
International Journal of Applied Mathematical Sciences,
ISSN 0973-0176 Vol.2 No.1(2005), pp. 23-30
c© GBS Publishers & Distributors (India)
http://www.gbspublisher.com/ijams.htm

Sharp Estimates on Approximation of

Exponential Type Operators

Xiao-Ming Zeng

Department of Mathematics, Xiamen University,
Xiamen 361005, People’s Republic of China

E-mail: xmzeng@jingxian.xmu.edu.cn
and

Fuhua (Frank) Cheng
Department of Computer Science, University of Kentucky,

Lexington, KY 40506-0046, U.S.A.
E-mail: cheng@cs.engr.uky.edu

Abstract

New estimates of Bernstein basis functions pn,[nx](x), pn,[nx]+1(x) and first
order absolute moment of Szász operators Sn(|t−x|, x) are presented. The
new estimates of the first order absolute moment of the Szász operators
Sn(|t−x|, x) optimize the result of Theorem 2 in [7]. The estimates of the
basis functions pn,[nx](x), pn,[nx]+1(x), together with a quantitative central
limit theorem, are then used to derive a sharper asymptotic estimate on
pointwise approximation of Bernstein operators for bounded functions.

1. Introduction

For a function f defined on [0, 1] the Bernstein operator Bn is defined by

Bn(f, x) =
n∑

k=0

f(k/n)pnk(x), pnk(x) =

(
n
k

)
xk(1− x)n−k. (1)

For a function f defined on [0,∞) the Szász operator Sn is defined by

Sn(f, x) =
∞∑

k=0

f(k/n)qnk(x), qnk(x) = e−nx (nx)k

k!
. (2)
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For the rate of convergence of these operators for various function types, re-
fer to [1,3,4,5,7] for a survey. The following is a most recent result on pointwise
approximation of Bernstein operator for bounded functions [7]:

Theorem 1. Let f be a bounded function on [0, 1], f(x+) and f(x−)
exist at a fixed point x ∈ (0, 1). Define gx(t) as

gx(t) =





f(t)− f(x+), x < t ≤ 1;
0, t = x;

f(t)− f(x−), 0 ≤ t < x.

Then for n sufficiently large we have

|Bn(f, x)−f(x+) + f(x−)

2
− µ(f, n, x)√

2πx(1− x)n
| ≤ 2

nx(1− x)

n∑

k=1

Ω(x, gx,
√

k)+o(n−1/2),

(3)
where

Ω(x, gx,
√

k) = supt∈[x−x/
√

k,x+(1−x)/
√

k] |gx(t)− gx(x)| .
and

µ(f, n, x) = (f(x+)−f(x−))(nx−[nx]+(x−2)/3)+(f(x+)−f(x−))(1−sgn(nx−[nx])),

As far as Szász operator is concerned, Zeng and Cheng [7] proved that

∣∣∣∣∣Sn(|t− x|, x)−
√

2x

πn

∣∣∣∣∣ ≤
2

n
√

nx
. (4)

This result is then used to estimate the rate of convergence of Szász operator for
functions having derivatives of bounded variation in every finite subinterval of
[0,∞). The above estimate improves the result obtained by Bojanic and Khan
[1].

The aim of this paper is to improve both (3) and (4). The improvement of
(3) is achieved by first getting better estimates of the Bernstein basis functions
pn,[nx](x) and pn,[nx]+1(x), and then using the new estimates, together with a
quantitative central limit theorem in which the fourth moments of random vari-
ables exist, to derive an asymptotic estimate sharper than the one given in (3).
This work is shown in Section 2. The improvement of (4) is achieved by provid-
ing sharper upper and lower bounds of the first order absolute moment of Szász
operator Sn(|t − x|, x). The new estimates optimize the result of Theorem 2 in
[7]. This work is shown in Section 3.
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2. Rate of Convergence of Bernstein operators

We first estimate Bernstein basis functions pn,[nx](x) and pn,[nx]+1(x).

Lemma 1. For x ∈ (0, 1) there holds

pn,[nx](x) =
1√

2πx(1− x)
√

n
+ O(n−3/2), (5)

and

pn,[nx]+1(x) =
1√

2πx(1− x)
√

n
+ O(n−3/2). (6)

Proof . By direct calculation and Stirling’s formula n! = (n/e)n
√

2πneθn/12n, 0 <
θn < 1, we have

pn,[nx](x)− 1√
2πx(1− x)

√
n

=
1√

2πx(1− x)
√

n

(
ec(n,x)

(
nx

[nx]

)[nx]+1/2 (
n− nx

n− [nx]

)n−[nx]+1/2

− 1

)
, (7)

where

− 1

12[nx]
− 1

12(n− [nx])
< c(x, n) <

1

12n
. (8)

In the following we prove that the terms inside the parentheses on the right
side of (7) are of magnitude O(n−1),

∣∣∣∣∣e
c(n,x)

(
nx

[nx]

)[nx]+1/2 (
n− nx

n− [nx]

)n−[nx]+1/2

− 1

∣∣∣∣∣ = O(n−1).

Define ε, ε1,n and ε2,n as follows:

ε = nx− [nx],

ε1,n =
(

nx
[nx]

)[nx]+1/2 (
n−nx
n−[nx]

)n−[nx]+1/2

,

ε2,n =
(

nx
[nx]

)[nx]+1/2

.

It is obvious that 0 ≤ ε < 1, ε1,n ≤ e2, and ε2,n ≤ e2. Hence we have

∣∣∣∣∣e
c(n,x)

(
nx

[nx]

)[nx]+1/2 (
n− nx

n− [nx]

)n−[nx]+1/2

− 1

∣∣∣∣∣
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≤ ε1,n|ec(n,x) − 1|+ ε2,n

∣∣∣∣∣e
−ε −

(
n− nx

n− [nx]

)n−[nx]+1/2
∣∣∣∣∣ +

∣∣∣∣∣e
−ε

(
nx

[nx]

)[nx]+1/2

− 1

∣∣∣∣∣ .

From (6), it is not difficult to show that

ε1,n|ec(x,n) − 1| = O(n−1).

Straightforward calculation shows that

nx

∣∣∣∣∣e
−ε

(
nx

[nx]

)[nx]+1/2

− 1

∣∣∣∣∣ =
nx

[nx]
[nx]

(
e−ε

(
nx

[nx]

)[nx]+1/2

− 1

)
≤ nx

[nx]
ε ≤ 2.

Hence (5) is proved if we can show that

∣∣∣∣∣e
−ε −

(
n− nx

n− [nx]

)n−[nx]+1/2
∣∣∣∣∣ = O(n−1).

Note that (
n− nx

n− [nx]

)2

< eε

(
n− nx

n− [nx]

)n−[nx]+1/2

.

Hence we have

(1− x)n

∣∣∣∣∣e
−ε −

(
n− nx

n− [nx]

)n−[nx]+1/2
∣∣∣∣∣

= (1− x)n

(
e−ε −

(
n− nx

n− [nx]

)n−[nx]+1/2
)

= e−ε n− nx

n− [nx]
(n− [nx])

(
1− eε

(
n− nx

n− [nx]

)n−[nx]+1/2
)

≤ (n− [nx])

(
1− eε

(
n− nx

n− [nx]

)n−[nx]+1/2
)

≤ 2ε− ε2

n− [nx]
< 2,

and formula (5) is proved. On the other hand, simple calculation shows that

pn,[nx]+1(x)− pn,[nx](x) =
nx− [nx] + x− 1

([nx] + 1)(1− x)
pn,[nx](x) = O(n−3/2).

Hence one gets (5) directly from (4).
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Lemma 2. Let {ξk}∞k=1 be a sequence of independent and identically
distributed random variables with the expectation E(ξ1) = a1, the variance
E(ξ1 − a1)

2 = σ2 > 0, E(ξ1 − a1)
4 < ∞, and let Fn stand for the distribution

function of
n∑

k=1

(ξk−a1)/σ
√

n. If Fn is a lattice distribution and F ∗
n is a polygonal

approximant of Fn, then the following equation holds for all t ∈ (−∞, +∞)

F ∗
n(t)− 1√

2π

∫ t

−∞
e−u2/2du− E(ξ1 − a1)

3

6σ3
√

n
(1− t2)

1√
2π

= e−t2/2 = O(n−1). (9)

The proof of Lemma 2 can be found in [2, p. 540-542].

For two-point distribution P (ξ1 = j) = xj(1 − x)1−j, j = 0, 1, direct cal-
culation gives Eξ1 = x, E(ξ1 − Eξ1)

2 = x(1 − x), and E(ξ1 − Eξ1)
4 =

x(1 − x)(1 − 3x + 3x2) < ∞. By using Lemmas 1, 2 and proceeding along
the same line as in [1], we get the following result:

Theorem 2. Let f be a bounded function on [0, 1], f(x+) and f(x−)
exist at a fixed point x ∈ (0, 1). Then for n sufficiently large we have

∣∣∣∣∣Bn(f, x)− f(x+) + f(x−)

2
− µ(f, n, x)√

2πx(1− x)n

∣∣∣∣∣

≤ 2

nx(1− x)

n∑

k=1

Ω(x, gx,
√

k) + O(n−1), (10)

where gx(t), µ(f, n, x), Ω(x, gx,
√

k) are defined in Theorem 1.

Estimate (8) improves the result of Theorem 1 in that it replaces the term
o(n−1/2) on the right hand side of inequality (3) with O(n−1).

3. Rate of Convergence of Szász operators

The following is a sharp estimate of |Sn(|t− x|, x)|.

Proposition 1. For x ∈ [0,∞) there holds
∣∣∣∣∣Sn(|t− x|, x)−

√
2x

πn

∣∣∣∣∣ ≤
2

n(1 +
√

nx)
. (11)

Proof . It is known from Lemma 4 of [7] that

Sn(|t− x|, x) = 2xe−nx (nx)[nx]

[nx]!
.
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If n < 1/x, then [nx] = 0. Straightforward calculation shows that

|2√nxe−nx −
√

2/π| ≤ 1.

Hence for 0 ≤ x < 1/n we have

n(1 +
√

nx)

∣∣∣∣∣Sn(|t− x|, x)−
√

2x

πn

∣∣∣∣∣ = (
√

nx + nx)|2√nxe−nx −
√

2/π| ≤ 2.

If n ≥ 1/x, then [nx] ≥ 1. Using Stirling’s formula (cf. [6]):

n! = (n/e)n
√

2πneCn , (12)

where

1

12n + 1
< Cn =

1

12n
− 1

360n3
+

1

1260n5
+ ... <

1

12n
,

we get

n(1 +
√

nx)

(
Sn(|t− x|, x)−

√
2x

πn

)

=
√

2/π(
√

nx + nx)

(
e−nx+[nx]

(
nx

[nx]

)[nx]+1/2

ec − 1

)

=
√

2/π(
√

nx+nx)(ec−1)+ec
√

2/π(
√

nx+nx)

(
e−nx+[nx]

(
nx

[nx]

)[nx]+1/2

− 1

)
,

where

− 1

12[nx]
< c < − 1

12[nx] + 1
.

Thus, from the expansion formula: ec =
∞∑

k=0

ck

k!
, it is not difficult to show that

(
√

nx + nx)|ec − 1| ≤ 1

2
.

On the other hand, write nx = [nx] + ε (0 ≤ ε < 1), then

ec
√

2/π(
√

nx + nx)

∣∣∣∣∣e
−nx+[nx]

(
nx

[nx]

)[nx]+1/2

− 1

∣∣∣∣∣

= ec
√

2/π(
√

nx + nx)

(
e−ε

(
1 +

ε

[nx]

)[nx]+1/2

− 1

)
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≤ 2
√

2/πnx

(
e−ε

(
1 +

ε

[nx]

)[nx]+1/2

− 1

)
.

Using inequalities

(
1 +

ε

[nx]

)1/2

< 1 +
ε

nx
,

(
1 +

ε

[nx]

)[nx]

< eε,

we deduce that

nx

(
e−ε

(
1 +

ε

[nx]

)[nx]+1/2

− 1

)
≤ ε < 1.

Consequently

n(1 +
√

nx)

∣∣∣∣∣Sn(|t− x|, x)−
√

2x

πn

∣∣∣∣∣ ≤
√

2

2
√

π
+

2
√

2√
π
≤ 2.

This completes the proof of Proposition 1.

Estimate (11) is stronger than the estimate of Bojanic and Khan [1, p. 167]:

Sn(|t− x|, x) =

√
2x

πn
+ O(n−1),

and the estimate (4) [7, Lemma 4]. Furthermore, the following Lemma shows
that the estimate (11) is the best possible in the asymptotic sense.

Lemma 3. For x = 1 we have
∣∣∣∣∣Sn(|t− 1|, 1)−

√
2

πn

∣∣∣∣∣ ≥
1

15

√
2

π
n−3/2.

P roof . Using Stirling’s formula (12), we have

∣∣∣∣∣Sn(|t− 1|, 1)−
√

2

πn

∣∣∣∣∣ =

∣∣∣∣∣2e
−n nn

n!
−

√
2

πn

∣∣∣∣∣ =

√
2

πn
(1− e−Cn)

≥
√

2

πn

Cn

eCn
≥

√
2

πn

e−1/12

12n + 1
≥ 1

15

√
2

π
n−3/2.
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Using Lemma 3 we can show that the estimate (33) in Theorem 2 of [7] cannot
be improved asympotically. For x ∈ [0,∞), by straightforward calculation we
have

|t− x| − |0− x| =
t∫

0

sgn(u− x)du, t ∈ [0,∞).

By setting h(t) = |t − x| in (33) of [7], we have τ = 2, and ϕx = 0. Hence (33)
of [1] becomes ∣∣∣∣∣Sn(|t− x|, x)−

√
2x

πn

∣∣∣∣∣ ≤
2

n3/2x1/2
. (13)

For x = 1, from Lemma 3 and (10) we get

1

15

√
2

π
n−3/2 ≤

∣∣∣∣∣Sn(|t− 1|, 1)−
√

2

πn

∣∣∣∣∣ ≤ 2n−3/2.

The above inequalities, combined with (42) of [7], show that the estimate of
Theorem 2 of [7] cannot be improved asymptotically.
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