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Abstract

In this paper, by introducing some parameters and estimating the weight
function, we give a generalization of Hilbert’s integral inequality with a
best constant factor, which involves the § function. As applications, the
equivalent form and some particular results are considered.
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1. Introduction

If f, g are real functions such that 0 < [ f(z)dz < co and 0 < [5° ¢*(z)dz < oo,
then we have (cf. Hardy et al [1])

/0°° /000 dedy < mf /OOO fP(x)dx /Ooo g2 (x)dz} 2, (1.1)

where the constant factor 7 is the best possible. Inequality (1.1) is well known as
Hilbert’s integral inequality, which is important in analysis and its applications
(cf. Mitrinovic et al [2]). And the equivalent form is

/000 (/000 /(@) dz)’dy < 7 /OOO f2(z)dz, (1.2)

Tty

where the constant factor 72 is still the best possible.
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In 1925, Hardy-Riesz gave some classical extended results on (1.1) and (1.2),
by mtroducmg (p, q)-parameter as follows (see [3]): If p > 1,}17 + 5 =1,f

g are non-negative real functions such that 0 < [5° fP(z)dr < oo and 0 <
Jo° g%(z)dx < oo, then

/000/0OO fgvxf;y sin( {/ f(x)der {/ dw}q (1.3)

o e flx) U
A (inﬂﬁ@dy<%mq)

P s, (14)

where the constant factors |" are all the best possible. In-

- d [=F=
sin(7/p) an sin(7/p)
equality (1.3) is named Hardy-Hilbert’s integral inequality, which is equivalent
o (1.4). For p=q=2, inequality (1.3) reduces to (1.1), and (1.4) reduces to (1.2).

In 1998, by introducing a parameter A € (0, 1], and the § function, Yang [4]

gave a generalization of (1.1) as:

/ /' $+y ddy<347f{/' 2N Mx/ A2 (2)dz)?, (1.5)

where B(u,v) is the § function, and (cf. Wang et al [5])

B(u,v) := /OOO mlx)w)xlﬂdx = B(v,u) (u,v > 0). (1.6)

Yang [6, 7, 8] also gave some generalizations of (1.3) and (1.4) as: If A > 2 —
min{p,q}, f, g are non negative functions such that 0 < [5° 2! A fP(z)dz <

oo and 0 < [ x'"*¢gl(x)dr < oo, then we have the following two equivalent
inequalities:
A—2 A—2
/ / H@9W) 4, < pPFA=2 4272,y
p q
< [Tt @ [Tt g @) (1.7)
< (r-1)(A—1) /°° f(x) drPd
A y L, G;gfm]y
A—2 A—2
< (B E L) [T e, (1)
0

where the constant factors B (%&2, %) and [B(%, %)]p are all the
best possible. For A = 1, (1.7) reduces to (1.3), and (1.8) reduces to (1.4); and
for p=q=2, (1.7) reduces to (1.5) suited A > 0. It follows that (1.7) and (1.8)
are generalizations of (1.1) and (1.2) with (p,q)-parameter and A. Recently, [9,
10] considered some multiple extensions of (1.1) and (1.3), and [11,12,13] gave
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some extended series form of (1.1)and some new form of (1.1). In 2003, Yang
[14] provided an extensive account of the above results.

In this paper, by using the  function and obtaining the expression of the
weight function, we give a new generalization of (1.1) with some parameters ,
such that both (1.5) and (1.7) are its particular results. As applications, we also
consider the equivalent form and some other new particular results.

2. Some Lemmas
Lemma 2.1. Ift>0,p> 1,%+§: Lr>1,141=1 and
A > (2 —min{r, s})t, define the weight function wy (s, p, ) as

o0 1 Pl(1=t)r+2t=A]/(gr)
wri(s,p, ) 5:/0 (9c+y)’\' yl(1=t)s+2t=2]/s dy. (2.1)

The we have

—2t+ X (s=2)t+ A .
wk,t(sapam):B((r ) - 7<S ) i )xp[lftJr%]fl.

- - (2.2)

Proof. Setting u=y/x in the integral of (2.1), by (1.5) we find

L lepllt 222 /°° 1 12t/ g
wai(s,pyx) =x v u u
(8D, ) o (1+u)
20— —2)t+ A —2)t+ A
_ xp[l—t+,,—.*}—13(<s s) + ’(7’ 7’) + ). (2.3)

Hence, (2.2) is valid and the lemma is proved.

Note. By (2.3), we still have

00 1 yal(1=t)s+2t=A]/(ps)
wre(r,q,y) :/0 (x+y)*' 2l(A=t)r+2t=X]/r dz

(r=2)t+X (s=2)t+ X\ 2t
= B( 7,) ,( S) Yyt (2.4)

Lemma 2.2. On the assumption of Lemma 2.1, if £ > 0 is small enough
(e < B[(r — 2)t + A]), then we have

A2t

L1
L t—l—%—‘f-)\;Qt
4 '_/ {/ (x +y)* gy W %
1 _(r=2)t+X € (s=2)t+X ¢ n
> 5B( . o . + p) O(1) (e —07). (2.5)
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Proof. Setting u=x/y in expression I, by (1.6) we find

1 (r—2)t+A e
= [ [
Y- vy T uldy
1 (r—2)t+X ¢
—1—¢ —1 =R
= —_— rduld
/1 Y [/0 AL+up” uldy

00 1/y 1 (r=2)t4Xx ¢
—1-¢ —14 2R
— —u r duld
/1 Y [/0 (1+u)* rduldy

iB((r—Z)t—i-/\ §(3—2)t+)\ f)
s p

_/ 1 /l/y 1+(r 2)t+/\ ;du]dy

1 r—2t+XN e (s=2)t+ )\ ¢ r—2)t+X\ e,_
:*B(( ) _7’( ) +7)_[¥_7] 2'
€ r D S p r p

Hence, (2.5) is valid, and the lemma is proved.

3. Main Results and Applications

Theorem 3.1. Hp>L%+§:Lr>L$+§:Lt2Qam
A > (2 —min{r, s})t,
f, g are non-negative real functions, such that

0< / 2?5271 (1) do < 00 and 0 < / 2101 00 (1) do < o0,
0 0

then we have

oo o f(x)g(y) (r—2)t+ A (s—2)t+ A
/ / T)/\dxdy< B( r , )

S

<f [ B @)@ [ e g @aay e (3)
0 0

(s—2)t+)\)

( (r=2)t+\

where the constant factor B is the best possible. In particular,

for r=s=2, we have A > 0, and

[ 8y

(" w”“*%’*lf%)dx}%{ |t g ayday (3.2)

Proof. By Holder’s inequality, we have

Y
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I e A A e

x[(lft)rJerf)\]/(qr) g(y) y[(lft)s+2tf)\}/(ps)
8 y[<1—t>s+2t—x}/<ps> (@ + y)Ma =0 +2t=X/(ar)

:cp[( yr+2t—\/(qr) ; "
= {/ /0 (x + y) yl(1=0)s+20-2]/s dy| f*(x)dz}

OO »
X{/ / aj‘—|-y) 2=t +2t=X]/r dz]g?(y)dy} . (3.3)

If (3.3) takes the form of equality, then there exists constants A and B, such
they are not all zero that (see [15])

|dxdy

fp( ) xp[(lft)ﬂr?t*)\]/(q?“)
(ZL‘ + y) y[(l—t)s—f—Qt—)\]/s

gq(y) yq[(lft)SJer*/\]/(pS)

- B(x oy LTIt r2t-A/r

, a.e.in (0,00) x (0, 00).

We find that

2i—)\}

(x) = By~

91(y) a.e. in (0,00) x (0,00).

Hence there exists a constant C, such that

2t—)\ 2t7)\]

- ]fp(:c) —C = Byq[lftJr -

AgPlt+ g% (y), a.e.in (0,00).

Not lose generality, suppose that A # 0, we may get

Qt )\
xp[l t+

“Lfr(z) = C/(Ax), a.e. in (0,00),

2t—)\

7L fr(2)dr < oo. Hence, by

which contradicts the fact that 0 < [5° zPll=tF
(2.1), we can rewrite (3.3) as

/ / dxdy<{/ wre(s,p,x) fP(x)dx}r {/ wre(r,4,9)9 ()dy}q

(3.4)
and by (2.2) and (2.4), we have (3.1).
For € > 0 small enough (e < 2[(r —2)t + A]), setting f;, g. as:

fe(x) = g-(x) =0, for z € (0,1);

folw) = 2! ge(e) =R for € [1,00),
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then we find

2t—X

Jim { [P e [t

If the constant factor B({= 2)t“, (o= QS)H’\) in (3.1) is not the best possible,
then there exists a positive constant K (with K < B((T_Q)H’\, (5_2)t+’\)), such

(3.1) is still valid that we replace B((“ZT)H’\, (s=2) t“) by K. In particular, by
(2.5), we have

_ 1 1
lge(a)da}s =

r=2t+A e s=2+4A &y o)

B( =
r p S p

<5[-5/ / f€$+y§)dxdy<5KJ K.

For ¢ — 07T, it follows that B(“= 2)t+’\ (S_ZS)HA) < K, which contradicts the fact

that K < B((T DA (o= 2)H’\) Hence the constant factor B((T_i)”’\, (5_23t+’\) in
(3.1) is the best pOSSlble The theorem is proved.

Theorem 3.2. Ifp > 1,%—#%: 1,r > 1,%—1—%: 1,t >0, and
A > (2 —min{r, s},

f is a non-negative real function, and 0 < f3° zP(1=t+ —
we have

=1 fP(z)dx < oo, then

/OOO y’S’[(s—2)t+)\}—l[/Ooo ( f(x) 7d$]pdy

x +y)

< (pUTDEA L2 Ay [ o220 poya, (35

T S

where the constant factor [B ((T_QT,)HA, (s_2s)t+’\)]p is the best possible; Inequality
(3.5) is equivalent to (3.1). In particular, for r=s=2, we have A > 0, and

@—1 f(z) p A A 1-3)-1 ¢p
L el < BGP [ e D pwdn 36)

Proof. Setting a real function g(y) as

9(y) == yp[<s_§w]_1[/ooo (SC]:(rgZ)Ade] , ¥ € (0,00),

then by (3.1), we find

A=t 21 gy :/°o 2[(s—2)t+A]-1 /OO f(x) drPd
| gy = [y ) Gyl
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_/ / d:vd <B((r—2)t—|—)\7(s—2)t+)\)
x—l—y T S

X[t ey P [t g a3

Hence we obtain

0<{/ A0 iy )dy}l/p<B(( 2)t+/\’(s—2)t+A)
r s
x{/ xp(I*H2t;k)*1fp(x)dx}1/p < 00. (3.8)
0
By (3.1), both (3.7) and (3.8) take the form of strict inequality, and we have
(3.5).

On the other hand , suppose that (3.5) is valid. By Hoélder’s inequality, we

/ / x+y d dy = /0 y ]1]/0 (xfix;)xdx][yMswﬁg(y)]dy

<{ [Ty [ (m dPaybr{ [Tyt g )y (3.9)

z +y)*
Then by (3.5), we have (3.1). Hence (3.1) and (3.5) are equivalent.

If the constant factor [B((T_QT)H’\, (S_zs)t“)]p in (3.5) is not the best possible,
by the same way of showing Theorem 3.1, and using (3.9), we may get a con-
tradiction that the constant factor in (3.1) is not the best possible. Thus we
complete the proof of the theorem.

Remark 3.3. (a) For A =1, and p=q=2, (3.2) and (3.6) reduce respectively
o (1.1) and (1.2). It follows that (3.1) is a generalization of (1.2) with some
parameters and (3.5) is its equivalent form, which is a generalization of (1.2).
(b) For r=p , s=q , and t=1, (3.1) and (3.5) reduce respectively to (1.7) and
(1.8). It follows that (3.1) and (3.5) are generalizations of (1.7) and (1.8).

For r=p, s=q and t=0, by reducing (3.1) and (3.5),we have

Corollary 3.4. Ifp>1, 119 + % =1, and X\ > 0, f, g are non-negative real
functions, and

0< /OO 2P AP (2)dr < coand 0 < /Oo 29 g (x)dx < oo,
0 0
then we have the following two equivalent inequalities:

dd<B |t @dny i [T g ayda)

//Hy y ol frla)de}e{ [ 2 g @)}
(3.10)

o (p—1)A—1 /OO f<x> dr pd < [B A i P/OO p—A—1 rp d 3.11
v e < [BCLP [T e, (31)
where the constant factors B (%, %) and [B (% A)] are all the best possible.
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For r=q, s=p and t=0, by (3.1) and (3.5), we have

Corollary 3.5. Ifp>1, % + % =1, and X\ > 0, f, g are non-negative real
functions, such that

0 </ 2P~V £P(3)dx < oo and 0 </ 2 DA=N g4 () dg < oo,
0 0

then we have the following two equivalent inequalities:

/ / xﬂ/ dd <B(2 2)

<[ ey [T g anye (312)

/OOO y,\—1[/0°° f(z) _da]’dy < [B()\ ;\)]p/o 2@ DO=X) () (3.13)

(z +) P’
where the constant factors B( d[B (% %)]p are all the best possible.

A2 an

For r=q, s=p and t=1, by (3.1) and (3.5), we have
Corollary 3.6. Ifp > 1, % + % =1, and A > 2—min{p,q}, f, g are

non-negative real functions, such that

0 </ P VENZL P (1) dr < oo, and 0 </ 2N gd(3)dy < oo,
0 0

then we have the following two equivalent inequalities:

-2 -2
/ / dd <B(p —i—)\’q —|—)\)
x—l—y

p q
<{ [ EN T p@)ar g [ e e g ada) i (314)
0 0
> p+A—3 * f(l‘) d pd
/0 yL @ty z]’dy
— 24X ¢g—2+A o0
< [BEER S [T 0N s, (3.15)
p q 0
where the constant factors B(2=22 4=212) apd [B(2=22 2P are all the
p q p q

best possible. In particular, for A = 1, we have

/OOO/OOOWCZ sin( {/ a2 fP(x)dw} v {/ 291721 (2)dz }
(3.16)

o f(@) i p [ p—2p
/0 P (0 x+ydm)d <[Sm(7r/p)]/0 P2 f2(z)d, (3.17)
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Remark 3.7. (a) For A =1, both (3.12) and (1.7) reduce to (1.3), and both
(3.13) and (1.8) reduce to (1.4), as (3.14) and (3.15), inequalities (3.10) and
(3.11) reduce respectively to (3.16) and (3.17). (b) It is interesting that (1.3)
and (3.16) are deferent, although both of them are generalizations of (1.1) with
(p, q)-parameter and the same best constant factor. (c) It is also interesting
that there are more than four kinds of generalization of (1.5) with the best
constant factors only related (p, q)-parameter and A > 0, such as (1.7), (3.10),
(3.12) and (3.14).

References

[1] G. H. Hardy, J. E. Littlewood and G. Polya, Inequalities. Cambridge Univ.
Press, London, 1952.

[2] D. S. Mitrinovic, J. E. Pecaric and A. M. Fink, Inequalities involving func-
tions and their integrals and derivatives. Kluwer Academic, Boston, 1991.

[3] G. H. Hardy, Not on a theorwm of Hilbert concerning series of positive terms,
Proc. London Math. Soc. 23:2(1925), Records of Proc. xlv-xlvi.

[4] Yang Bicheng, On Hilbert’s integral inequality, J. Math. Anal. Appl.,
220(1998), pp. 778-785.

[5] Wang Zhuxi and Guo Dunrin, An introduction to special functions, Science
Press, Beijing, 1979.

[6] Yang Bicheng, On a general Hardy-Hilbert’s integral inequality with a best
value, Chinese Annals of Math. 21A, (4)(2000), pp. 401-408.

[7] Yang Bicheng, On Hardy-Hilbert’s integral inequality, J. Math. Anal. Appl.,
261 (2001), pp. 295-306.

[8] Yang Bicheng, On Hardy-Hilbert’s integral inequality and its equivalent form,
North. Math. J., 19(2)(2003), pp. 139-148.

[9] Hong Yong, All-sided generalization about Hardy-Hilbert integral inequali-
ties, Acta Mathematica Sinica, 44(4)(2001), pp. 619-626.

[10] He Leping, Yu Jingming and Gao Mingzhe, An extension of Hilbert’s integral
inequality, J. Shaoguan Univ.(Natural Science),23(3)(2002), pp. 25-30.

[11] Bicheng Yang, On a generalization of Hilbert’s double series theorem, Math.
Ineq. Appl. bf5(2)(2002), pp. 197-204.

[12] W. T. Sulaiman, On Hardy-Hilbert’s integral inequality, Journal of Inequal-
ities in Pure and Applied Mathematics, 5(2)(2004), Article 25.



10 Bicheng Yang

[13] Yang Bicheng, Ilko Brnetic, Mario Krnic and Josip Pecaric, Generalization
of Hilbert’s and Hardy-Hilbert’s integral inequality, Math. Ineq. Appl.(to

appear).
[14] Bicheng Yang and T. M. Rassias, On the way of weight coefficient and

research for the Hilbert-type inequalities, Math. Ineq. Appl. 6(4)(2003),
pp. 625-658.

[15] Kuang Jichang, Applied inequalities, Shangdong Science and Technology
Press, Jinan, 2003.

Research supported by Natural Science Foundation of Guangdong Institutions
of Higher Learning, College and University (China, No. 0177).



