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Abstract

The goal of this paper is to give some necessary and sufficient conditions
for the flow-invariance of a subset of a Banach space with respect to a high
order autonomous differential equation.
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1. Introduction

In this paper it is provided a characterization of the sets S = G71(0) = {z €
X; G(z) = 0}, that are flow-invariant with respect to the n-th order autonomous
differential equation

u™(t) = F(u(t),t > 0, (1)

where G : U — IR™, m > 1 is a n-times Fréchet differentiable mapping on an
open subset U of a Banach space X, n > 3, and F : U — X is a locally Lipschitz
mapping.

The invariant sets for the first order differential equations were studied by H.
Brézis [1], M.G. Crandall [2], R.H. Martin, Jr. [4], N.-H. Pavel and F. Tacob [11]
and many other authors.

N.H. Pavel and C. Ursescu [13] treated the problem of flow-invariance of a
set with respect to the second order differential equation u”(t) = F(u(t)), t > 0,
using the theory of 'tangent sets’.

The purpose of this paper is to generalize their result Theorem 2.6, [13].
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The flow-invariance with respect to equation (1) will be discussed in terms of
n-th order tangent vectors defined by N.H. Pavel [10].

Definition 1. Let S be a nonempty subset of the normed space X and let
r € S. An element y, € X is called a n-th order tangent vector to S at x if there

exist some vectors yi, %o, ..., Yn_1 in X such that
li 1d( +t +t2 +t3 445 S) =0 (2)
im —d(x — — e+ =y S) =0.
o ¢ DL EREETE nt?

The set of all n-th order tangent vectors to S at z € S is a cone denoted by
"s.

One of our previous results will be used to prove the main theorems of this
paper (Corollary 1.1, [3]). Tt gives a description of the n-th order tangent vectors
to the set S = G71(0) = {z € X;G(2) =0} at z € S, where G : X — IR™,m >
1, has the properties specified below.

Theorem 1. Assume that G : X — IR is three times Fréchet differentiable
at x € X with G(z) =0, G is continuous near z, and G'(z) : X — IR™ is onto.

Then y3 € T2S with associated vectors y; € TiS, i = 1,2 if and only if

G'(x)(y1) = 0,G"(x)(y1) (1) + G'()(y2) = 0,

G" (@) (y1) (y1) (Y1) + 3G" () (y1)(y2) + G'(2)(ys) = 0.
Furthermore, if G is n times Fréchet differentiable at xz, then y,, € T'S with
associated vectors y; € T.S, i =1,...,n — 1 if and only if
where S = G71(0),n > 3.
Here, for any i > 1, S¢(x,y1, ..., y;) denotes the expression

e =g Y @) )],

FLRREX IS

More precisely,
S5 (@, y1,y2) = G" () (1) (1) + G' () (12),
S§(, y1,y3,92) = G"(2) (1) (y1) (1) + 3G" () (1) (12) + G () (ys)-

We recall the definition of a flow-invariant set with respect to the autonomous
n-th order differential equation (1) (Definition 1.9, [5]).

Definition 2. The nonempty set S C U is said to be (right-hand) flow-
invariant with respect to the n-th order differential equation (1) if the solution
u:[0,7) — X to the Cauchy problem (1) determined by the initial conditions

u(0) = z,4/(0) = y1, ..., ™ V(0) = yp_1, (3)
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with z € S, y1 € T,.S,..., yo1 € T 1S, F(z) € TS having correspondent
vectors vy, ..., Yn_1, Satisfies

u(t) € S,vt > 0,t € domu. (4)

The constraints imposed to (x, 41, ..., y,_1) are necessary conditions to have
the invariance property (4).
In [13], N.H. Pavel and C. Ursescu introduced the set

Mé‘n) :{<x7y17--~7yn71> ESXXnil ‘Y ET;SJ: 17"'7n_1’

F(z) € TS whose associated vectors are yy,...,Yn—1},n > 2, (5)

and they expressed the choice in (3) for the initial conditions by means of (5) as
follows
(u(0),2/(0), ..., u™D(0)) = (z,91, .., Y1) € M.

This was justified by the following result.
Proposition 1. If u : [0,7) — X is a solution of (1) which satisfies the
invariance property (4), then one has

(u(t), (1), ..., u™ (1)) € M Vit e [0,T). (6)

Also, N.H. Pavel and C. Ursescu reduced the problem of invariant sets for
(1) to a similar problem for a first order differential equation, fact that allowed
them to utilize a theorem proved by M. Nagumo [6] and, independently, by H.
Brézis [1], in order to obtain a characterization of flow-invariant sets S C U with
respect to the n-th order differential equation (1), which we will use for deriving
the main results of this paper (see [5] and [13]) .

Theorem 2. Assume that M én) is a nonempty closed subset of U x X"~ for
a closed subset S of U, n > 2. Then S C U is a flow-invariant set with respect
with the n-th order differential equation (1) if and only if (yy,...,y._1, F(x)) €
X™ is a tangent vector to Mfgn) at (z,y1,...,Yn—1), forany (z,y1,...,yn—1) € MZ,
ie.,

ltlll’(r)l t_ld((xv Y1,y - 7yn—1) + t(ylv <oy Yn—1, F(I)), Mé’n)) =0.

2. Main Results

In this section we determine M én), n > 3, when S = G71(0) for a mapping
G:U — IR™,m > 1 and we provide an explicit description for those sets of this
form that are flow-invariant with respect to (1).

First we analyze the case n = 3. We mention that the case n = 2 has been
considered in [13].
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Theorem 3. Assume that G : U — IR™, m > 1 is three times Fréchet
differentiable and its first Fréchet derivative G'(z) : X — IR™ is onto for each

r €S =G 10). Then Mé?’) is given by
Mg’) ={(z,y1,92) EU X X x X : G(x) = 0,G (z)(y1) = 0,

G"(@)(y1) () + G'(2)(y2) = 0,
G"(2)(y1) (Y1) (1) + 3G" (@) (y1) (32) + G'(2)(F(x)) = 0} (7)
Suppose further that G is four times Fréchet differentiable on U, the function
h:U — IR™ given by
h(z) = G'(z)(F(x)),Vo e, (8)

is Fréchet differentiable, M ég) is nonempty and the mapping
(G'(2)(+),G"(z)(y1)(+)) : X — IR™ x IR™ is onto for every (z,y1,y2) € MS’).

Then S = G71(0) is flow-invariant with respect to the differential equation
u”(t) = F(u(t)),t > 0 if and only if

G (@) (1) (1) (1) (1) + 6G" () (y1) (1) (32) +

+3G"(2) (y2) (y2) + 3G" () (1) (F(x)) + h'(2)(y1) = 0. (9)

Proof. Formula (7) follows directly from Theorem 1.

To prove the second part, we notice that, due to (7), the set M S’) can be

rewritten as )
MS = g_l (0) )

where g : U x X x X — R" is defined by
9(x,y1,92) = (G(x), G'(2) (1), G"(x)(y1) (1) + G'(2)(y2),

G () (y1) (Y1) (1) + 3G" () (1) (y2) + G'(2) (F (),

for all (x,y1,y2) € U x X x X.
It can be easily seen that under the hypothesis of the theorem, ¢ is Fréchet
differentiable and its Fréchet derivative is determined by the relation

9'(x,y1,y2)(u, v1,v2) = (G'(2)(u), G" () (u)(y1) + G'(x)(v1),

G" () (u)(y1)(y1) + 2G" () (y1) (v1) + G" () (u) (y2) + G'(x)(v2),
G (@) (u)(y1) (1) (y1) + 3G™ () (y1) (1) (v1) + 3G" () (w) (y1) (y2) +
+3G" () (v1)(y2) + 3G" () (1) (v2) + B/ (2)(u)).

We now show that ¢'(z,y1,1) : X x X x X — IR' is onto for each
(x,y1,Yy2) € Mé@, i.e., the equation ¢'(z,y1,y2)(u,v1,v2) = (21, 22, 23, 24) has
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a solution (u,vy,v2) € X x X x X for any (21, 22, 23, 24) € IR*™. Since G'(x) is
onto, there are v € X and v, € X such that G'(z)(u) = 2, and G"(z)(u)(y1) +
G'(x)(v1) = 2z2. Then the element vy € X can be obtained using the fact that
the mapping (G'(x), G"(z)(y1)(+)) : X — IR™ x IR™ is onto.

Thus, T(z,y1,y2)Mé3) = g/(ZU, Y1, y2>_1(0)'

Finally, Theorem 2 completes the proof.

Theorem 3 has a geometrical interpretation: suppose a mass particle is
launched from the initial point z in a set S = G~'(0) with the initial veloc-
ity 1 and the initial acceleration ys, and its trajectory satisfies the equation
u"(t) = F(u(t)),t > 0. If our sufficient condition for flow-invariance (9) is
verified, then the trajectory of the particle remains in the set S = G~1(0).

The following result represents a generalization of the previous theorem for
the case of equation (1).

Theorem 4. Assume that G : U — IR™ is n times Fréchet differentiable
and its first Fréchet derivative G'(z) : X — IR" is onto for each z € S = G71(0).

Then M é”) is given by
Mén) = {(az,yl, e ne1) EU x X1 G(x) =0,

SF (@, y1, o y;) =0,1 < j <n—1,

C@E@) YN Y e Y@ ) - ()] =0} (10)

i)

Suppose further that G is n+1 times Fréchet differentiable on U, the function
h:U — IR™ given by

h(z) = G'(x)(F(x)), Vo € U,
is Fréchet differentiable, M én) is nonempty and the mapping
(G'"(2)(+),G"(z)(y1)(+)) : X — IR™ x R™ is onto for any (x,y1,...yp_1) € Mén).

Then S = G71(0) is flow-invariant with respect to the differential equation
u™(t) = F(u(t)),t > 0 if and only if

’(@(mHZZ_;{ , ) ;. G (@) (1) (i) - - - (i, )+

21!“'Zk.

GO @) i) W) - W) + -+ GO @) - i) )|

G () 1) (90 (9n-1) + 1G()(32) (1) + G () () (F(a) =0, (11)
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for any (x,y1, ..., Yn_1) € M é") or, equivalently

PO+ Y G ) )+

1751
insine a1} (L2 U
i14...+ig=n
FCEO@) G @)+ (g) + oo+ GO @) -+ Ga) )]} = 0, (A1)
(n)

for any (z,vy1, ..., Yn—1) € Mg, yn, = F(x).

Here, SjG(x,yl, ..y Yj), j > 1 denotes the expression

o)=Y 5 Y eGP @) - )]

112 U

Proof. This result can be proved analogously to the previous theorem.
We have M{" = g=1(0), where g : U x X"1 — R"! is equal to

g(i[), Y1, -, ynfl) = <G(IE), SlG(xa y1)7 s 755—1('777 Y1, -y yn71)>

" nl 1
! o = (k) . .
C@OE@D Y X @) w)]),
k=2 i1+ Fi=n
(SR ike{l ,,,,, nfl}

it is Fréchet differentiable and its first Fréchet derivative is

9@y ey Yno1) (U1, 0,) = (G'(m)(vl), [SIG]/(x, y1)(v1,v2), ...,

[55—1]/(% Y1y o-es yrwl)(“la . ,Un),

" n! 1
M@+ X e @) )+
k=2 itotig=n L k*
1 yeeey ike{l ..... n—l}

GO (@) (W11 W) - (1) + oo+ GO @) i) - B ) i) ).

with [SJ-G]/(x,yl, e yi)(vr, o, v541), 1 < j < n—1 as below

!

[SJG} (z, 1, -.-7(%')(@17 . an—H) =

Y [0 @) )+

TIEREE TN
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GO @) i) W) - i) + -+ G @) - i) i) -

Taking into account that the mapping (G'(x)(-), G"(x)(y1)(+)) : X — R™ X

IR™ is onto for every (z,41,...,Yn) € Mé"), it can be seen that ¢'(z, Y1, ..., Yn—1)
is onto as well, since the derivative of the last component of g in the direction

(v1,...,v,), can be written more explicitly as
" nl 1
/ e - (k+1) ) )
= i1 iL=n

GO @) 01) () - (05) + -+ GO @) 1) - (95 W30)]
#n G (@) (01) (1) (1) + G (@) (02) (1) + 0 G () (91) (00),

and

’

[Sf—l] <x7y17 s ’ynfl)(vl? v 7Un) =

— 1)!{ Z ;' GED (@) (01) (i) - - (i) +

! i) ig!
k=2 Azl—s— Aip=n—1 1 k

-1

3

FGO@) (02) i) - () + -+ GO @) ) - (i) wn)| J+

+G"(2) (V1) (Yn-1) + G'(2) (vn).

We deduce T(x,ylp_,,yn_l)Mé") =g (z,y1,...,Yn—1)"1(0) and by Theorem 2 we
obtain (11).

Corollary 1. Let H be a real Hilbert space of inner product <, > and norm
-1

Then, in the case of the sphere S(r) = {x € H,||z|| = r}, » > 0, the sets
given by (7) and (10) become respectively

Mgz')r) = {(x7y17y2) cU x H x H, ||.7)” =r <zY >= 07
||y1||2+ < T, Y2 >= 07 < ,’L‘,F(I‘) > +3 < Y1, Y2 >= 0}7 (12)

M) = {(@, g1 yuer) €U X HYJal] = 7, < 2,91 >=0,

J—
<$C,yj —kz_:

1
1
<z F(x 52( )<yk,yn_k>—0},n23. (13)

—_

< )<yk7yjk>:072§j§n_1a

[\.’)
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1
Proof. In this case S(r) = G71(0), with G(z) = §(||x||2 —r?),Vz € H. Then,
from (7) and (10) we obtain (12) and (13), respectively, since

G'(x)(y) =< =,y >, Vy € H,

G"(z)(y)(v) =< y,v >, Vy,v e H,

and G (z), k > 3 are identically zero.

Corollary 2. Let U C H be an open subset of the Hilbert space H, with
S(r) ¢ U. Assume that F' : U — H is locally Lipschitz and the mapping
h(x) =< x, F(z) > is Fréchet differentiable on U.

Then S(r) is a flow-invariant set with respect to the equation v (t) = F(u(t)),
0, if and only if

3||y2||2 +3< y17F(x) > +h,($>(y1) = 07V($a91792) € qu?ly (14>
and S(r) is a flow-invariant set for (1) if and only if

n <Yz, Yn1 > +n <y, F(x) > +h'(x)(y1) = 0,V (2,91, ..., Yn_1) € Mé@)
(15)
Proof. These results follow straight forward from Theorems 3 and 4, taking

SUll® =
2
r?),Yo € H, and the fact that (G'(2)(-),G"(z)(y1)(:)) : H — IR x R is onto

for every (x,y1,...Yn-1) € Mé@) Indeed, for any (vy,v) € R X IR, we can find
y o T v

2l
<z, >=0

into account the explicit form of the Fréchet derivatives of G(z) =

such that < z,u >= v; and < y;,u >= v9, as ||z|| = r and
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