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Abstract

New estimates of Bernstein basis functions py, (n2)(), P, na)+1(2) and first
order absolute moment of Szész operators Sy, (|t —z|, z) are presented. The
new estimates of the first order absolute moment of the Szasz operators
Sn (|t —x|,x) optimize the result of Theorem 2 in [7]. The estimates of the
basis functions py, (4] (%), Pp,naj+1(2), together with a quantitative central
limit theorem, are then used to derive a sharper asymptotic estimate on
pointwise approximation of Bernstein operators for bounded functions.

1. Introduction

For a function f defined on [0, 1] the Bernstein operator B, is defined by

=S skl ) =} )aa-ort

For a function f defined on [0, 00) the Szdsz operator S, is defined by

gf k/n)quk(z Qui(x) =™ o (2)
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For the rate of convergence of these operators for various function types, re-
fer to [1,3,4,5,7] for a survey. The following is a most recent result on pointwise
approximation of Bernstein operator for bounded functions [7]:

Theorem 1. Let f be a bounded function on [0, 1|, f(z+) and f(z—)
exist at a fixed point x € (0,1). Define g,(t) as

f() = flz+), z<t<L
gz(t) = 0, t=u;
flt)—flz—), 0<t<u.

Then for n sufficiently large we have

T _f([L‘—f-)—f—f([L‘—)_ ,u(f,n,x) 2 - T 0 n71/2

(3)

where

and

plfinx) = (f(a+)=f(z=)) (ne—[nz]+(2-2)/3)+(f (z4) = f (=) (1 —sgn(nz—[nz])),

As far as Szasz operator is concerned, Zeng and Cheng [7] proved that

2x 2
< _
n\/nx

Sn(lt =2, x) - (4)

™

This result is then used to estimate the rate of convergence of Szasz operator for
functions having derivatives of bounded variation in every finite subinterval of
[0,00). The above estimate improves the result obtained by Bojanic and Khan
[1].

The aim of this paper is to improve both (3) and (4). The improvement of
(3) is achieved by first getting better estimates of the Bernstein basis functions
Pnna](®) and  pp nej41(2), and then using the new estimates, together with a
quantitative central limit theorem in which the fourth moments of random vari-
ables exist, to derive an asymptotic estimate sharper than the one given in (3).
This work is shown in Section 2. The improvement of (4) is achieved by provid-
ing sharper upper and lower bounds of the first order absolute moment of Szasz
operator S, (|t — z|,z). The new estimates optimize the result of Theorem 2 in
[7]. This work is shown in Section 3.
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2. Rate of Convergence of Bernstein operators
We first estimate Bernstein basis functions py, jne)() and py, jnej41(2).

Lemma 1. For z € (0,1) there holds

1
n,nz] (L) = On73/2, 5
Pn,| ]( ) \/m\/ﬁ"i_ ( ) ()
1
2x(l — x)y/n

Proof. By direct calculation and Stirling’s formula n! = (n/e)"v/2mnef>/12" 0 <
0, < 1, we have

and

Pn,[nz]+1 (ZL‘) = + O(n_3/2). (6)

- (ecm,x) () e (:__—[Z])H/ - 1) e

where

1 1 1
] 20— ] © M < T (®)

In the following we prove that the terms inside the parentheses on the right
side of (7) are of magnitude O(n™!),

ec(nyx) na [nz]+1/2 n — na n—[nz]+1/2 .
[nx] n — [nz]

Define €, €1, and €3, as follows:

=0(n™).

€ = nx — [nz],

i [nz]+1/2 . n—[nz]+1/2
) (=) ’

- [nz]+1/2
€an = <W> .

It is obvious that 0 < e < 1, €1, < €%, and &5, < €. Hence we have

ec(nw) na [nz]+1/2 n — na n—[nz]+1/2 .
[nx] n — [nz]
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~ n— nx n—[nz]+1/2 ~ na [nz]+1/2
e — | —— el — —1].

From (6), it is not difficult to show that

< £10]e™® — 1| + €9 +

eLn|e®™ — 1] = O(nY).

Straightforward calculation shows that

et (%)WHW 1| = %[nm] (es (%) e 1) < %5 <2.

Hence (5) is proved if we can show that

. ( n— nr >n—[nx}+1/2
e p— —
n — [nz]
n—nz\’ . [ n—nx n=lnal+1/2
O —— <e | —— .
n — [nz] n — [nx|
. n— na n—[nx]+1/2
e — —
n — [nz]
- n— nr n—[nxz]+1/2
=(l—-an|le—|—
n — [nz]
_ i n—[nxz|+1/2
= L (n—[nx]) [1—¢€° o
n — [nz] n — [nz]

< (n — [nx]) (1 - (:—_—[Zz]>n_[m+1/2>

2

§25—8—<2,
n — [nz]

nx

=0(n).

Note that

Hence we have

(1 —x)n

and formula (5) is proved. On the other hand, simple calculation shows that

nr — [nz| +x —1

P ) +1(%) = P, fna) () =

Hence one gets (5) directly from (4).
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Lemma 2. Let {&}52, be a sequence of independent and identically
distributed random variables with the expectation FE (&) = ai, the variance
E —a)?=02>0, E(§&, —ay)! < oo, and let F,, stand for the distribution

function of > (& —ay)/ov/n. If F, is a lattice distribution and F is a polygonal
k=1

approximant_of F,, then the following equation holds for all t € (—o0, +00)

E(fl - a1)3
603\/n

1
a V2T J s

e 2y —

(1-— 752)L =2 =0m"). (9)

Fx(t) Ton

n

The proof of Lemma 2 can be found in [2, p. 540-542].

For two-point distribution P(§; = j) = 2/(1 — 2)'77, j = 0,1, direct cal-
culation gives F& = z, FE(&§ — FE&)? = x(1 — 2), and E(& — E&)Y =
(1 — x)(1 — 3z + 32%) < co. By using Lemmas 1, 2 and proceeding along
the same line as in [1], we get the following result:

Theorem 2. Let f be a bounded function on [0, 1|, f(z+) and f(z—)
exist at a fixed point x € (0,1). Then for n sufficiently large we have

f(iL'—i-)—l—f(iL'—) M(f?nwx)
Bulfim) = 2 - 2rx(l — x)n

< TSRO, (0

where g,(t), p(f,n,z), Qx,g., Vk) are defined in Theorem 1.

Estimate (8) improves the result of Theorem 1 in that it replaces the term
o(n~1/%) on the right hand side of inequality (3) with O(n~!).

3. Rate of Convergence of Szasz operators

The following is a sharp estimate of |S, (|t — x|, z)|.

Proposition 1. For z € [0, 00) there holds
2
< —— (11)

Sn(|t—x|,m)—\/% S 0T V)

Proof. It is known from Lemma 4 of [7] that

[na]
S|t — x|, ) = 2xe™™* (nz)

[nx]!
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If n < 1/x, then [nz] = 0. Straightforward calculation shows that

12v/nxe ™™ — \/2/7| < 1.

Hence for 0 < x < 1/n we have

2x
Sllt = l,2) =/ =

If n > 1/x, then [nx] > 1. Using Stirling’s formula (cf. [6]):

n(1+ v/nx) = (Vnz + nz)|2v/nxe ™™ — \/2/7| < 2.

n! = (n/e)"V2mner, (12)
where
L <C, = L — L + L +.< —,
12n+1 12n 360n3  1260n° 12n
we get

™

n(1+ v/nx) <Sn(|t —z|,x) — 2—95)

[na]

[nz]+1/2
=/2/7(v/nz + nx) (e"“[m] (ﬂ> e’ — 1)

[na]

na [nx]4+1/2
= 2/ (V/nz+nz)(e°—1)+e\/2/n(\/nr+nz) (e‘"“[m} <—) — 1) 7

where

1 1
<< .
12[nz] =" T 12[na] + 1

oo
Thus, from the expansion formula: e® = )" %, it is not difficult to show that
k=0

1
(vnz +nx)le® — 1| < 5

On the other hand, write nz = [nz] + ¢ (0 < e < 1), then

[nz]+1/2
)

nr

e“\/2/7(v/nx + nz)

— \/2/m (VAT + nx) (e_a (1 N i)[m]H/Z - 1)

[na]
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c [nx]4+1/2
<2y2/mnx e |1+ — —-1].
[na]

Using inequalities

c 1/2 c c [nz]
1+ — ] <14 —, 1+ — <e€,

we deduce that

Consequently

n(l+ v/nz)

Sullt = al,) — | == <

This completes the proof of Proposition 1.

29

Estimate (11) is stronger than the estimate of Bojanic and Khan [1, p. 167]:

[ 2x _

and the estimate (4) [7, Lemma 4. Furthermore, the following Lemma shows

that the estimate (11) is the best possible in the asymptotic sense.

Lemma 3. For x = 1 we have
1 /2
> [ Zn72,
= 15\/;”

2
Sulle—11,1) =4/ =

Proof. Using Stirling’s formula (12), we have

[2 C, [2 e l/12 1 \/5 _3/2
>\ — >\ — > —/—=n".
mn eCn m12n+1 — 15V
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Using Lemma 3 we can show that the estimate (33) in Theorem 2 of [7] cannot
be improved asympotically. For x € [0,00), by straightforward calculation we

have
t

|t — x| — |0 — x| :/sgn(u—x)du, t € [0, 00).
0
By setting h(t) = |t — x| in (33) of [7], we have 7 = 2, and ¢, = 0. Hence (33)
of [1] becomes
2z
™

2
= n3/2,1/2°

Sallt — 2], ) - (13)

For = 1, from Lemma 3 and (10) we get

2
Sulle =11, 1) =4/ =

The above inequalities, combined with (42) of [7], show that the estimate of
Theorem 2 of [7] cannot be improved asymptotically.

1 zn73/2 <

— < 22,
1BV -
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