 t= Tk(y(t))> k= L...,m, (5>
Yo = qb S B, (6)

where f, I}, B are as in problem (1)-(3), and g : J x B — IR" is a given function.

The notion of the phase space B plays an important role in the study of
both qualitative and quantitative theory. A usual choice is a semi-normed space
satisfying suitable axioms, which was introduced by Hale and Kato [15] (see also
Kappel and Schappacher [18] and Schumacher [28]). For a detailed discussion on
this topic we refer the reader to the book by Hino et al [17]. For the case where
the impulses are absent (i.e I, =0, k= 1,...,m), an extensive theory has been
developed for the problem (1)-(3). We refer to Hale and Kato [15], Corduneanu
and Lakshmikantham [9], Hino et al [17], Lakshmikantham et al [23] and Shin
[29].

Impulsive differential equations have become more important in recent years
in some mathematical models of real processes and phenomena studied in control,
physics, chemistry, population dynamics, biotechnology and economics. There
has been a significant development in impulse theory, in recent years, especially
in the area of impulsive differential equations with fixed moments; see the mono-
graphs of Bainov and Simeonov [2], Lakshmikantham et al [22] and Samoilenko
and Perestyuk [27] and the papers of Agur et al [1], Ballinger and Liu [4], Franco
et al [11] and the references therein. The theory of impulsive differential equa-
tions with variable times is relatively less developed due to the difficulties created
by the state-dependent impulses. Recently, some interesting results have been
done by Bajo and Liz [3], Frigon and O’Regan [12, 13, 14], Kaul et al [19], Kaul
and Liu [20, 21], Lakshmikantham et al [24, 25] and Liu and Ballinger [26]. Very
recently, impulsive functional differential equations with variable times was stud-
ied by Benchohra et al [7] and Benchohra and Ouahab [8]. The main theorems
of the present paper extend the problem (1)-(3) considered by Benchohra et al
[5, 7] when the delay is finite and the impulse times are constant or variable.
Our approach here is based on the Leray-Schauder alternative [10].
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2. Preliminaries

In this short section, we introduce notations and definitions which are used
throughout this paper.

C(]0,b],IR™) is the Banach space of all continuous functions from [0,b] into
IR"™ with the norm

[Ylloo = sup{lly(®)[| : 0 < < b}.

L'([0,b], IR™) denotes the Banach space of measurable functions y : [0, 5] —
IR"™ which are Lebesgue integrable and normed by

b
Hy||L1:/0 ()|t for all y e LY([0,5], R™).

Definition 2..1 The map f : [0,b] x B — IR" is said to be L'-Carathéodory if
(i) t — f(t,x) is measurable for each v € B;
(ii) x — f(t,x) is continuous for almost all t € [0,b];

(iii) For each q > 0, there exists h, € L*([0,b],IRy) such that

I f(t, )| < hg(t) forall ||z|lg <q and for almost all t € [0,0].

3. Functional Differential Equations

In order to define the phase space and the solution of (1)-(3) we shall consider
the space

B, = {y : (—o0,b) — IR", and there exist 0 <ty <t; <...<t, <b
such that, b = 7(y(te)), y(ty ), y(t}), exist with y(ty) = y(t;),

where yj, is the restriction of y to Jy = (g, txr1], K =0,...,m. Let || - ||, be the
seminorm in B, defined by

lylle = llwolls +sup{ly(s)] : 0 < s <b}, y € By.
We will assume that B satisfies the following axioms:

(A) If y : (—o0,b] — IR",b > 0 and yy € B, then for every ¢ in [0,b) the
following conditions hold:
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(i) y; is in B;
(i) flyellz < K@) sup{ly(s)] : 0 < s <t} + M(#)]|yoll s,

where H > 0 is a constant, K : [0,00) — [0,00) is continuous, M :
[0,00) — [0, 00) is locally bounded and H, K, M are independent of y(-).

(A-1) For the function y(-) in (A), y; is a B-valued continuous function on [0, b).
(A-2) The space B is complete.
Let us start by defining what we mean by a solution of problem (1)—(3).

Definition 3..1 A function y € By, is said to be a solution of (1)-(3) if y
satisfies (1)-(3).

Theorem 3..1 Let f:J x B — IR" be an L'-Carathéodory function. Assume
that:

(H1) The functions 1, € CY(IR",IR) for k =1,...,m. Moreover,

0<m(x)<...<Tpm(x)<b forallxelR™;

(H2) There exist a continuous nondecreasing function v : [0,00) — (0, 00) and
p € L'([0,b],IR) such that

|f(t,z)|| <p&)Y(||x||s) for a.e. te[0,b] and each x € B,

with , J
o dx

o [ s < 7

" Jo pls)ds < ¢ p(x)

where Ky, = sup{|K(t)| : t € [0,b]}, M, = sup{|M(t)| : t € [0,b]} and
¢ = M|l 5 + ]| (0)]]

(H3) For all (t,x) € [0,b] x IR" and for all y, € B we have

(te(x), f(t,)) # 1 fork=1,....m,
where (-,-) denotes the scalar product in IR";

(H}) For all x € IR"

Te(Ie(2)) < () < Teg1 (Ii(2)) fork=1,...,m.

Then the initial value problem (1)-(3) has at least one solution.
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Proof. The proof will be given in several steps.

Step 1: Consider the problem,
y'(t) = f(t,p), ae. t€0,0], (7)

)
y(t) = o(t), t e (—o0,0]. (8)
Transform the problem (7)—(8) into a fixed point problem. Consider the operator
N : C((—00,b],IR") — C((—00,b],IR"™) defined by,

(1),
t) = ¢

00) + [ fls,p)ds, ¢ €[0.0]
Let z(-) : (—o0,b) — IR"™ be the function defined by

6(0),  if te0,b],
{ o(t),  if te (—o0,0].

t <0,
N(y)(

x(t) =

Then zy = ¢. For each z € C([0,b],IR") with z(0) = 0, we denote by z the
function defined by

z(t), if t € [0,0],
Z(t) = {

0, if t € (—00,0].

If y(-) satisfies the integral equation,

o(0) = 00) + [ Fs,.)ds,

we can decompose y(+) as y(t) = z(t) +x(t),0 < t < b, which implies y; = Z; + x4,
for every 0 <t < b, and the function z(-) satisfies

)= [ " F(s, 2+ 24)ds. ()

Set
Co={z€C([0,b],IR") : 2(0) = 0}.

Let the operator P : Cy — Cj be defined by

(P2)(t) = /Ot (5,2 +a)ds, te0,b).

Obviously, that the operator N has a fixed point is equivalent to P has a fixed
point, and so we turn to proving that P has a fixed point. We shall use the
Leray-Schauder alternative to prove that P has fixed point.
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Claim 1: P is continuous.

Let {z,} be a sequence such that z, — z in Cy. Then

b
[(Pzn)(t) — (P2)(8)]| < /0 1(8, Zn, + 25) — f(s, 2 + )| ds.
Since f is L'-Carathéodory, then we have
1P(z0) = Plleo < 7 Zy +00) = £ 20 + 20) 22— 0 as 7 — oo,

Claim 2: P maps bounded sets into bounded sets in C.

Indeed, it is enough to show that for any ¢ > 0, there exists a positive constant
¢ such that for each z € B, = {z € Cp : ||2]|oc < ¢} one has |P(2)|l < ¢. Let
z € B,. Since f is an L'-Carathéodory function, we have for each ¢ € [0, V]

1P = [ ha(s)ds =,

where

12 + zslls < [|Z:ll5 + [l2sll 5 < Kog + K[| 9(0)[| + Mol 6l] 5 := ga-

Claim 3: P maps bounded sets into equicontinuous sets of C([0,b],IR").

Let l3,1y € [0,b], {1 <l and B, be a bounded set of C as in Claim 2. Let
z € B,. Then for each t € [0,b] we have

I(P2)(E) — (P < [ 1757+ w)ds
< /lbhq*(s)ds.

We see that [[(Pz)(l2) — (Pz)(l1)|| tend to zero independently of z € B, as
lo — 1 — 0. As a consequence of Claims 1 to 3 together with the Arzela-Ascoli
theorem we can conclude that P : Cy — () is continuous and completely
continuous.

Claim 4: A priori bounds on solutions.
Let z be a possible solution of the equation z = AP(z) and zy = A\¢ for some

A€ (0,1). Then

o0l < [ 16,7+ w)llds < [ p)llz +nls)ds. (10)



136 M. Benchohra, J. Henderson, S.K. Ntouyas and A. Quahab

But
125 + 25l < |25 + |2l s

< K(t)sup{[|z(s)]| : 0 < s <t} + M(t)||20]| 5

+E (1) sup{|[z(s)]| : 0 < s <t} + M(t)]|2o] 5 -
< Kpsup{|z(s)[| : 0 <5 <t} + My|9]l 5 + KpM][p(0)]]
If we name w(t) the right hand side of (11), then we have
125 + 25l 5 < w(?),
and therefore (10) becomes
o0l < [ ps)ou(s)ds, t € [0.8] (12

Using (12) in the definition of w, we have that

t
wlt) < Ky [ pls)v(w(s)ds + Mylloll + K |6(0)], ¢ € [0,8].
Denoting by () the right hand side of the last inequality we have
w(t) < (), te o],

B(0) = Mol 5 + K[| o(0)]],

and
B'(t) = Kyp(t)o(w(t))
< Kpp(t)p(B(t)), te]0,b].

This implies that for each ¢ € [0, ]

B1t) ds b o (s
fro s S Fo ]y poas < [ 55

Thus from (H2) there exists a constant K, such that §(t) < K, t € [0,b],
and hence ||z; + z¢||p < w(t) < K., t € [0,b]. From equation (12) we have that

20l < [ plsy(K.)ds = K

Set
U={z€Cy:sup{|lz(t)|| : 0 <t <b} < Ky +1}.



Impulsive Functional Differential Equations 137

P : Uy — (y is continuous and completely continuous. From the choice of U,
there is no z € U, such that z = AP(z), for some A € (0,1). As a consequence
of the nonlinear alternative of Leray-Schauder type [10], we deduce that P has a
fixed point z in Uy. Hence N has a fixed point y which is a solution to problem
(7)—(8). Denote this solution by .

Define the function
ria(t) = T(yo(t)) —t for ¢t >0.

(H1) implies that
re1(0) #0 for k=1,...,m.

If
rea(t) #0 on [0,b], for k=1,...,m,

ie.,

t # Te(yo(t)) on [0,b] and for k=1,...,m,

then g, is a solution of the problem (1)-(3).
It remains to consider the case when

r11(t) =0 for some t € |0,0].

Now since
7“171(0) 7é 0,

and r;; is continuous, there exists ¢; > 0 such that
r11(t1) =0, and ry1(t) #0 forall ¢ e [0,4).
Thus by (H1) we have
ra(t) #0 forall te€0,¢1), and k=1,...,m.
Step 2: Consider now the following problem
y'(t) = f(t,y), ae. t € [t1,b], (13)

y(t) = Li(yo(tr)), y(t) =1o(t), t € (—00,t]. (14)
Let
Cy ={y € C((t1,b],IR") : y(t]) exist}.

Set C, = C((—00,t1],IR™) N Cy. Consider the operator N; : C, — C, defined by:
y0<t>7 <—OO, t1]7

Ny 1) = ¢
(y)(t) [1(y0(t1))+/t1 Fs,ys)ds, t € (t1,b].
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Let z(-) : (—o0,b) — IR"™ be the function defined by
{ [1(y0(t1)), if te (tl,b],

=) = yo(t), if te (—o0,ty].

Then z;, = yo. For each z € C((—o0, ], IR") N C((t1, b], IR") with z(t;) = 0, we
denote by z the function defined by
2(t), if t € [t1,0],
Z(t) =

0, if t € (—OO,tl].

If y(-) satisfies the following integral equation

y(®) = in(t) + [ Fls.p)ds

we can decompose it as y(t) = z(t) + z(t),t; <t < b, which implies y; = z; + 2,
for every ¢t; <t < b, and the function z(-) satisfies

t
2(t) = / (5,70 + a,)ds. (15)
t1
Set
Cy, ={z€ C,:z2(t1) = 0}.
Let the operator P : Cy, — Cy, defined by:
t
(P2)(t) = / F(5,2 +a)ds, € [t,b].
t1

As in Step 1 we can show that P; is continuous and completely continuous, and
if z is a possible solution of the equations z = AP;(z) and zy = Ayp for some
A € (0,1), there exists K, > 0 such that

I2[loc < F-

Set
Uy ={z € Cy :sup{[[z(t)[| : t1 <t < b} < K., + 1}

As a consequence of the nonlinear alternative of Leray-Schauder type [10], we
deduce that P; has a fixed point z in U;. Thus N; has a fixed point y which is
an solution to problem (13)—(14). Denote this solution by y;. Define

rea(t) = Te(yi(t)) —t  for t > ty.

If
rk2(t) #0 on (t1,0] and forall k=1,...,m
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then
yo(t), ifte0,t4],
y(t) = {

yl(t)7 lf t e (tl, b],

is a solution of the problem (1)—(3).
It remains to consider the case when

ro2(t) =0, for some t € (1,b)].

By (H4) we have
rao(ty) = m(n(ty)) —t

= r1(t) =

Since 799 is continuous, there exists ¢, > ¢; such that

r22(t2) =0,

and
7“272(75) 7é 0 forall ¢t e (tl,tg).

It is clear by (H1) that
rra(t) #0 forall ¢t e (t1,t2), k=2,...,m.
Suppose now that there is § € (¢1, t5] such that
r12(5) = 0.

From (H4) it follows that

|
|
[y
~
=+
~—
~—
I
~
—

r12(t))

[ IA
i

Thus the function r; 5 attains a nonnegative maximum at some point s; € (1, b].
Since

yi(t) = f(t7y1t)7
then
ria(s1) = (yi(s1)yi(s) =1 =0.

Therefore

(r1(y1(s1), fs1,1,,)) = 1,
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which is a contradiction by (H3).

Step 3: We continue this process and taking into account that vy, := y‘[t i

is a solution to the problem
y'(t) = f(t,y1), ae. t € (tm,bl, (16)

Y(tm) = In(ym-1(t,)), Y(t) = ym-1(t), t € (=00, tm_1]. (17)
The solution y of the problem (1)-(3) is then defined by

yo(t), lft < (—OO,tl],

y(t) _ yl(t), lft < (tl,t2]7

ym(t), ift e (tm,b].

4. Neutral Functional Differential Equations

This section is concerned with the existence of solutions for initial value problems
for first order neutral functional differential equations with impulsive effects at
variable times (4)-(6).

Neutral functional differential equations arise in many areas of applied math-
ematics and such equations have received much attention in recent years. A good
guide to the literature for neutral functional differential equations is the book by
Hale and Verduyn Lunel [16].

In the last few years the impulsive neutral functional differential equations
with bounded delay where the impulses are constant or variable were studied by
Benchohra et al [6], Benchohra and Ouahab [8], and the goal of this section is to
extend those results.

Theorem 4..1 Let f : J x B — IR™ be an L'-Carathéodory function. Assume
(H1) and the conditions:

(B1) The function g is continuous and completely continuous and for any bounded
set Q C C((—o0,b],IR") the set {t — g(t,z;) : x € Q} is equicontinuous
in C([0,0],IR"™) and there exist constants ¢y, co > 0 such that

lg(t,u)| < ci||lul|lg + ey t€10,8], ue B;

(B2) There exist a continuous nondecreasing function v : [0, 00) — (0, 00) and
p € LY(J,IR,) such that

I f(t,2)|| < p®)v(|zllB), for a.e. te]0,b] and eachy € IR"
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with K , p
b o0 X
d
1-— Kbcl /0 p(S) s c 7,D(ZE)7
1
where c; K < 1,¢ = 1ok [Ku|lg(0,0)|| + coKp + ] and o = My||¢|| s+
— Ky

K[| ()| + M| 5;
(B3) For allt € [0,b] and for all y, € B we have
(Tuly() = g(t, 1)), f(tye)) # 1 fork=1,....m
where (-,-) denotes the scalar product in IR";
(B4) g is a nonnegative function,
(B5) Ty is a nonincreasing function and

In(z) <x forall x € R" k=1,...,m;
(B6) For all x € IR"
Te(2) < Thp1(Ix(x)) for k=1,...,m,

are satisfied. Then the IVP (4)-(6) has at least one solution.

Proof. Consider the following problem

d

() =gt w)] = f(t.y), ae t €[0.0] (18)

y(t) = o(t), t€ (00,0 (19)
Transform the problem into a fixed point problem. Consider the operator N :
C((—00,b], IR") — C((—o0,b],IR") defined by,

(1), it t € (—00,0],

N*(w)() = :
TN 00 00,000 + ot + [ Fs.pdds, ifee o]

In analogy to Theorem 3..1, we consider the operator P* : Cy — C| defined by
t
(P*2)(t) = g(0,0) — g(t. % + ) +/0 F(s, %+ 2.)ds.

In order to use the Leray-Schauder alternative, we shall obtain a priori estimates
for the solutions of the integral equation

(8) = A 9(0,6) = g(t, 7 + 1) +/0tf(s,zs +z2)ds]
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where zg = \¢ for some A\ € (0,1). Then
¢
lz@O1 < [lg(0, oD + [lg(t, 2 + z1) | +/0 p(s)¥(]|2s + sl s)ds
¢
< g0, o)l + allz + s + 2 + /0 p(s)¥([[Zs + 25| B)ds.

Let a = My||¢||z + K|/ #(0)|| + My||¢|| 5. We have

|1Z: + 2l < Kb sup ||2(s)|| + « := w(t)

s€[0,¢]
and .
201 < lg(0.9)] + exeo(t) + ot [ p()(w(s))ds.
But
w(t) < Kolg(0,0)]| + exKw®) + a4+ Ko [ pls)olw(s))ds +a
w(t) < 1ok, Kp||g(0,9)|| + coKp + a + Ky /Otp(s)w(w(s))ds] , t €[0,0].

Taking the right hand side as 3(t) we have
w(t) < B(1), e 0],
1

5(0) i= e = 1 Klg(0. )] + ay +al.
and
B(0) = 1 L p () < T p 03, e 0.0,
and 800 ds K, ~ ds
S 507 = T 7% < Ly

Therefore, there exists a constant K, such that 5(t) < K,, t € [0, ], and hence
|2: + x|l < w(t) < Ky, t €]0,b], and

201 < 1900, D)l + 1K+ ¢ [ s )ds = Ko,

Set
U={z€Cy:sup{|lz(t)|| : 0 <t <b} < Ky +1}.
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From the choice of Uy, there is no z € U, such that z = AP*(z), for some
A € (0,1). As a consequence of the nonlinear alternative of Leray-Schauder type
[10], we deduce that P* has a fixed point z in Us. Then N* has a fixed point y
which is a solution to problem (18)—(19). Denote this solution by 3. Define the
function
rra(t) = me(yo(t)) —t for ¢t > 0.

(H1) implies that
re1(0) #0 for k=1,...,m.

It
r1(t) #0 on [0,0] for k=1,...,m

ie.,
t # Te(yo(t)) on [0,b] and for k=1,...,m,

then y; is a solution of the problem (4)-(6). It remains to consider the case when
r11(t) =0 for some t € [0,0].

Now since
7“171(0) 7é 0

and r; ; is continuous, there exists ¢; > 0 such that
rl,l(tl) = 0, and Tl,l(t) % 0 forall ¢t e {O,tl)
Thus by (H1) we have

ra(t) #0 forall t€0,¢1), and k=1,...,m.

Step 2: Consider now the problem,

S0) — ot 90] = F(t.), @ t € [0, (20)
) = Bloolt)), u(0) = wolt), € (—o0,t] @)

Let Ny : C, — C. be defined by
yO(t)v te (—OO,tl],

Ni(W)(t) =1 L(w(t)) — gt(t17y0t1>
Falt) + [ Fls.p)ds, t€ (18],

In analogy to Theorem 3..1, we consider the operator Py : C}y, — C}, defined by

(Pr)(t) = glt,yo) — g(t. 20+ 2e) + [ F(s,20 + 20)ds,

t1
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and there exists M > 0 such that if 2 be a possible solutions of the integral
equation

t
2(t) = A9ty o, ) — 9(t, 2 + 1) +/t f(s, % + x5)ds|
where zy = Ay for some A € (0, 1), we have
Izlloc < M.

Set
Us={z¢€Cy :sup{|lz(t)|| : t1 <t < b} < M +1}.

From the choice of Us, there is no z € 9U; such that z = AP *; (z), for some

A € (0,1). As a consequence of the nonlinear alternative of Leray-Schauder type
[10], we deduce that P} has a fixed point z in Us. Then the problem (20)-(21)
has at least one solution. Note this solution by ;. Define

rra(t) = (i (t)) —t  for t >t

If
rk2(t) #0 on (t;,0] and forall k=1,...,m

then
yo(t), lf t - [0,t1]7
y(t) =

yl(t), lft S (tl, b],

is a solution of the problem (4)—(6). It remains to consider the case when
ra2(t) =0, for some t € (t1,0].

By (B6) we have

rog(t) = m(n(t))) —t
= 7o(Li(yo(t1))) —t
> 1i(yo(t1)) —t

7“171(t1) =0.
Since 19 is continuous, there exists ¢, > ¢; such that

r22(t2) =0,

and
T272(t) 7é 0 for all ¢ € (tl,tg)‘

It is clear by (H1) that

rr2(t) #0 forall ¢t e (t1,t2), k=2,...,m.
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Suppose now that there is 5 € (1, t5] such that

7’1’2(§> = 0.

From (B4) — (B6) it follows that

Li(s) = m((s) —g(s,4,)) =5
> mi(p(8)) -5
= 7“172(§) = 0

Thus the function L; attains a nonnegative maximum at some point s; € (t1, b].
Since

c;lt[yl(t) —g(t,y1,)] = [t y,),

then

Li(s1) = mi(ni(s1) — 9(3173/151))2[3/1(31) - 9(5179251)] —-1=0.

Therefore
(r1(y1(s1) = g(s1,91.,)): f(s1,91.,)) = 1,
which contradicts (B3).

Step 3: We continue this process and taking into account that vy, := y‘

[tm b]
is a solution to the problem
d
%[y(t) - g<t7yt)] = f(t7 yt)? ae.le (tm7 b]7 (22>
y(t;) = [m(ymfl(tm))a y<t) = ymfl(t)a te (_Ooatmfl]- (23>

The solution y of the problem (4)-(6) is then defined by

yl(t), lft c (—OO,tl],

yg(t), lft c (tl,tz],

ym(t), ift € (tm,b].



146 M. Benchohra, J. Henderson, S.K. Ntouyas and A. Quahab
References
[1] Z. Agur, L. Cojocaru, G. Mazaur, R. M. Anderson and Y. L. Danon, Pulse

mass measles vaccination across age cohorts, Proc. Nat. Acad. Sci. USA.
90 (1993), 11698-11702.

D. D. Bainov and P. S. Simeonov, Systems with Impulse Effect, Ellis Hor-
wood Ltd., Chichister, 1989.

I. Bajo and E. Liz, Periodic boundary value problem for first order differ-
ential equations with impulses at variable times, J. Math. Anal. Appl. 204
(1996), 65-73.

G. Ballinger and X. Z. Liu, Existence and uniqueness results for impul-
sive delay differential equations, Dynam. Contin. Discrete Impuls. Systems,
5(1999), 579-591.

M. Benchohra, J. Henderson and S. K. Ntouyas, An existence result for
first order impulsive functional differential equations in Banach spaces,
Comput. Math. Appl. 42 (10&11) (2001), 1303-1310.

M. Benchohra, J. Henderson and S. K. Ntouyas, Impulsive neutral func-
tional differential equations in Banach spaces, Appl. Anal. 80 (3) (2001),
353-365.

M. Benchohra, J. Henderson, S. K. Ntouyas and A. Ouahab, Impulsive
functional differential equations with variable times, Comput. Math. Appl.
47 (2004), 1659-1665.

M. Benchohra, A. Ouahab, Impulsive neutral functional differential equa-
tions with variable times, Nonlinear Anal. 55 (2003), 679-693.

C. Corduneanu and V. Lakshmikantham, Equations with unbounded delay,
Nonlinear Anal., 4 (1980), 831-877.

J. Dugundji and A. Granas, Fized Point Theory, Monografie Mat. PWN],
Warsaw, 1982.

D. Franco, E. Liz and J. J. Nieto, A contribution to the study of functional
differential equations with impulses, Math. Nachr., 28 (2000), 49-60.

M. Frigon and D. O’Regan, Impulsive differential equations with variable
times, Nonlinear Anal. 26 (1996), 1913-1922.

M. Frigon and D. O’Regan, First order impulsive initial and periodic prob-
lems with variable moments, J. Math. Anal. Appl. 233 (1999), 730-739.



Impulsive Functional Differential Equations 147

[14]

[15]

[16]

[17]

[18]

[20]

[21]

[22]

23]

M. Frigon and D. O’Regan, Second order Sturm-Liouville BVP’s with im-
pulses at variable moments, Dynam. Contin. Discrete Impuls. Systems 8
(2), (2001), 149-159.

J. Hale and J. Kato, Phase space for retarded equations with infinite delay,
Funkcial. Ekvac 21 (1978), 11-41.

J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential
Equations, Applied Mathematical Sciences. 99, Springer-Verlag, New York,
1993.

Y. Hino, S. Murakani, T. Naito, Functional Differential Equations with
Infinite Delay, in: Lecture Notes in Mathematics, 1473, Springer-Verlag,
Berlin, 1991.

F. Kappel and W. Schappacher, Some Considerations to the fundamental
theory of infinite delay equations, J. Differential Equations 37, (1980),
141-183

S. K. Kaul, V. Lakshmikantham and S. Leela, Extremal solutions, com-
parison principle and stability criteria for impulsive differential equations
with variable times, Nonlinear Anal. 22 (1994), 1263-1270.

S. K. Kaul and X. Z. Liu, Vector Lyapunov functions for impulsive differen-
tial systems with variable times, Dynam. Contin. Discrete Impuls. Systems
6 (1999), 25-38.

S. K. Kaul and X. Z. Liu, Impulsive integro-differential equations with
variable times, Nonlinear Studies, 8 (2001), 21-32.

V. Lakshmikantham, D. D. Bainov and P. S. Simeonov, Theory of Impulsive
Differential Equations, World Scientific, Singapore, 1989.

V. Lakshmikantham, L. Wen and B. Zhang, Theory of Differential Equa-
tions with Unbounded Delay, Mathematics and its Applications, Kluwer
Academic Publishers, Dordrecht, 1994.

V. Lakshmikantham, S. Leela and S. K. Kaul, Comparison principle for
impulsive differential equations with variable times and stability theory,
Nonlinear Anal. 22 (1994), 499-503.

V. Lakshmikantham, N. S. Papageorgiou and J. Vasundhara, The method
of upper and lower solutions and monotone technique for impulsive differ-
ential equations with variable moments, Appl. Anal. 15 (1993), 41-58.



148 M. Benchohra, J. Henderson, S.K. Ntouyas and A. Quahab

[26] X. Liu and G. Ballinger, Existence and continuability of solutions for dif-
ferential equations with delays and state-dependent impulses, Nonlinear
Anal. 51 (2002), 633-647.

[27] A. M. Samoilenko and N. A. Perestyuk, Impulsive Differential Equations,
World Scientific, Singapore, 1995.

[28] K. Schumacher, Existence and continuous dependence for differential equa-
tions with unbounded delay, Arch. Rational Mech. Anal. 64 (1978), 315-
335.

[29] J. S. Shin, An existence of functional differential equations, Arch. Rational
Mech. Anal. 30 (1987), 19-29.



