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Abstract

The computation of network prestige is an important issue in studying
networks such as the Internet and social networks. A number of iterative
methods have been proposed for the measurement of prestige of symmetric
or asymmetric network. The PageRank algorithm has been successfully
applied in the computation of ranking of webpages and data mining in the
Internet. In this paper, we propose a revised PageRank algorithm for the
computation of prestige of a general networks and extend it to handle the
case of negative relations.
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1. Introduction

The measurement of prestige in a network is an important issue [4, 15] and it
has many applications such as the study of ranking of webpages [11, 12], social
networks [4, 15] and disease transmission [3]. A number of methods based on the
computation of eigenvectors have been proposed in the literatures [4, 15]. In a
network, being chosen or nominated by a popular or powerful person would add
one’s popularity [4]. In the following, we give an example of a social network of
five persons [4].

In the network, 3 is chosen (or supported) by 1 and 2, 4 is chosen by 3 and
5 is chosen by 4. The relations can be represented by using an 5 x 5 adjacency
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Figure 1: The Social Network.

matrix A, where A;; is 1 if ¢ is chosen (supported) by j otherwise it is zero. In
this case, the adjacency matrix is given by

00000
00000
A=(1 1 0 0 0
00100
00010

In this paper, we propose a PageRank type algorithm to compute the prestige
of general social networks and extend it to handle the case of negative relations.

In World-Wide-Web, very often surfers use search engines (e.g. Google, Ya-
hoo) to find the related webpages satisfying their queries. Therefore a proper
list of the webpages in certain order of importance is very useful and this can be
achieved by using the famous PageRank algorithm. PageRank has been proposed
by Page et al. (1998) [11, 13] to reflect the importance of the webpages. In fact,
a similar idea was first proposed by Garfield (1955, 1972) [8, 9] as a measure of
standing for journals, which is called the impact factor. The impact factor of a
journal is defined as the average number of citations per recently published pa-
pers in that journal. In the PageRank algorithm, we let NV be the total number
of webpages in the web and we define a matrix () called the hyperlink matriz
where

Q. — 1/k if webpage 7 is an outgoing link of webpage 7;
Y10 otherwise;

and k is the total number of outgoing links of webpage j, see for instance [6, 13].
Hence () can be regarded as a transition probability matrix of a Markov chain
of a random walk. Assuming that this underlying Markov chain is irreducible,
then the steady-state probability distribution (py,ps, ..., pn)7 of the states (web-
pages) exists. Here p; is the proportion of time that the random walker (surfer)
visiting state (webpage) . The higher the value of p; is, the more important the
webpage ¢ will be. Thus the PageRank of webpage i can be defined as p;. If the
Markov chain is reducible then one can follow the treatment in Section 2. Since
the size of the Markov chain is huge, direct method for solving the steady-state
probability is not desirable. Iterative methods proposed by Baldi et ak. (2003)
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[2] and decomposition methods proposed by Avrachenkov and Litvak (2004) [1]
have been applied to solve the problem. Other iterative methods such as the hy-
brid iterative methods have been proposed in Yuen et al. (2004) [16] and Ching
et al. (2004) [6].

The remainder of this paper is organized as follows. In Section 2, we give
a brief mathematical discussion on the PageRank algorithm. In Section 3, we
describe our revised PageRank algorithm for the computation of prestige with
negative relations. Finally concluding remarks are given in Section 4.

2. The PageRank Algorithm

In this section, we briefly review the PageRank Algorithm. The PageRank
algorithm has been successfully applied in ranking the importance of webpages
by a lot of search engines such as Google [11]. We consider a web of N webpages
with @) being the hyperlink matrix. Since the matrix ) can be reducible, very
often one would consider the following revised matrix P ([6, 13]):

0 Q12 Q1N 1 1 1
: 1— 11 -1
p=al| 90 ¥ S Na) . (1)
: - On_1n S
Qv - Qnn—1 0 L1 -1

where 0 < o < 1. In this case, the matrix P is irreducible and aperiodic, therefore
the steady state probability distribution exists and is unique [14]. Some typical
values for a are 0.85 and (1 — 1/N), see for instance [2, 11, 12]. In fact, One
can interpret (1) as follows. For a network of N webpages, each webpage has an
inherent importance of (1 — «)/N (depending on N only). If a webpage P; has
an importance of p;, then it will contribute an importance of ap; which is shared
among the webpages that it points to. Therefore the importance of webpage P;
can be obtained by solving the following linear system of equations subject to
the normalization constraint:

2} 0 Qi - Q1N D1 }?%
Poleal @ 0 | Plra-al ¢ @
: : ' QnN-1N : .
PN Qn1 - QnN-1 0 DN 1/N
Since

N
sz = 17
i=1

(2) can be re-written as

(p17p27 s 7pN)T = P(p17p27 s 7pN)T~
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In fact, (p1,p2,...,pn)7T is a right hand eigenvector of the matrix P with eigen-
value 1.

Example 1 [If the PageRank algorithm is applied to the social network in Figure
1 of Section 1, we have

P 00000\ /p 1/5
D2 00000 P2 1/5
ps |=al 11000 ps |+(1—a)| 1/5
D4 00100 D4 1/5
Ds 00010 Ds 1/5

We then obtain the following results

l—-a l—a 1+a—-2a% 1+a?—20% 14 a®—2at
5 7 57 5 ’ 5 ’ 5

If a =0.85 or 1 —1/5=0.8, we have the following ranking of prestige

).

(plap2ap37p47p5) = (

1=2<3<4<5b.

The PageRank algorithm here does not take into account the variation of inher-
ent importance of individual members. One may expect that the importance of
members 1 and 2 are zero. Moreover, the current setting cannot handle the case
when there are negative relations among the members [5]. A negative relation
from member 1 to member 2 means member 1 is against member 2. We remark
that an algorithm has been proposed for computing the centrality of a social
network with negative relations in [5].

3. A Revised PageRank Algorithm for Networks with Neg-
ative Relations

In this section, we present the idea of the revised PageRank algorithm for a
network of N members. We will first consider the case of the variation of inher-
ent importance of individual member. We then take into account the negative
relation by creating an artificial member.

Each member has an inherent importance of (1 — a)/; (instead of a constant
in PageRank algorithm). If a member P; has an importance of p;, then it will
contribute an importance of ap; which is shared among the members that it
pointed to. Therefore the importance of member P; can be obtained by solving
the following linear system of equations p = a@p + (1 — a)b :

D1 0 Q12 s Qin p1 I

: I
T | Tlra-al T
: : K K QOn-1N ' :
PN Qnt - Qnn-a 0 PN Iy
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where a is a weighting factor such that a € (0,1) and b = (I}, I, ..., Iy)T.
Moreover, we assume that the inherent popularity of member ¢ is proportional
to the proportion of all the connections pointing to i, i.e.

N
Z: ng N
L_) % ¥ if 3 Qu#0;
> Qi =
i=1j=1
0 otherwise.

Proposition 1 By applying the Gershgorin disc theorem [10], the matriz (I —
aQ) is invertible for o € (0,1). Hence equation (3) has a unique solution.

We then apply the revised PageRank algorithm to the network in Section 1 and
get

n 00000 n 0
Do 00000 Do 0
ps |=al 1100 0 ps |+(1—a)| 05
D4 00100 D4 0.25
D5 00010 y 2 0.25

Solving the linear system, we obtain

l—a 14+a—2a? 1+0z2—2a3>
2 7 4 ’ 4

(plap27p3ap4ap5) = <07 07

and p; = py = 0 for all values of a € (0,1). If a < 0.5, the ranking is given by
3>4>5>1=2

and if o > 0.5, and the new ranking is given by
5>4>3>1=2.

This is due to the fact that member 3 has the highest in-degree (inherent impor-
tance). Therefore if the value of « is not large, member 3 is dominant.

We then extend the revised PageRank algorithm to the computation of pres-
tige when there are negative relations [5]. The idea here is to introduce an extra
artificial member (N +1) representing the aggregated effect of negative relations.
In the (N +1) x (N + 1) matrix, for i < N 4+ 1, Q;n41 is the proportion of neg-
ative relations that member ¢ got in the network. For i < N + 1, Qn41; is the
proportion of negative relations given out by member i. Assuming the effect
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Figure 2: The Network with Negative Relations.

of a positive relation and a negative relation are the same, one may set up the
following equations:

b 0 Q12 te Q1n+1 b1 L
D2 Q21 0 s Qan+1 P2 I
L=« ; : - : S I O eO N I (4)
PN Qnt Qw2 T QNN+1 PN In
PN+1 Onin - Qnpawn 0 PN+1 Ina

Proposition 2 By the Gershgorin disc theorem again, the matriz (I — aQ) in
(4) is invertible for a € (0,1). Hence equation (4) has a unique solution.

Example 2 Suppose there are negative relations pointing from 5 to 1 and 2 (See
Figure 2), then one can add an artificial member 6.
The matriz system s then given by

n 00000 1/2\/p 0
Do 00000 12|/ p 0
| 11000 o0 s s
=% o0oo0o100 o0 pe | T
s 00010 0 D5 1/6
D6 00001 0 D6 1/3

Solving the linear system, we have

20”4 o' — o + 20
br= 20-a%)
20”4 —o® + 20
P2 = 2(1-a%)
B —a® —a?+20% -2+ 2
s = 6(1 —ad) ’
¥ —at 4207 208 + a4 1
P4 = 6(1—()[5) )
200+ 20 — 208+ o +1
bs = 6(1 — o) ’
 —2a'+ a0 —a+2
bs 6(1— ad)
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and for 0 < a < 1, it can be shown that we have the following prestige ranking
6>3>4>5>2=1.

The importance of members 1 and 2 are due to the negative relation from 5 and
they share the importance of the artificial member 6 which is the highest in this
network. With the support of both members 1 and 2, member 3 has the highest
ranking among all the real members follows by member 4 and then member 5.

4. Concluding Remarks

In this paper, we present a revised PageRank algorithm for the computation
of the prestige of a general network. Extension to the case of negative relations
is also discussed. Finally we remark that if the network is very large, the matrix
) can be huge and one may have the problem of solving the linear system of
equations. Here we present the following iterative scheme for solving the vector
of prestige p:

Pni1 = a@Qp, + (1 —a)b

where b = (I, Iy, ..., Iy)T. For any initial guess py, we have

Pri1 = (@Q)"'po+ (1 — ) D (aQ
1=0

Since the spectral radius of a@) is a < 1, we have

Jim (aQ)" =
and -
Jlrgopn— l—aZaQ’b (1-a)I—aQ)'b=p
1=0
where

p=a@Qp+ (1 —-a)b,

see for instance [10].
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